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Abstract

Besov-type interpolation spaces and appropriate Bernstein-Jackson inequalities,
generated by unbounded linear operators in a Banach space, are considered. In the
case of the operator of differentiation these spaces and inequalities exactly coincide
with the classical ones. Inequalities are applied to a best approximation problem in a
Banach space, particularly, to spectral approximations of regular elliptic operators.
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1 Introduction and preliminaries

The classical Jackson and Bernstein inequalities express a relation between smoothness
modules of functions and properties of their best approximations by polynomials or entire
functions of exponential type that can be characterized with the help of Besov norms [1,
Sections 1.5, 7.2]. These results are extended to approximations of smooth functions by
wavelets (see e.g. [2—4]), and to approximations of linear operators in Banach spaces by
operators with finite ranks [5], and other similar approximations.

The motivation of our work is to extend the Bernstein-Jackson inequalities to cases of
best spectral approximations in a Banach space. An analog of Bernstein-Jackson inequal-
ities in the case of approximations in the space L,(G) on a Lie group G by spectral sub-
spaces M,(h) = {f € L,(G): E(A\)f = fif A > h > 0} of the group sublaplacian Ag, where
Ag = fooo AdE()) is its spectral resolution, is established in [6, 7]. Spectral subspaces are
analogous subspaces of entire functions of exponential type. The appropriate Besov space
is characterized by the functional of best approximation Ey(h,f) = infee pm, () IIf — gllz,(6)-

This approach is a prototype of our generalizations. We consider a closed operator A in a
Banach space X instead of A and replace the spectral subspaces M (k) by invariant sub-
spaces of exponential type entire vectors of A. Note that similar subspaces of exponential
type entire vectors have appeared in [8—11].

Our goal is to investigate a best approximation problem by invariant subspaces of expo-
nential type entire vectors of an arbitrary unbounded closed linear operator A in a Banach
space X. As a basic tool, we use an analog of approximate Bernstein and Jackson inequali-
ties and an abstract quasi-normed Besov-type interpolation space B, (A), associated with
exponential type entire vectors of A, which sharply characterizes the behavior of the best
spectral approximation.
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Using the quasi-norm of BZ,I(A), the main result is formulated in Theorem 5 as two
inequalities, estimating the minimal distance from a given element to a subspace of ex-
ponential type vectors with fixed indices. In the case of the operator of differentiation
in L,(R), the spaces BI‘;‘,T (A) coincide with the classical Besov-type spaces (Theorem 7)
and the estimations reduce to the known Bernstein and Jackson inequalities (Theorem 8).
A new application to spectral approximations of elliptic operators is shown in Section 6
(see also Theorem 6).

In a Banach complex space (X, || - ||) we consider a closed unbounded linear operator

with the norm dense domain C'(4),
A: CHA) Cc X — X

Let CK*1(A) = {x € CX(A): A¥x € CK(A)} and C®(A) = N {C¥(A): k € N}. We call the ele-

ments

EA) = U ﬂ {xeC"O(A): ||Akx|| < ctk}

t>0 keZy

exponential type entire vectors of A, where the constant ¢ = ¢(x, A) is independent on k €
7, and A is the unit operator on X. Clearly, every exponential type entire vector also is
an analytic vector of A in the well-known Nelson sense.

Throughout this article we assume that the norm density condition £(A) = X holds and
that the operators AX (k € N) are closed in X. In many important cases for applications
these assumptions hold. Particularly, we have the cases:

(i) if A has a real spectrum and Ve > 0 the integral f(f InIn M(r) dr with
M(r) = supjy; =, 1 — A)7Y| is convergent (see [8]);

(i) if A generates we have an one-parameter group et with the convergent integral
Je A1 +121%) " de [8];

(iii) if A generates we have a bounded Cy-group et on X (see [10]).

If X =L,(R) (1 <p <oc)and A = D is the differentiation operator on R then £(A) is the
space of entire functions of exponential type, belonging to L,(R). In this case the inequality
|A%x| < ct* reduces to the Bernstein inequality. If the spectrum o (4) of an operator A is
discrete then the subspace £(A) exactly coincides with the linear span of all its spectral
subspaces in X (see [12]).

