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Abstract

By using the way of weight functions and the Hermite-Hadamard inequality,

a half-discrete reverse Mulholland-type inequality with a best constant factor is given.
The extension with multi-parameters, the equivalent forms as well as the relating
homogeneous inequalities are also considered.
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1 Introduction
Assuming that f,g € L*(R,), |If]l = {/f;" f*x) dx}? > 0, lgll > 0, we have the following
Hilbert integral inequality (cf. [1]):
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where the constant factor 7 is best possible. If a = {a,}2,,b = {b,}>%, € , ||a| =

o0 a’} s 0, ||1b]| > 0, then we still have the following discrete Hilbert inequality:
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with the same best constant factor 7. Inequalities (1) and (2) are important in analysis
and its applications (cf [2—4]). Also we have the following Mulholland inequality with the

same best constant factor 7 (cf [1, 5]):
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In 1998, by introducing an independent parameter A € (0,1], Yang [6] gave an exten-
sion of (1). For generalizing the results from [6], Yang [7] gave some best extensions of
(1) and (2) as follows. If p > 1, }7 + %1 =1, A1 + A3 = A, ky(x,y) is a non-negative homo-
geneous function of degree A, k(A1) = [;~ ki.(t, )t 71 dr € R+, dx) = 2?11y (x) =

xq f(> 0) € Lp¢ +) = {f|”f”p¢ = {fo ¢(x)[f(x)|1’dx}ﬂ < OO}! g(> 0) € LqW(R+)
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fllp.p» 1€l gy > O, then
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where the constant factor k(A1) is best possible. Moreover, if k;(x,y) is finite and
ki (%, )17 (ko (o, y)y*27L) s strict decreasmg for x > 0 (y > 0), then for a,,b, >0, a =
{amiey € by = {alllallpg == {32, #(n) Iﬂnlp}" <00}, b=1{bu}2) € lyy, lallpg: 1Dll4y >0,

we have
oo o0
DN ki, m)amby < k(a)llalpg 16l gy ()
m=1 n=1
with the same best constant factor k(11). Clearly, for p =g =2, A =1, ki(x,9) = ==, A1 =

X +_)/

Ay = 5, (4) reduces to (1), while (5) reduces to (2).

Some other results including the reverse Hilbert-type inequalities are provided by [8—
16]. On half-discrete Hilbert-type inequalities with the non-homogeneous kernels, Hardy
et al. provided a few results in Theorem 351 of [1]. But they did not prove that the constant
factors in the inequalities are best possible. However, Yang [17] gave a result by introducing
an interval variable and proved that the constant factor is best possible. Recently, Yang [18]
gave a half-discrete Hilbert inequality with multi-parameters, and [19] gave the following
half-discrete reverse Hilbert-type inequality with the best constant factor 4: For 0 < p <1,

}7 + % =1, we have 0;(x) € (0,1), and

/Oof(x) Z min{x, n}a, dx
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In this paper, by using the way of weight functions and the Hermite-Hadamard inequal-

ity, a half-discrete reverse Mulholland-type inequality similar to (6) is given as follows:
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Moreover, a best extension of (7) with multi-parameters, the equivalent forms and the
relating homogeneous inequalities are considered.

2 Some lemmas

Lemmal [fO<A<2,a> %, setting weight functions w(n) and @ (x) as follows:

*° 1
w(n) = In? (n+ a)f A—x%’l dx, neN, (8)
o In*e(n+a)*
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we have
A A A A
B(§,§>(l—9k(x))<w(x)<a)(n)=B(§,§), (10)
where
1 xIn(l+a) t(A/Z)—l
0 = ——dt€(0,1),
) B(g,g)/o TR

satisfying 0, (x) = O(x%).

