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Abstract
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Bernstein-Durrmeyer operators with the modulus of smoothness.
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1 Introduction
Durrmeyer [1] introduced the integral modification of the well-known Bernstein polyno-

mials given by
n 1
D) =1+ D) Y pusle) [ puste @)
k=0 0

where p,, r(x) = (Z)xk (1 — x)"*. Derriennic [2] established some direct results in ordinary
and simultaneous approximation for Durrmeyer operators. Then Durrmeyer type opera-
tors were studied widely [3—5]. Recently Gupta et al. [6] considered a family of Durrmeyer

type operators:
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where m,n € Ny with m < n and for any a,b € Ny, a =a(a-1)---(a-b+1),a’=11is
the falling factorial; and we get the rate of convergence for these operators for a function
having derivatives of bounded variation and the result in the simultaneous approximation.
In the present note our main aim is to get the direct and inverse approximation theorem
for this type of operators. Here we shall utilize modulus of smoothness and K-functional
as the tools, which are defined by [7]
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where ¢(x) = v/x(1 —x),0 <A <1,r € N.Itis well known that a);ﬁ (f,t) ~ K (f,t*), where
a ~ b means that there exists some constant C > 0 such that C'» < a < Ch. We denote

My m(f,x) = (”’;—Zml’n,m (f,x) and state our main results as follows.

Theorem 1 Forf € C[0,1], 0 < A <1, ¢(x) = /x(1 — x), one has

Muntfo) 00 = (o2 (7,72 + %Ilfll).

Theorem 2 Let f € C[0,1],0 <A <1, p(x) = V/x(1—-x),§ (x)—max{go(x),f},reN 0<
a < 2r, for m > 0, and from

M%) - ()] = O((n2 857 ())°),

we get o 2 (f,t) =0

Throughout this paper || - || = || - [l and C denotes a positive constant independent of
n and x not necessarily the same at each occurrence.

2 Lemmas

To prove the above theorems we need the following lemmas. First we define the moments,
for any s € No, Ty m,s(x) = My ((t — x)°, ).

Lemma 3 ([6]) The following claims hold.
(1) Foranys,m € Ny, x € [0,1], the following recurrence relation is satisfied:

(n+m+s+ 1) Tymen(®) = x(L=2)[ T}, %) + 25Ty ms1(%)]

n,m,s

[(s +m) —x(1+2s+ 2m)] Tyms (%),

where for s = 0, we denote T, -1(x) = 0.
(2) Forany m € Ny and x € [0,1],
m—x(1 +2m)
Tymo(x) =1, Tymi(x) = —————
n+m+1

2nx(1 —x) + m(1 + m) — 2mx(2m + 3) + 2x>(2m? + 4m + 1)

Tn,m,Z(x) = (Vl +m+ 1)(1/1 +m + 2)

(3) Forany s,m € Ny, x € [0,1], Ty, ns(x) = O(n~1s+D/2]y,

Remark For # sufficiently large and x € (0,1), it can be seen from Lemma 3 that

=D g @< —C’C(L‘ ", 2.1)

for any C > 2.

Lemma 4 For f(x) € C[0,1], p(x) = Vx(1 —x), 8,( x)—max{(p(x),f},0<)»<1 r € N,
m >0, we have

| ()MED(f, %) < Cn" 87OV £ (2.2)
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Proof To complete the proof we consider two cases of x € E,, = [%, - %] and x € E =
For x € ES, *(x) < <, 82(x) ~ 1. Using

i} (n—m)’ n-m-2r
(2 (o )—m ; Prom-ari(X) A ar(n),

where ai(n) = (n + m) fol Prem—1k+m- 1(t)f(t) dt, Aay(n) = arn(n) — ar(n), Aar(n) =

AN rag(n)); and |AY ar(n)| < C|If |, (n - 2)r' < (n—m)* < n*, one has
|¢2r)\(x 2r)(f x | < Cn—rA 2r”f|| < Cnr52r)u 1) ”f” (23)

Forx € E,, §,,(x) ~ ¢(x). From [7] we have
2r n-m k i
MENf %) = o~ (x) ZO: Q) ;pn—m,k(x) <m - x) ax(n),

where Q?(x, 1) a polynomial in n¢?(x) of degree [(2r — i)/2] with non-constant bounded
coefficients. Therefore,

4r V+%
s (x)QB(x,n)n|<C( Z(x)) :

By Holder’s inequality we get

i n-m k 2i\ 2 i
-x) < pn_m,k(x)<— —x) ) < Cn2¢'(x).

Consequently |¢?" (x)Mﬁ,ZZ(f ,x)| < Cn"||[f]], hence

— k
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|2 )MED(f,%)| = ¥ V() [ )MED(f, x)| < Cn' 87OV £ (2.4)
From (2.3) and (2.4), (2.2) holds. O

Lemma 5 For f*V(x) € A.C.ioc, |0**f@)| < 00, m > 0, we have

|0 )Mo (f,2)] < Clle?” 7] (2.5)

Proof Frompn mk(x) = n”m”g'r Z o(-1) ( )pn m—2rk—(2r—i) (%), we have
M2D(f,x)
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anr 1 2r

= (I/En mmn 2:;1‘ Z Pn-m- 2rk(x / Z( 1)‘( )anrm Lk+m+2r—i— l(t)f(t) dt

_(m=-mmn-m)! (n+m-1)

m-m=-2r)! (n+m-1+2r)!

n-m-2r

X Z Pr-m-2rk x)f Prem+2r-1k+m+2r— l(t)f(2 )(t) dt.