Recall the real interpolation method (for more details see [1, 13]). Let (X, |- |x) and
(Y,]-|y) be a quasi-normed complex spaces. Given the pair positive numbers {0 < ¢ <
1,1 <p <oo}or {0 <v <1,p= o0} the interpolation vector space can be defined as the

set (X,Y)y,={aecX+Y: |al(x,v)y,, < 00} endowed with the quasi-norm

(e K (1, X, Y)PL)r, p<oo,
lalx,y),, =

-9 (1)
SUPp<r<oo T I((l’,ﬂ;X, Y)I p =090,

where K(7,a; X, Y) := inf ..., (|x[x + T|yly) is called a K-functional [1, Section 3.11]. Clearly,
XNYCX,Y)y,CX+Y.
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2 Scales of invariant subspaces
Let 0 <t <ooand 1 < p < oc. Consider the mapping

C™(A) > x — {(A/t)'x: ke Z,)

which image is formed by sequences of elements of a Banach space X. For any pair of
indices ¢, p we define the normed spaces Ez(A) ={xeC*®A): ||x||g£ < 00}, where

e = |, 1A/ [P)VP, 1< p < oo,
t =
&7 |supeez, IADKx],  p=oco.

Theorem 1 (i) The contractive inclusions 5;(A) 3= 8; (A) 3+ EL(A) > X with T >t hold.
(ii) Every space 515 (A) is A-invariant and the restriction A| & is a bounded operator over
512(/1) with the norm ||A|5[z7 ||51t7 <t.
(iil) The spectrum of A has the property o (A| 5}:}) Co(A).
(iv) Every space Sé(A) is complete.

Proof (i) The inequalities [|x|| < [lx||cz, and ||x||1;:éo < ||x||1;;’ yield the contractive inclusions
EL(A) + X and 5;(A) G EL(A), respectively. If x € E;(A) then | A%x||? < L‘Iz’k||x||’;é and
|ARx|P* < tpllxllig( for all k € Z,. It follows that limsup,_, . [[A¥x[|?’* < ¢*. Therefore, for
any 7 > t the series ||x||p; = [|(A/7)*x||P is convergent. As a result, x € 5; (A). Moreover,
||x||‘;5 < ||x||’;:15 forallx € £;(A) and 7 > ¢.

(ii) Using A(A/t)*x = t(A/t)**'x, we obtain lAxllgt, < tllxllg, and ||Ax||121é < tp||x||12[,7
when 1 < p < co.

(iii) For any A € p(A) and x € £;(A) the equality (A (r —A) e = (A= A) A/ x
holds. It follows that (A —A)‘1x||g;j < [l(x — A ll%llg for all x € &, Hence, A belongs
to the resolvent set 'O(A|51tz)'

(iv) Let us use the inequality ||x||€1§ > |(A/t)*x|| with x € 5;(14), k € Z,. It follows that
if (x4)nen is @ Cauchy sequence in the space S;(A) then (x,)nen and {(A/t)x,: n € N} are
Cauchy sequences in the space X for all k € Z,. The completeness of X implies that there
exist x,y € X such that x,, — x and (4/t)*x,, — y by norm of X. The graph of A* is closed
in X x X, therefore y = (A/t)*x and x € CX(A). It is true for all k € Z,, so x € C*(A) and
(A/t)*x, — (A/t)*x by norm of X for all k € Z,.

We reason standardly: Ve > 0 3, € N : ||y — %l gz <&, Vin,m > n,. It follows that
A/ (e, — )|l < &, Y, m > ng, k € Z,. So, Yk € Z, Img i > 1 : ||[(A/* (K — )] <
/2K and ||[(A/t)*(x,n — x)|| < /2% for m > m, ;. Hence, from [[(A/t)*x| < ||[(A/t)x,. || +
A/ (X = 2, )| + [|(A/E)* (% — x)|| it follows that [[(A/)¥x|| < [|(A/t)*x,, || + 2&/2F for
all k € Z,. We may use the fact that the scalar sequences a = (ay)ken With ay = ||(A/ t)kx,,s I
and b = (27%)zen belong to the Banach space £,. Calculating £,-norms of these elements
and applying the previous inequality, we obtain

llxller < lla+ blle, < llalle, + 11blle, = ll%n, llgz +4e.
Hence, x € 5;(A). Moreover, ||(A/t)*(x, — x)|| < ||(A/t)k(xm£,k —x)|| + A/ (x, —= X s

where in this inequality all sequences by k belong to £,,. We obtain ||x, —x”g}’ <de,n>n,.
So, E;(A) is complete. O
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On the subspace &,(4) := . Eé(A) we define the function
|l = llxl| + inf{z > 0: er;(A)}. (2)