Proof Substituting of ¢ = xIn(xn + «) in (8), by calculation, we have

© 1, A A
= tilde=B(Z,2).
() /0 (1+0) (2 2)

Since by the conditions and for fixed x > 0

ni'y+a) Inily+a)
(y + ) In* e(y + a)* C (y+a)[l+xIn(y +a)]*

h(x,y) =

is strictly decreasing and strictly convex in y € (%, 00), then by the Hermite-Hadamard
inequality (cf. [20]), we find
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1 (y+a)[l+xin(y+o)]* ln(%-v—a)(l"'t))h - ’

A
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w(x) <x : >
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@) >x ,/1 y+a)[1+xIn(y +a)]* Y
() [ t37ldt A A
t=xIny >f d =B(_,_>(1_9A(x))>o,
xIn(l+a) (]- + t) 22
1 xIn(l+a) tifl 1 xIn(l+a) A 2[xIn(1 2
0<0(x) = —— / - —dt < —— ] ﬂ’ldtzw,
B(5,%) Jo 1+ B(5,%) Jo AB(5,35)
that is, (10) is valid. O

Lemma 2 Let the assumptions of Lemma 1 be fulfilled and, additionally, 0 <p <1, }7 + % =
1, a, > 0, n €N, f(x) is a non-negative measurable function in (0,00). Then we have the

following inequalities:

it ln%’l(n+a) o fx) r\?
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oo xq%—l S a, q %
h ;={/0 [ () {2; ln*e(n+ot)xj| dx}

> {B(%, %) > 01+ )T 70D a)ag} : (12)

n=1

Proof By the reverse Holder inequality (¢f [20]) and (10), it follows that
[ / *  fx)dx ]p
o In*e(n+a)
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= {a)(n)(n o)t lnq(l’%)_l(n + oz)}p

00 1 x1-2)-1
/ . ! £7(x) dx
o In"e(n+a)* (54 a)In'"%(n+a)

-1
= [B(%, %)]P (n+ oe)lnl‘pTA (n+a)

oo 1 £1-$)p-1)
. / - P (x) dx.
0
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Then, by the Lebesgue term-by-term integration theorem (cf. [21]), we have
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and (11) follows. Still, by the reverse Holder inequality, we have
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x%—l = In* e(n + a)*
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Then, by the Lebesgue term-by-term integration theorem, we have

In* e(n +a)*

{ |:n2(n+a)/ xi 7 da :|(n+a)q‘11nq(l‘7)‘l(n+a)aZ}

In* e(n + )*

. (n+a)it :
!/ Z _71 ln(l—%)(q71>(n+a)az dx}

1
q

[Za)(n)(n+a)q 1 pa0- 1()1+O()6lq] ,

n=1

and then in view of (10), inequality (12) follows. O

3 Main results
In this paper, for 0 < p <1 (g < 0), we still use the normal expressions ||f||,o and ||zl w.
We also introduce two functions

O(x):= (1-0,(0))x*" " (x>0) and

W(n) = m+a)? lnq(l_%)_l(n +a) (meN),

ph_
wherefrom [®(x)]'~7 = (1 — 6, (x))!~ 7551 and (W) = M

n+o

Theorem 1 IfO<)L§2,a>— 0<p<l, —+——1f(x a, > 0,0 <|fllpo <00 and
0 < llallgw < 0o, then we have the following equzmlent inequalities:

- * flw)
I= Za,,/ In* e(n + )* da

n=1
o = an A A

= ———— dx>B , 13
i f(");m%e(ma)x x> (2 Z)anmnanq\u (13)

e[ [T @) N s
J= {;[\p(l’l)] |:/(; mdx] } >B<§,§)|[f||p,q,, (14)
00 o0 q %
L::{/O [‘D(’“)P“*[mee(;ﬁ} dx} >B(%,%)|Iﬂllq,\p, (15)
n=1

where the constant B(%, %) is best possible.
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Proof By the Lebesgue term-by-term integration theorem, there are two expressions for
I in (13). In view of (11), for @ (x) > B(A 2)(1 - 6,(x)), we have (14). By the reverse Holder
inequality, we have

> -1 o 1 1
I= Zl[‘lf 7 () /0 wemray @ dx][w(n)an] > Jllallqw- (16)

Then by (14) we have (13). On the other hand, assuming that (13) is valid, setting

p-1

:[q_,(n)]l—P[/o 1nen_'—Ol)xf(x)dx] , meN,

we obtain that J#™ = ||a||,v. By (11), we find J > 0. If ] = 0o, then (14) is trivially valid; if
J < oo, then by (13) we have

