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Abstract

In this paper, we introduce and study the concept of lacunary strongly

(A, p)-convergence with respect to a modulus function and lacunary (A, @)-statistical
convergence and examine some properties of these sequence spaces. We establish
some connections between lacunary strongly (A, ¢)-convergence and lacunary

(A, @)-statistical convergence.
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1 Introduction
Let s denote the set of all real and complex sequences x = (x;). By [ and ¢, we denote the
Banach spaces of bounded and convergent sequences x = (x¢) normed by |x|| = sup,, |x,/,
respectively. A linear functional L on / is said to be a Banach limit [1] if it has the following
properties:

(1) L(x)>0ifn >0 (i.e. x, > O for all n),

(2) L(e) =1, wheree=(1,1,...),

(3) L(Dx) = L(x), where the shift operator D is defined by D(x,,) = {1}
Let B be the set of all Banach limits on /.. A sequence x € £ is said to be almost con-
vergent if all Banach limits of x coincide. Let ¢ denote the space of almost convergent
sequences. Lorentz [2] has shown that

c= {x € loo : limt,, ,(x) exists uniformly in n},
m

where

Xn t Xl +Xpa2 00+ X

tm,n(x) = il

Byalacunary 6 = (k,); ¥ =0,1,2,..., where ko = 0, we shall mean an increasing sequence
of non-negative integers with &, — k,_; — 0o as r — oco. The intervals determined by 6 will
be denoted by I, = (k,_1, k] and A, = k, — k,_1. The ratio k’:il will be denoted by ¢g,. The
space of lacunary strongly convergent sequences Ny was defined by Freedman et al. [3] as

follows:

1

Ny = 12 = (%) : lim — E |xx — | = 0,for some [ ¢.

roh,
kel,
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In the special case where 0 = (2") (see [3]) we have Ny = w, which is defined by

1 n

w= {x:(xk):lim— E |xk—l|=0,forsomel}.

non
k=0

Das and Mishra [4] have introduced the space ACy of lacunary almost convergent se-
quences and the space |ACy| of lacunary strongly almost convergent sequences as follows:

1
ACy = {x = (x¢) : lim h_ Z(ka — L) =0, for some L uniformly in n}
r kel,

and

1
|ACy| = {x = () : lim 0 E |%k+n — L| = 0, for some L uniformly in n}.
T Ny

kel,

Ruckle used the idea of a modulus function f to construct a class of FK spaces,

L(f) = {x: () < if(|xk|) < oo}.

k=1

The space L(f) is closely related to the space /;, which is an L(f) space with f(x) = x for all
real x > 0.

In 1999, Savas [5] generalized the concept of strong almost convergence by using a mod-
ulus f and p = (pk) is a sequence of strictly positive real numbers as follows:

[¢(f.p)] = ix : lirlln % kX_;f(|xk+m — L|)” =0, for some L, uniformly in m}
and
[ﬁ(f,p)]o = {x :lim % Zf(|xk+m|)pk = 0, uniformly in m}
k=1

More investigations in this direction and more applications of the modulus can be found
in [6-12].
Following Ruckle [13], a modulus function f is a function from [0, 00) to [0, 00) such
that
(i) f(x)=0ifand onlyifx =0,
(i) f(x+y) <f(x)+f(x) forall x,y >0,
(ili) f increasing,
(iv) f is continuous from the right at zero.
By a ¢-function we understand a continuous non-decreasing function ¢(u) defined for
u > 0 and such that ¢(0) = 0, ¢(u) > 0, for u > 0 and ¢(u) — o0 as u — 0.
A p-function ¢ is called non-weaker than a g-function v if there are constants ¢, b, k, [ >
0 such that ¢y (l) < bp(ku) (for all large u) and we write ¥ < ¢.
A ¢-function ¢ and ¢ are called equivalent if there are positive constants by, by, ¢, ki,
ka, I such that byp(kiu) < cy(lu) < byp(kou) (for all large u) and we write ¢ ~ .
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A @-function ¢ is said to satisfy the condition (A;) (for all large u) if for some constant
k > 1 there is satisfied the inequality ¢(2u) < k¢ (u) (see [12, 14]).

In this paper, we introduce and study some properties of the following sequence space
which is generalization of Savag [14].

2 Main results
Let ¢ and f be a given ¢-function and modulus function, respectively, and let p = (p,,)

be a sequence of positive real numbers. Moreover, let A = (A;) be the generalized three
parametric real matrix with A; = (a,x({)) and a lacunary sequence 6 be given. Then we

Pn
) = 0, uniformly in i}.

If x € NJ(A, ¢,f), the sequence  is said to be lacunary strong (A, ¢)-convergent to zero

define the following sequence spaces:

AEA)

Ny (A, ¢.f.p) = {x () :Tim —— Zf(

ne]r

with respect to a modulus f. When ¢(x) = x for all x, we obtain

Pn
NY(A,f,p) = { (k) hm Zf( Zank ) = 0, uniformly in i}.

nelr

If we take f(x) = x, we write

Pn

Zﬂnk(l)(p )

k=1

N (A0, p)-[x () hmh—z

r
nely

= 0, uniformly in i},

If we take py = p, for all k, we have

Ny (A, 9.f) = {x = (o) :lim Zf(

neIr

) = 0, uniformly in i},
If we take A = I and ¢(x) = x, respectively, then we have

Ngz{ () : lim Zf o) = }

" kel

If we define the matrix A = (a,4(i)) as follows:

" L ifn>k
(i) =
nk 0, otherwise,

then we have

bn
1
— (p(|xk|) ) = 0, uniformly ini},
n

Ny (C..f,p) = {x = () :1 hl Zf(

nely

0 L ifi<k<i+n-1,
au(i) =
n 0, otherwise,
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then we have

N (@ o.fp) = [x () : hm—Zf(‘ Zw )

nely

) = 0, uniformly in i} .