Theorem 2 (i) For every p (1 < p < 00) the embedding E.(A) C &, (A) with T > t and the
equality E(A) = E,(A) hold.

(ii) The function (2) is a quasi-norm satisfying the inequality |x + y|, < |x|, + |y|, for all
%,y € E(A). Moreover, the contractive embedding E£,(A) & X is true.

Proof (i) Let x € £ (A). We reason similarly to the above. For every k € Z, we have
AR x|P < tP* ||x||’::éc. So ||Akx|P* < tp||x||{’€’éi . It follows that limsup,_, . [|[Ax||P’% < ¢
Therefore, for every t > t the series ||x||p; =Y [(A/T)*x|l? is convergent, i.e. x € 5; (A).
Hence, £ (A) C Ey(A).

The constant ¢ in the definition £(A) is independent on the index k € Z,.. It yields the
equality . (A) = iz, Ix € CP(A): AR x|| < ct*}. Hence, £(A) = ., €L (A). Therefore,
the embedding & (A) C 5; (A) from Theorem 2(i) yields the embedding £(A) C &,(A) for
any index p. The inverse embedding &,(A) C £(A) follows from Theorem 1(i).

(i) Use that £(A) = £,(A) and set r(x) = inf{t > 0: x € Eé(A)}. For each x,y € £(A) and
& > 0 the values ||x|| g Iyl e are finite and the inequalities

I+ g < Nellegre + Wllege < Il gy + 191 o

with r = max{r(x), 7(y)} hold. It follows that r(x + y) <r + & < r(x) + r(y) + &. Since ¢ is
arbitrary, r(x + y) < r(x) + r(y) for all x,y € £(A). Evidently, r(x) = r(—x) for all x € £(A). So
| - | is a quasi-norm. The contractility of £,(A) C X is a direct consequence of (2). O

3 Besov-type scales of approximation spaces
Let 1 < p < oo. In what follows we denote by &,(A) the subspace £(A) endowed with the
quasi-norm | - |,. Consider the auxiliary functional

E,(t,x) = inf{ Hx—xo || = Ey(A), |x°|p < t}, x € X.

Given a pair of numbers {0 <@ < 00,0 < T < 00} and {0 < & < 00, T = 00} we consider the
scale of spaces BZ,,(A) ={xeX: l¥lBy, < oo},

& dty\1/
g, = (o [EEp(t,2)]" YT, 0<t <00,
supy,q t“Ep(t,%), T =00,

where by [1, Lemma 7.1.6] the function |x| Bz, is a quasi-norm on Bg’r (A).
We can call the space BZ,I (A) endowed with the quasi-norm | - | Bg, an abstract Besov-
type space, determined by an operator A. The following properties of B, (A) are deduced

from well-known interpolation theorems.

Theorem 3 (i) If [B;]I(A)]” is the space B;,f (A) endowed with the quasi-norm |x|%gr with
x € By . (A) then the equality

[BZ,T(A)]ﬁ = (5p(A),%) ¥ =1/(x+1),7 =g 3)

0.8’

(up to a quasi-norm equivalence) holds.
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(ii) The spaces B, .(A) are complete.
(ii) If0 <1 <00,0< ¥ <1, = (1 -F)ag + Vg with ag # oy then
(By, (A), ByL (A)), . =By (A) (4)

J200]

and there exist constants ci, ¢p such that

sy, < cﬂx@%m |x|2;1,1’ x € B9 (AN B (A), )
K(t,%:859,, Byt ) < eot” |xlsy,,  x € By (A),£>0. (6)

(iv) If 0 < T < 0 < 00 then the following continuous embedding holds:
B, (A) % B, ,(A). @)

Proof (i) The equality (3) is a direct consequence of the definition and [1, Theorem 7.1.7].