1
Let I = (n — m) Zn o 2rpn—m—2r,k(x)| fO pn+m+2r—1,k+m+2r—1(t)far)(t) dt|. For 0 <1 <1 one

has
(erA(x)I
n-m-2r 1
= H (psz(w) H (p2rk(x) Z pn—m—2r,k(x)(n_m)/ pn+m+2r—l,k+m+2r—l(t)(P_ZM(t) dt
k=0 0
n-m-2r A
= H‘/Prkf ZV) ( Z Pn-m- 2rk(x)(p (x)(n m)/ Prnim+2r-1k+m+2r— 1(t)</’ 2r(t)dt> .
k=0
Noting that

m-—m=-2r)Wk+r)i(n-m-k-r)!

K1 —m —2r — K)\(n — m)! pn—m,kw(x) =: an,kpn—m,kw(x),

Prn-m-2rk (x)(pzr (x) =

Prnim+2r-1,k+m+2r—1 (t)¢72r(t)

~ m+m+2r-DWk+m+r-1)(n—-k—-r)!
(k+m+2r-1)n-k)!n+m-1)!

Prn+m-1k+m+r-1 (t)
=: ﬁn,kpn+m—1,k+m+r—l(t)
and @, x Bk < C, we get *™(x)I < ||¢*>*f?)||. This completes the proof of Lemma 5. [J

Bex<1-%,0<pB <2r, wehave

Lemma 6 ([8]) For0<t< — 6 )y

/ / P+ +-+ ) duy - duyy < Ct2’<p_ﬂ (x).
t
2

3 Proof of the theorems
In this section we will give the proof of Theorem 1 and Theorem 2.

Proof of Theorem 1 By the definition of K. (f,#*") and the equivalence between wéi (f,0)
and K (f, t?r), for the fixed n and x, we can choose g = g, such that

If —gll + %Hw’“ " < Co x(f %) 31

We know that

(3.2)

| Moy, %) = f ()] < 20 —gll + |M,
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and we have to estimate the second term on the right side of (3.2). By Taylor’s formula,

g(t)=gx) +g'(x)(t—x) + fxt(t —u)g”(u) du, and Lemma 3 we have

Mn,m </t(t - M)g”(u) du,x>
Mn,m </t(t - M)g//(u) du,x)

2211 +12. (33)

’Mn,m (g: x) - g(x) ’

IA

|g/(x)’ ’Mn,m ((t - x)r x) | +

IA

1
C-lg )|+
n

We consider I first. For 0 <x < 4

=
g/(x)_g/<%>‘ _ /jg”(u)du

together with [¢/(1)] < C(Ig"ll,.. 1 3, + gl 1. 3)) < Cllg*¢"ll + Ig), one has

k

< ||xA //”/ _du<c||(p2k "

lg'®)] < Cligl + ||e*g”|- (3.4)

It is similar for % <x<l1.

Now we address I,. By the process of (9.6.1) in [7]

_ a|2r-1 X
|Roy(f )| < %’/ e WP W) dv|,

|t—u| |t—x|
o) — 92 ()’

we get and combining with (2.1) we deduce

lg* "I > le*g"ll ¢*(x) _ L1y 5
< M t—-x),x) <C <C- . 3.5
< B hn(o-ap) <M <cle o9
By (3.2)-(3.5), we complete the proof of Theorem 1. O

Proof of Theorem 2 For convenience let y,;(x) = n’%éfl‘l(x). If My(f,x) — f(x) =

O(y,,.(x)), for every n: n > 2r, we have
|A )f(x)| iA ( nm(f+%) f(x))| + |A?(;A(x)Mn,m(f:x)i

M 2r
= C)’rﬁx("”/'”/ww Mif,’,i(f,x+zuj>
_ph@) =
< CV,,A f /\th
0 @)
o

= Cy ) + 1+ ). (3.6)

dbll oo du2,

du1 s duzr

2r
2.
;,:,z(f-g,x+zu,-)
j=1

dul dbtzr

2r) (g’x + Z M,)

j=1

Page 5 of 6


http://www.journalofinequalitiesandapplications.com/content/2014/1/106

Liu Journal of Inequalities and Applications 2014, 2014:106
http://www.journalofinequalitiesandapplications.com/content/2014/1/106

Combining Lemma 4, Lemma 5, and Lemma 6, we have

S < CEy 2 ) -gll, (3.7)
]2 < CtZr ||(p2r)\g(2r) || . (38)

Utilizing (3.6), (3.7), and (3.8), choosing the appropriate g, we obtain

For every fixed h: 0 < h < % and every x : x > rt, we can choose # such that y,,,(x) <k <

|83 f @) = Crin ) + v, (0l (f, s ()

2V (x). Then

So,

which yields the assertion of Theorem 2 by the Berens-Lorentz lemma.

2r
a2, f)] < C(ha N <£> 2, h)).

t 2r
wiﬁ(f,t) < C<h°‘ + (E) wiﬁ(f,h)),
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