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Abstract

In the paper, the authors give some inequalities of Jensen type and Popoviciu type for
(h, m)-convex functions and apply these inequalities to special means.
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1 Introduction
The following definition is well known in the literature.

Definition 1 A function f:I C R = (-00,00) — R is said to be convex if

fltx+1=0)y) <tf(x) + A-1)f () 1)
holds for all x,y € I and £ € [0,1].
We cite the following inequalities for convex functions.
Theorem 1 ([1, p.6]) Iff is a convex function on I and xy,x,,x3 € I, then

X1 + %o +x3)

S 1) +f () +f(w3) +f < 3

S5 5]

Theorem 2 ([2, Popoviciu inequality]) Iff is a convex function on I and x1,%,...,%, € I
with n > 3, then

D flx) +
i=1

n 1< 2 Xi + X;
n—2f<221:x")2n—22f( 2 ) ®)

i= i<j

Theorem 3 ([2, Generalized Popoviciu inequality]) If f is a convex function on I and
ay, ay,...,a, €1 forn > 3, then

(n=1)) f(b) <n(n-2)f(a)+ Y _fla), (4)
i=1 i=1

wherea= 13" a;and b; = "= fori=1,2,...,n.
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The above inequalities were generalized as follows.

Theorem 4 ([3]) Iff is a convex function on I and x1,%,,...,%, € I for n > 3, then

Y s —f(% Zxk) =) ®
i=1 k=1

i=1

and

where X,,1 = X1, 4 = % Yo, and b= "=t fori=1,2,...,n.

Definition 2 ([4]) Lets € (0,1]. A function f : Ry = [0, 00) — R is said to be s-convex in
the second sense if

f(x+@=1)y) <25 (x) + (1= 2)f() @
holds for all x,y € I and X € [0,1].
The following inequalities for s-convex functions were established.

Theorem 5 ([5, Theorem 4.2]) If f is nonnegative and s-convex in the second sense on I

and if x1,%y,...,%, € I for n > 3, then

" n s=1(,.s _ n . .
Zf(xl) _f<% in) > y Zf(xl +2xl+1>’ (8)
i=1 i=1

i=1

where X1 = X;,,1.

Theorem 6 ([5, Theorem 4.4]) Iff is nonnegative and s-convex in the second sense on 1
and ay,ay,...,a, €1 forn> 3, then

(r-1)Y bi<n [Zf(a» —f(rz)} (9)
i=1 i=1

where a = % Yoiiaiand b= == fori=1,2,...,n.

The concept of h-convex functions below was innovated as follows.

Definition 3 ([6, Definition 4]) Let I,/ C R be intervals, (0,1) €/, and #:] — Ry be a
nonnegative function. A function f : I — Ry is called /-convex, or as we say, f belongs to
the class SX(/,1), if f is nonnegative and

ftx+Q-2)y) <h@e)f &) + A1 - ) () (10)

forallx,yeIandt € [0,1].
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Definition 4 ([6, Section 3]) A function /:J C R is said to be a super-multiplicative on
an interval J if

h(xy) = h(x)h(y) (11)

is valid for all x, y € J. If the inequality (11) reverses, then f is said to be a sub-multiplicative
function on /.

The following inequalities were established for f € SX(k,I).

Theorem 7 ([7, Theorem 6]) Let wy,...,w, for n > 2 be positive real numbers. If h is a
nonnegative and super-multiplicative function and if f € SX(h,1) and x1,...,%, € I, then

1 n n w;
f(% Zl wm) < Zl h( 3 )/(x», (12)

where Wy, = YL w;. If b is sub-multiplicative and f € SV (h,I), then the inequality (12) is

reversed.

Theorem 8 ([8, Theorem 11]) Let h be a nonnegative and super-multiplicative function.
Iff e SX(h,1) and x1,...,%x, €I, then

- 1< 1-h(1/n) Xi + Xint
Zf(%-)—f(;in)_ D Zf( ) (13)

i=1 i=1

where x,,1 = x1. The inequality (13) is reversed if f € SV (h,I).

Theorem 9 ([8, Theorem 12]) Let h be a nonnegative and super-multiplicative function.
Iff € SX(h,1) and x1,...,%, €I, then

F )]Zf(”’<<” (55 )[Zf(a) fwﬂ )

wherea =131 a;and b; = "= fori=1,2,...,nand n > 3. The inequality (14) is reversed
iff e SV, I).

Two new kinds of convex functions were introduced as follows.

Definition 5 ([9]) For f:[0,6] — R and m € (0,1], if

f(tx+m1-t)y) < tf () + m(L = £)f (y) (15)

is valid for all x,y € [0,5] and ¢ € [0,1], then we say that f(x) is an m-convex function on
[0,D].