(i) To prove the completeness of B, (A), we equip the sum &, + X (which is equal to
X, because &, C X) with the norm |lx|lg,.x = inf,_,0,1(x°|, + [|l¥'])) with x° € &, and
xt € %. Since |x[, > llx|l, we have |lx|l¢,+x = |lxI|. Hence, the space X with the norm
- llg,+x is complete. Consequently, every series Y pen % With x, € (E,(A), X)y 4 such that
> nen 1%nllg,0a),%)5 , < 00 is convergent to an element x € £, + X = X. Using the inequality
I en®nll ), 200, = 2 nen 1%nll€,04),%)0 » We obtain x € (E,(A), X)p,g- So (Ep(A), X)o ¢
is complete. The isomorphism (3) implies that the space [B;‘,,(A)]” is complete. Thus,
Bz,r (A) is complete as well.

(iii) Applying the reiteration property of the real interpolation [1, Theorem 3.11.5] for the
indices ¥ = (1 - )% + nty with ¥; =1/(e; +1) (i=0,1), 9 =1/(e +1), 7 =g and 0 < <1,
we obtain

" %0 T 1aa 9 " 9
([Bpf’ro A]", [Bp.ln A)] l)n,g = [Bpﬂ A]". (8)
Applying the interpolation degree property [1, Theorem 3.11.6], we obtain

o 0 0o L o o g
([B55, )], [ByL, (A)] l)n,g = (Byo, (A), BSL, (A))w, 0 =nth/v. )
The equalities (8) and (9) for o = (1 — 0)ap + 0 yield (4) with ¢ = . The inequalities
(5), (6) are a consequence of (4) and the well-known interpolation properties [1, Theo-
rem 3.11.2].

(iv) For every x € (BI‘;‘,OT0 (A), B,k (A))»,- there exists ¢ > 0 such that

t>0

1-t/o o0 dt 1/0
9 . 9 N\TT
Ix'(BZ&oyBZ}q)ﬂ,g = (SuPt Kit,x; )> (_/0 [t Kt )] t )

< .
= clxl o, 5o ).

Hence, the embedding (B,%, (A), By, (A))s,r & (Bpy, (A), By, (A))s o is continuous. Finally
using (4), we obtain (7). O

Corollary 4 If £(A) is norm dense in X then BI‘;‘J(A) is as well.
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4 Bernstein-Jackson-type inequalities

Let1 < p < oo and let the space £,(A) be endowed with the quasi-norm | - |,. Consider the
problem of the approximation of a given element in a Banach space X by elements of an
A-invariant subspace Eé(A) with a fixed index p. The distance between x € X and Eé(A)
we denote by

dy(t, %) = inff|lx 2] : &% € Eé(A)}, t>0.

To investigate this problem, we will use spaces 55, (A) defined for pair indices {0 <« <

00,0<t <0o0}or{0<a<oo,T=00}
Theorem 5 There are constants ¢, and c, such that the following inequalities hold:

wlg, <cl*lglxll,  x € &A), (10)

dp(tvx) = 62t7a|x|82‘,rr PAS BIO;,T (A) (]-1)
Proof Via Theorem 3(i) the space [B;, (A)]” is interpolating between &£,(A4) and X for any

¥ =1/(a +1)and 7 = go¥. As a consequence, £,(4) C [B;‘,T(A)]ﬁ = (&,(A), X)y, C X. Hence,
by [1, Theorem 3.11.4(b)] for some constant c(¢%, g) we obtain

1-9 2
%y 000, < L x7, x € Ep(A).

This inequality and the isomorphism (3) imply that there is a constant ¢;(«, t) such that
the inequality (10) is true. By [1, Theorem 3.11.4(a)] for some constant ¢'(¢#, g) we have

K(6,%E,(A), X) < It |xl(e,,0),,

g’

x € (é’p(A),%)ﬂ,g.
Hence, by virtue of the isomorphism (3) there is a constant ¢y (e, T) such that
K(t:x65(A), X) < cot” xlge ,  x € By (A).