A ,
lallly =/* =1>B flpolalge e
2°2
lalds />B(— —)ufnm,

that is, (14) is equivalent to (13). In view of (12), for

[m@)] > [3(%, %) (1- ek(x))}lq,

we have (15). By the reverse Holder inequality, we find

I = ‘/o [(I)p (x)f(x) |:<I> p (x) Z mﬂn} dx > ”f”p,q;L. (17)

Then by (15) we have (13). On the other hand, assuming that (13) is valid, setting

00 q-1
o 1 1
f) = [®()] [;we(ma)x“"} ., x€(0,00),

we obtain that L9 = ||f||,,¢. By (12), we find L > 0. If L = 0o, then (15) is trivially valid; if
L < 00, then by (13) we have

A A ,
If 1o = L7 =1>B(§» §> Iflpolalge, ie.,

1 A A
Ilf||§q>—L>B<2 5 lallge,

that is, (15) is equivalent to
ForO<e< %’\, set]NC(x)

13). Hence, 1nequa11tles (13), (14) and (15) are equivalent.
7 x€(0,1); f(x) = 0, x € [1,00), and

N|>-’ N

~ 1 A_e_q
ay = In2”4 " (n+a), neN.
n+o
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If there exists a positive number k (> B(%, %)) such that (13) is valid when replacing B(%, ’%)

with k, then, in particular, it follows that

T Z f @ ) dx > Kl g0

In* e(n +a)*

[e¢}

1 N dx }, q
=k{/0 (1- 0 ))x“l} {(1+a)ln“1(1+a) 2 n+oz)ln”1(n+a)}

n=2

1 ’ 1 o dx q
>k{g—O(1)} {(1+a)ln“1(1+oc)+/1 (x+oz)ln“1(x+a)}

& 1 }é 18)
lra)n (l+a) In(+a)

~ ad 1 ____1 1 1 ﬁ+i_1
]:Z In2 n+a )/ ——x2"7 dx
0

In* e(n + )*

t=xlrgn+oz) i 1 /lﬂ(ﬂﬂ)l) 1 t%Jrl%—l gt
m+a) It m+a) Sy (t+1)*

A e A €
EB(_+_’___> 1 Z L
2 p2 p (1+a)ln“ 1+a) —~ n+a)ln” (n+a)

Ao A & 1 1

5t o577 1 1 dy

2 p2 p)lA+a)l®(1Q+a) y+a) 0 (y+a)
1 /A e A ¢ e 1

=—Bl-+—-,--— T + — . (19)
e \2 p2 p/ll+e)if®™1+a) In°(l+a)

Hence by (18) and (19) it follows that

A e A € € 1
A )
2 p2 p/lA+a)i®*Ql+a) In°(l+a)

S

€ 1 ‘
> k{1 -e0m} {(1+a)ln“1(1+a) +1n8(1+0‘)} ’

and B(i A) > k(e — 0*). Hence k = B(A 5) is the best value of (13).

By the equivalence, the constant factor B ) in (14) and (15) is best possible. Otherwise

we would reach a contradiction by (16) and (17) that the constant factor in (13) is not best

possible. O

Remark1 (i) For A =1, A1 = Ay = % = % in (13), (14) and (15), we have (7) and the fol-

lowing equivalent inequalities:

* 5 l(n+ DI f r
n+ i |:/(; Ine(n + 3)* dx:|

n=1 2

n"/ 1- el(x)f”( ) dx, (20)
0

x
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Q- 01(x))1 |
d
J Xt
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<m Z — el —aj. (21)
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(ii) Setting x = lny,g(y) % (Iny)*2f (= 5) and

o(y) = (1 —Ox(ﬁ))y”_l(lny)p(l"%)"l (y € (1,00))

in (13), by simplifications, we find the following inequality with the homogeneous kernel:

- R {V))
Zdn /1 In* y(n + a) &

n=1

=/ g(yz

A
dx>B allgw. 22
| = y(n+a) ( )“g”p,¢” llgw (22)
It is evident that (22) is equivalent to (13), and then the constant factor B( —) in (22) is
still best possible. In the same way as in (14) and (15), we have the following inequalities
equivalent to (13) with the best constant factor B(%, % :

C- S [ PP
St [ [ i | 7255 e @
n=1
0 q Ll] A A
/1\ ¢()/) 1 o Z I y(Vl+Ol dy >B(§, 5)”61“%\% (24)

n=
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