Definition 6 ([10]) Let J € R be an interval, (0,1) € J, & :J — R be a nonnegative func-
tion. We say that f : [0,b] — R is an (4, m)-convex function, or say, f belongs to the class
SMX((h, m), [0,b]), if f is nonnegative and, for all x,y € [0,5] and ¢ € [0,1] and for some
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m € (0,1], we have

f(tx +m(1- t)y) < h(t)f(x) + mh(1 - £)f (y). (16)

If the inequality (16) is reversed, then f is said to be (%, m)-concave and denoted by f €
SMV((h, m), [0, b]).

Recently the /- and (%, m)-convex functions were generalized and some properties and
inequalities for them were obtained in [11, 12].

The aim of this paper is to find some inequalities of Jensen type and Popoviciu type for
(h, m)-convex functions.

2 Inequalities of Jensen type and Popoviciu type
Now we are in a position to establish some inequalities of Jensen type and Popoviciu type
for (h, m)-convex functions.

Theorem 10 Let /1 : [0,1] — Ry be a super-multiplicative function and m € (0,1]. If f €
SMX((h, m), [0, b)), then for all x; € [0,b] and w; > 0 withi=1,2,...,n and n > 2, we have

1 " i z i wi
f(vn lzzlm 1wm> < ;m lh(Wn)j(xi)’ (17)

where W, = ", w;.
If hh is sub-multiplicative and f € SMV((h, m), [0, b)), then the inequality (17) is reversed.

Proof Assume that w/ = % fori=1,2,...,n
When n = 2, taking ¢t = w} and 1 — ¢ = w;, in Definition 6 gives the inequality (17) clearly.
Suppose that the inequality (17) holds for n = k, i.e.,

k
f(z m- lw/xl> < Zml L (w))f (x:). (18)
i=1

When n =k + 1, letting Ag = Zf:zl w; and making use of (18) result in

k+1 k+1 W
(Z m™ 1w’xl> = (w;xl +mAg Zm"z A—’xi

i=2 k

k+1 W
< h(wy)f (x1) + mh(AQf (Zm 2 Wi i)

k+1

h(wl)f(xl) +mh(Ay) Zm’ 2h<Ak)f(xi).

Since £ is a super-multiplicative function, it follows that

/

h(AQh(Z—Z) < h(w)

for i =1,2,...,n. Namely, when n = k + 1, the inequality (17) holds. By induction, Theo-
rem 10 is proved. d
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Corollary 1 Under the conditions of Theorem 10,
1. if W, =1, we have

f<z Wli_lWixi) = Zmi‘lh(wi)_f(xi); 19)

i=1 i=1

2. ifwi=wy=---=w,, wehave

f <% > mi‘lwixi) < h<%> > () (20)
1 =

3. if his sub-multiplicative and f € SMV ((h, m), [0, b)), then the inequalities (19) and
(20) are reversed.

Corollary 2 For m € (0,1] and s € (0,1], the assertion f € SMX((¢, m), [0, b)) is valid if
and only if for all x; € [0,b] and w; >0 withi=1,2,...,nand n > 2

1 - n - Wy s
f(vn S lxi> <> 1(Wn)f(xi), 1)

where W, =Y " wi.

Corollary 3 Under the conditions of Corollary 1, if h(t) = £° for s € (0,1], then

1 1
f(; lem m) == Zlm 'f (). (22)
Iff € SMV((h, m), [0, b)), then the inequality (22) is reversed.

Theorem 11 Let 4:[0,1] — Ry be a super-multiplicative function, m € (0,1], and n > 2.
Iff € SMX((h, m), [0, —2]), then for all x; € [0,b] and w; > 0 withi=1,2,...,n,

1 « é i Wi Xi
f(vn ;wixl) S;m 1h<Wn)j(ml._l>, (23)

where W, = " w;.
If h is sub-multiplicative and f € SMV((h, m), [0, #]), then the inequality (23) is re-
versed.

Proof Putting y; = % fori=1,2,...,n, then from inequality (17), we have

() (e )

i=1

The proof of Theorem 11 is complete. d
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Corollary 4 Form € (0,1],s € (0,1], and n > 2, the assertion f € SMX((t*, m), [0, #]) is
valid if and only if for all x; € [0,b] and w; > 0 with i =1,2,...,n the inequality

Wi s Xi
()

1 n n )
f(vn Zwixi> <o
i=1 i=1
is valid, where W, = Y " w;.

Corollary 5 Under the conditions of Theorem 11,
1. ifW,=1,then

f(Z wix,-) < Z m“%(wﬁf(%); (25)
i=1 i=1

2. ifwy=wy=---=w,, then

( Zx’)<h( >Zl llf(mf1> (26)

3. if his sub-multiplicative and f € SMV ((h, m), [0, — —b_Y), then the inequalities (25)
and (26) are reversed.

Corollary 6 Under the conditions of Corollary 5,
1. ifh(t) =2 fors e (0,1], then

( Zx,)g—;‘ 1f(%) 27)

2. iff € SMV((h, m), [0, —b_)), then the inequality (27) is reversed.