Following [1, Section 7.1], we introduce the function

Koo(t,5E(A), X) = inf 1max{|x0 \p,t”x1
x=x0 +x

}, 2 e EI,(A),x1 € X.
From the inequality K (2, x; £,(A), X) < K(t,x; E,(A), X) it follows that

£ Koo (6%, Ep(A), X) < colalpe , % € B (A). 12)
By [1, Lemma 7.1.2] for every ¢ > O there exists s > 0 such that

Koo(t,%,E5(A), X) =5, lviirS1Ep(v, %) = Ep(s + 0,x) <s/t.

So, for every s; > 0 there is ¢ > 0 such that s; < Koo(¢,%;E,(A), X) = s. For any fixed x the
function E, (s, x) is decreasing, so E, (s, x) < E,(s; + 0,x) < 5,/t. Hence, we have [E, (s, x)]? <
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057 <t 7?57 1s. As aresult,
S Ey(s,%)]” < 677 Koo (8,5 E5(A), X).
Using (12), we have Sl [E,(s, 2)]? <co |x|%g,r. Putting o = (1 — 9)/1, we obtain
s*E,(s,%) < c%)w l¥lgy,, xe€ BZ,I(A). (13)

If |x°], = r(x°) + I2°]l <'s, then r(x°) < s — [|x°||, where r(x°) = inf{z > 0: 2% € £(A)}.
Therefore, x° € £;(A) for all numbers ¢ > 0 such that r(x°) < £ < s - [|x°||. By Theorem 1(i),
we have Sé(A) C 5;(A). Therefore, x° € SIS](A). Hence, the inequality

dp(s,%) < Ep(s,x), xe€X,5>0 (14)
holds. Taking c; = c},/ ? in (13) and using (14), we obtain (11). O

Theorem 6 Let A be an operator with the discrete spectrum o (A) = {A, € C}, n € N and
let R* be the complex linear span of all {R(\,): |Ay| < £}, where R(A,) is the root subspace

of A corresponding to ),,.. Then for every a, T there is a constant c such that
inf{ ||x -0 H = Rt} < ct‘o‘|x|3<1xr, x € By (A). (15)

Proof In [12] it is proven that for operators A, having discrete spectra, the equality £f(A) =
R holds. Hence, the inequality (11) directly implies the estimation (15) for the distance
from an element x € BY . (A) to the spectral subspace R'. g

5 Connections with classical results
Let us put A = D,, where D, is the closure in X = L,(R) (1 < g < 00) of the operator of
differentiation. In the considered case we have £, (D,) = {u € C*(D,): llullgr, < oo}, where
lull gz, = supgez, 1(Dg/)ullz, (> 0). Thus, Ex(Dy) = U, EL(Dy)-

Consider the space ./\/lé7 of entire complex functions U: C 3 & + in —> U(§ + in) of ex-
ponential type ¢ > 0, belonging to L,(R) for 1 = 0. Denote M, = [, M. Following [1,
Section 7.2], we can define on M, the quasi-norm

|ulm, = llullz, +sup{|¢]: ¢ € supp Fu}, ue M,
where supp Fu is a support of the Fourier-image Fu of a function u € M,.
For any pair {0 <« <00,0<7 <00} or {0 <o <o00,7 =00} and 1 < g < oo we define the
classical Besov space B;']T(R) with the norm || - || BZ, (see e.g. [1, Section 6.2]). Let us show

a relationship between the spaces BZ‘,T (Dg) and By, (R).

Theorem 7 The following isomorphism holds:

Bg. . (Dg) = By . (R).
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Proof Let us denote u(§) = U(§ +i0) for any U € M, where & € R, ¢ > 0. For every such
entire function u the Bernstein inequality ||D’;u||Lq < tk||u||Lq for all k € Z, holds (see [1,
Section 7.2]). It follows that

lialez, = sup | D/t u],, < Nl
€Ly

Hence, if U € M; then u € & (D,).
Vice versa, let u € & (D,) with a fixed ¢ > 0. The norm definition in £, (D,) implies that
IDfullz, < t*|lullg:, forall k € Z,. It follows that

k
Jue+iml,, = 0%, M5 < julag expein)), ne®

1
keZ. k!

for any function U: C 3 & +in —> U(& + in) such that u(§) = U(§ + i0) forall & € R. Hence,
U(- +in) € Ly(R) for all n € R. The above inequality implies that if g = co than U(- + in) €
M.