If x € NJ (¢, ¢,f), the sequence « is said to be almost lacunary strong ¢-convergent to zero
with respect to a modulus f. In the next theorem we establish inclusion relations between
w(A, ¢,f,p) and N{ (A, ¢,f, p). We now have the following.

Theorem 2.1 Let f be any modulus function and let there be a ¢-function ¢ and a gener-
alized three parametric real matrix A; let p = (p,) be a sequence of positive real numbers
and the sequence 0 be given. If

W(Aywyf:p)={ (k) : lim — Zf (

|xk

Pn
) = 0, uniformly in i},

then the following relations are true:
(a) Ifliminf, g, > 1 then we have w(A, ¢,f,p) C Ng(A,go,f,p).
(b) If sup, g, < 0o, then we have NJ(A, ¢.f,p) € w(A, ¢,f,p).
(c) 1<liminf, g, <limsup, g, < 00, then we have NJ(A, ¢,f,p) = w(A, ¢,f,p).

Proof (a) Let us suppose that x € w(A, ¢,f, p). There exists § > 0 such that g, > 1 + § for all
r > 1 and we have #,/k, > §/(1 + 8) for sufficiently large r. Then, for all j,

2 )p"

>—Zf<

nely

> au()e (1)

>%izf<

nely

Hence, x € Ng(A, o.f>p).
(b) If limsup, g, < oo then there exists M > 0 such that g, <M for all r > 1. Let x €
NJ(A, ¢,f,p) and ¢ is an arbitrary positive number, then there exists an index j; such that

Pn
) <E€.

Thus, we can also find K > 0 such that R; < K forall j = 1,2,.... Now let m be any integer
with k,_; < m < k,, then we obtain, for all i,
Pn
) =5 +1,

" 00 Pn ky
1= % Zf( Zank(i)<ﬂ(|xk|) ) = kl_l Zf(

n=1 k=1

for every j > jo and all i,

Zf( > i) (lxi)

1 nely

Z anic (@) (|xxl)

k=1
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where

1- kHZZf(

D au(e (1)
j=1 nelj

-1 j=jo+1 nel; (

It is easy to see that

v
)
i

N

nely,

> (e (Ixel)

. zzf(

j=1 nelj

ol

nelh

i) )

1
(h1R1 + + h/OR]O)

r-1

1
Jokm sup R;

r— 1<i<jo

jokio
<—=K.
- kr—l

Moreover, we have for all i

( Zﬂnkw )
1 =jo+1 nel;

Jj=jo+1 /nel (

1 10+1

)

k.

<e
kr—l

=eqr<€e-M.

Thus I < %K +¢&- M. Finally, x € w(A, ¥, f, p).
The proof of (c) follows from (a) and (b). This completes the proof. O

Theorem 2.2 Let f, fi, be modulus functions. Then we have

NY(Af,9,p) C (A, ¢,fofi,p).

Proof This can be proved by using techniques similar to those used in the theorem of
Savas [14]. O

Recently Savas [14] defined (A, ¢)-statistical convergence as follows.

Page 5of 8
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Let 0 be a lacunary sequence, and let A = (a,4(i)) be the generalized three parametric
real matrix, the sequence x = (x¢), the ¢-function ¢(u) and a positive number ¢ > 0 be
given. We write, for all 4,

Kj(A,pe)=1nel: Y auno(xl) =6t
k=1

The sequence x is said to be (A, ¢)-statistically convergent to a number zero if for every
e>0

1
lim h—M(Kg(A,go,s)) =0, uniformlyin i,

where 1 (K} (4, ¢, €)) denotes the number of elements belonging to K/ (A, ¢, ¢). We denote
by Sg (A, ), the set of sequences x = (x;) which are lacunary (A, ¢)-statistical convergent

to zero and we write

1
SJ(A, @) = {x = (xy) : lim h—u([(g(A,go,s)) = 0, uniformly in i}.

More investigations in this direction can be found in [15-20].

We now establish inclusion relations between N (A, ¢,f, p) and SJ(4, ¢).

In the following theorem we assume that 0 < /2 = infp,, < p, <suppy < H < 00.
Theorem 2.3 (a) If the matrix A and the sequence 0 and functions f and ¢ are given, then

NJ(A,0.f,p) C SH(A, ).

(b) If the @-function ¢(u) and the matrix A are given, and if the modulus function f is
bounded, then

Sy(A, 9) C NJ (A, 0.f,p).

Proof (a) Let f be a modulus function and let ¢ be a positive numbers. We write the fol-

;

> a2l
k=1

lowing inequalities, for all i,

2

nely

Z ank (8 (|2 )
k=1

:%Zf(

nel}

;

1 Pn
> -2 )]

ne]}
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where
I}: nel,: Zank |xk|)>8

Finally, if x € N (A, ¢,f,p) then x € SY(4, ¢,f).
(b) Let us suppose that x € Sg (A, @). If the modulus function f is a bounded function,
then there exists an integer K such that f(x) < K for x > 0. Let us take

oo
If =inel: Zank(i)¢(|xk|) <&
k=1

Thus we have, for all i,

Pn
— Zf Zank (1ak])
r nely
1 oo Pn
<4 LD ame(lxl)
nell k=1
Pn
+— Zf Zank(l ()
ne]2
<— Zmax (K", KM) + Z[f
nEI1 nEI2

< max(K", I(H) ? n(Kj (A, ¢,€)) + max([f(s)] [f(s)]H).

r

Taking the limit as ¢ — 0, we observe that x € Ng(A, o,f,p)-
This completes the proof. d
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