Show that U(- + in) € ./\/lfz for 1 < g < co. From Sobolev’s embedding theorem (see [14,
Chapter I, Section 8, Theorem 1] or [13, Theorem 2.8.1]) we have

1
lletll e < C||M||W‘}, ue Wq(R),1<q§ 0.

Consequently, ||D';u||LOO < clngull wl for all k € Z,. Now using the inequality ||D’;u||"’V[} =

ko 14 k+1. 119 q\+kq q
1Dgullz, + 1Dy ullz,, < 1+t ||u||5éo, we have

k
luc ], <3 IIDSuHmeTl <c(1+ )" exp(elnl) luler,

keZy

for all n € R. Hence, U € M; for all 1 < g < o0o. So, up to the restriction Mf] sU—ue
&L (Dy), we have

M =ELD,), My =Ex(Dy). (16)

Now applying (3), (16) and the well-known interpolation properties of Besov spaces (see
[1, Theorem 7.2.4]), we obtain the required equality:

1/v
o,r

1/v
o,r

Bgo,f(Dq) = (goo(Dq)’Lq(R)) = (Mq,Lq(]R)) = B;,T(R)
with ¢ =1/(« +1) and t = r?. O
Theorem 8 There exist constants ¢; and c, such that

7T —

lulle, < cilulig, lul,, we My, 17)

doo(t,u) < ot “||ullpz,, u€ By (R), (18)

where doo(t,u) = inf{|lu = vl|.,: ve EL(Dy)} = inf{|u - Vi, ve Mfl}.
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Proof Using the first equality (16) and the Paley-Wiener theorem, we obtain
sup{|§|: e suppFu} = inf{t >0:ue 550(Dq)}, ue M,

Hence, the quasi-norms |u|~ and |#|aq, are equal on M,. Now the above claims is a
consequence of Theorems 5, 7. g

Note that the equalities (17) and (18) exactly coincide with the well-known Bernstein
and Jackson inequalities in the form given in [1, Section 7.2].

6 An application to regular elliptic operators
Let 2 C R” be an open bounded domain with the infinitely smooth boundary 92 and the
system of operators

(Lu)) = Y aDu§), aeC,

|s|<2m
Bu)(E) = Y bE)D'uE), by(E) e C*(3Q),j=1,....,m
|s\§m]~
isregular elliptic (see e.g. [13, Section 5.2.1]). Denote D’y = %,whereé =(&,...,&) €
1 ~%n

Qand|s|=s+ - +s, foralls=(sy,...,s,) € Z", Q=QUI.
In the complex space L,(£2) (1 < g < 00) we consider the closed linear operator

Au = Lu with the domain C}(A) = W;%,}(Q)’ (19)
where qu,?'l’;j}(Q) = {u € WP™(Q): Bjulpg = 0,j = 1,...,m} and W () is the classical

Sobolev space. As is well known [13, Section 5.4.4], A has a discrete spectrum o (A) and

the corresponding root subspaces are independent of g. The subspaces of the root vectors

belong to the closed subspaces in C*(£2),
Cxisy(@) = {u € C¥(Q): BA ulyo = 0,j=1,...,m, ke L},
endowed with the seminorms sup; g |D°u(§)|, 0 < [s| < 0.

Theorem 9 The following topological isomorphism holds:
B;yf (A) = Bg,z,[gj] (Q), (20)

where B‘;’ry{B},}(Q) ={ue B‘j;’r(Q): B,Aku|39 =0,j=1,...,mk € Z,} and By () is the Besov
space.

Proof Consider the space Sg(D) ={ueC®QQ): D’uc Ly(2),s| = k € Z,} endowed with
the norm

1/q
||u||5;(D>=(Zzt‘quDsquq(m) . tso0.

keZy |s|=k
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Check that the union £,(D) = [ ,., Eé(D) coincides with the space of all entire analytic
functions of exponential type, which restrictions to € belong to L,(£2). The space &,(D)
we endow with the quasi-norm

[l o) = lutll @) + inf{t >0:uc€ 5;(D)}

For simplicity we put 0 € Q. If / > n/q and u € £,(D) then the Sobolev embedding theorem
yields

sup|DSu(§)| < cmax{l, L. ..,tl}tk||u||g‘§(D) <cott, Is|=keZ,, (21)
£eQ
where the constants ¢, ¢y are independent of k. It follows that (see [10])

|u +in)| < ZZ|DS §)||n < el (22)

keZy |s|=k

for all £ € Q2 and n € R”, where the constant ¢; is independent of k € Z,. Hence, u has an
entire analytic extension onto C” of exponential type.

Conversely, let an entire function u satisfy (22). Then the inequality [Du(§)| <
cy(2nt)ke!! for all £ € R” and |s| = k € Z, holds. Here the constant c, is independent
of k. By boundedness of Q2 we have

sup|DSu(£)| <c;(2mt)*  and Z ||Uu||L < C2(2n2t)k.
|s|=k

It follows that u € 5;*"% (D) and consequently u € £,(D), because

q
24 D lsik I1D°ully, )

(4n*t) ™ || D* ‘ -
EZZ:E; n*t) " |Dul] g _2q_1]§€1121) o (23)

Using the inequality (21), (23), and the Paley-Wiener theorem, we obtain the quasi-norm

equivalence

u ~ inf { v m +  Su },
lule, ) o @) IVl @ {esupPva <]
where supp Fv denotes the support of the Fourier-image Fv of a function v € L,(R").
Applying [13, Theorem 4.2.2], [1, Theorem 7.1.7] and the Bernstein-Jackson inequalities
from [1, Section 7.2], we find that for any / € N there exists a constant ¢; such that

l/l 1) 1- 1/l 1) 1/(1+1)
llze || 0 <clu Ule,p Ol ||L ;—z), u € &(D),
(24)

K(t,u; 5,,(D),Lq(9)) < t"t Y|y ||” D, ue WiQ).

@’

Following Section 3, we define the space

o) rd 1/t
B;"T(D) = {u €L,(Q): |ulBe. (D) = (/o (t"‘Eq(t, u)) 71.‘) < oo},
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where E(t, u) = inf{||u — u® |1 ) : u° € E(D),|u’|g, ) < t}. Using the inequality (24) and
well-known theorems [1, Theorems 3.11.5, 3.11.6, 7.1.7], [13, Theorem 2.4.2/2], we obtain

B2.(D) = ((£D),Ly(D) 01y wen)

= (L4(Q), Wy(R)) .1, = B2 (). (25)
Now let us prove the equality
EJA) = {ue&D): BA ulyo=0,j=1,...,mkeZ.}. (26)

By [13, Theorem 5.4.3] for any k € N there exist positive numbers ¢ and C such that
k k k k
Kllullyamgy < |4 u]|, o) = Cllullyamqy 1 € CHA).

It follows that we have the inequalities

'\ —k —2m S
Z (Clme)*™) q||Aku||Z<m =G Z Z 2D ”“Z,,(sz)

keZy keZy |s|=2mk

< Cillully (27)

with a constant C;. Thus, the embedding {u € Eé(D): B/Aku|39 =0,j=1,....mkeZ,} C
6’; (A) with T = C(nt)*" holds. Conversely, let u € 5;(A). Then

”u”Zq‘(A) = Z ’f_kq”Ak”qu(g) = Z Z (C_lt)ikq HDS“H‘LI(I(Q)' (28)

keZy keZy |s|=k

It follows that £5(A) C {u € Eg_lt(D): BiA¥ulyq = 0,j = 1,...,m,k € Z,}. Using (25) and
(26), we obtain the required equality (20). d

Corollary 10 There exist constants ¢; and c; such that

lullg @ < alule, ) llullLy@,  u € Eq(A),

dq(t> u) <cpt™ ||u||B$,,(Q), uec Bg,r,[gj](Q),

where dg(t,u) = inf{||u - vl @: v e Sé(A)}. In particular, for every o, T there is a constant
¢ such that

inf{ || — u° ”Lq(m: u’ e R} < ct™Ilullsy @, B, 15)(),
where R' is the complex linear span of root subspaces {R(An): |Aa| < t} of the operator (19).

Proof From the inequality (27)-(28) and the Paley-Wiener theorem it follows that we have
the quasi-norm equivalence |u|g (p) ~ |ul, on &;(A). It remains to apply Theorems 5, 6,
and 9. O


http://www.journalofinequalitiesandapplications.com/content/2014/1/105

Dmytryshyn and Lopushansky Journal of Inequalities and Applications 2014, 2014:105
http://www.journalofinequalitiesandapplications.com/content/2014/1/105

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details
'Precarpathian National University, 57 Shevchenko str, lvano-Frankivsk, 76-025, Ukraine. 2Faculty of Mathematics and
Natural Sciences, University of Rzeszéw, 1 Pigonia str.,, Rzeszéw, 35-310, Poland.

Acknowledgements
The second author was partially supported by the Centre for Innovation and Transfer of Natural Sciences and Engineering
Knowledge at the University of Rzeszéw.

Received: 1 January 2013 Accepted: 20 February 2014 Published: 04 Mar 2014

References

1.

13.
14.

(SRR JNIoN

Bergh, J, Lofstrom, J: Interpolation Spaces. Springer, Berlin (1976)

2. DeVore, R, Lorentz, G: Constructive Approximation. Springer, Berlin (1992)
3.
4. Garrigds, G, Hernandez, E: Sharp Jackson and Bernstein inequalities for n-term approximation in sequence spaces

Garrigos, G, Tabacco, A: Wavelet decompositions of anisotropic Besov spaces. Math. Nachr. 239/240, 80-102 (2002)

with applications. Indiana Univ. Math. J. 53(6), 1741-1764 (2004)

. Carl, B: Inequalities of Bernstein-Jackson-type and degree of compactness of operators in Banach spaces. Ann. Inst.

Fourier 35(3), 79-118 (1985)

. Giulini, S: Bernstain and Jackson theorems for the Heisenberg group. J. Aust. Math. Soc. 38, 241-254 (1985)
. Giulini, S: Approximation and Besov spaces on stratified groups. Proc. Am. Math. Soc. 96(4), 1741-1764 (1986)
. Ljubic¢, JI, Macaev, VI: On operators with separable spectrum. Transl. Am. Math. Soc. 47, 89-129 (1965)

Sakai, S: Operator Algebras in Dynamic Systems. Cambridge University Press, Cambridge (1991)

. Radyno, YV: Vectors of exponential type in operators calculus and differential equations. Differ. Equ. 21(9), 1559-1569

(1985)

. Gorbachuk, MI, Gorbachuk, VI: On approximation of smooth vectors of a closed operator by entire vectors of

exponential type. Ukr. Math. J. 47(5), 713-726 (1995)

Dmytryshyn, M, Lopushansky, O: Operator calculus on the exponential type vectors of operators with point
spectrum. In: Banakh, T (ed.) Topology in Banach Spaces, pp. 137-145. Nova Publ.,, New York (2001)

Triebel, H: Interpolation Theory. Function Spaces. Differential Operators. Springer, Berlin (1995)

Sobolev, SL: Some Applications of Functional Analysis in Mathematical Physics. Transl. Math. Monographs, vol. 90.
Am. Math. Soc., New York (2008)

10.1186/1029-242X-2014-105
Cite this article as: Dmytryshyn and Lopushansky: Bernstein-Jackson-type inequalities and Besov spaces associated
with unbounded operators. Journal of Inequalities and Applications 2014, 2014:105

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 12 of 12


http://www.journalofinequalitiesandapplications.com/content/2014/1/105

	Bernstein-Jackson-type inequalities and Besov spaces associated with unbounded operators
	Abstract
	MSC
	Keywords

	Introduction and preliminaries
	Scales of invariant subspaces
	Besov-type scales of approximation spaces
	Bernstein-Jackson-type inequalities
	Connections with classical results
	An application to regular elliptic operators
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