Theorem 12 Let /i :[0,1] — [0,1] be a super-multiplicative function and let m € (0,1] and
n > 3. Iff € SMX((h,m), [0, b]), then for all x; € [0,b] withi=1,2,...,nand 2 < k <n, we
have

n n-1 -1 n n+i-1
> s~ (5-0) z( > i)
i=1 j=0 =i

i=1
l—h(l/l’l) k-1 ' -1y k+i-1 l
TR (;):M) Xl:f< Z m x|, (28)

where X1 = X1,..., X3p-1 = Xp1.
If h is sub-multiplicative and f € SMV((h, m), [0, b)), then the inequality (28) is reversed.

Proof By using the inequality (20), we have

()L S ()

=l j=i 0 i=1

Page 6 of 12
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and

_ (%)( mi> Xn:f(xi). (30)

i=1

If h(%) = 1, then, from the inequality (30), the inequality (28) holds. If h(%) <1, itis easy
to see that

w1k (S N\ 1
(%) {;ﬂx»—h(;)m}
B h(l/k) k-1 ; n ( ) n-1 m} — n 1 n+i-1 o
= 1= hUn) ;;m ;fxi_ Zf w2 |
The proof of Theorem 12 is complete. g

Corollary 7 Under the conditions of Theorem 12, let X, = % Z?zlxi.
1. When m=1, we have

k+i-1

" 1< 1-h(Q1/n)
lzljf(xi)—f<;;xi>_ B Zf( Zx;) (31)

2. Whenm=1andk =2, we have

" 1< 1-h(l/n) & Xi + Xip1
Zf(m)—f(;;:xi)_ s 2 (5) 62

i=1 i=

3. Whenm=1andk=n-1, we have

n 1 n 1- h(l/n) n l’lx,, xi
;f(xl) —f<; ;%) = W ( ) (33)

4. Ifh is sub-multiplicative and f € SMV((h, m), [0, b]), then the inequalities (31) to

(33) are reversed.

Remark 1 The inequality (14) can be deduced from applying (33) to a; = «; for i =
1,2,...,n,a= %Z?ﬂa;, and b; = “= fori=1,2,...,n
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Corollary 8 Under the conditions of Theorem 12,
1. ifh(t) = ¢ for s € (0,1], then

-1

zfm_(sz) S5

i=1

-1y k+i-1
(5 S5
i=1 [
2. ifh(t) =t fors e (0,1] and m =1, then
k+i-1
Zf(x» f( Z ) wz« Zx]>, (35)

i=1 i=1

3. ifh(t)=tand m =1, then

n n k+i-1
) —f(% in> St Zf( > x,>, (36)

i=1
4. iff € SMV((h,m), [0, b)), then the inequalities (34) to (36) are reversed.

Theorem13 Leth:[0,1] — [0 1] be a super-multiplicative function and let m € (0,1) and
n> 3. Iff € SMX((h, m), [0, — L)), then for all x; € [0,b] withi=1,2,...,nand2 <k <n
and for {y,..., Lk € N, we have

n n-1 -1y n+i-1
s~ (E) o2 E )
i=1 j=0 i=1
k+z 1

L Lo (N 5 N >t @)
" (ram\5 ’

1<li<-<li=<m i=1

where £k+1 = 61, ceey 521(_1 = (ik_l.
If h is sub-multiplicative and f € SMV ((h, m), [0, b]), then the inequality (37) is reversed.

Proof By the inequality (20), we have

= S

1<li<--<lr<m i=1

k k+i-1

<iz) T XX

1<li<--<by<nm i=1 j=i

AfE), 2 B

1<li<-<li=<n i=1

n—1 1 k-1 4 n
_ (k ] 1)14(%) (%j m’) > ft (38)
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If h(%) =1, then, from the inequality (30), the inequality (28) holds. If h(%) <1, using (38)
and (30), we have

=S

1<li<-<li<m i=1
n—1 1 k-1 . n
() zre
j= i=
(- )h(l/k) 1\
I (5 zﬂx, (5 ) s
j=0 i=1
n-1 h(l/k) k-1 ’ n n-1 ) -1y 1 n+i-1 o
< %(Zm’ Zf(xi) - Zm’ Zf - Z mx | |.
j=0 i=1 j=0 i=1 j=i
The proof of Theorem 13 is complete. d

Corollary 9 Under the conditions of Theorem 13, let x,, = % Yo

1. When m =1, we have

Zf(x» f( Z) % > f(%er,). (39)

1<ti<-<lr=<n

2. Whenm=1andk =2, we have

1-h(1/n) X+ X
Zf(x,) f( Z) RS Zf( ’) (40)

1<i<j<m

3. Whenm=1andk=n-1, we have

" 1< 1-h(1/n) "\ [ nX, —x;
2 S =f (Z Zx") = (1= DA (- 1) Z;( n-1 ) ()

i=1

4. If his sub-multiplicative and f € SMV((h, m), [0, b)), then the inequalities (39) to

(41) are reversed.

Corollary 10 Under the conditions of Theorem 13,
1. ifh(t) = ¢ for s € (0,1], then

-1

() 23

i=1

ksns_l) k-1 -1 k k+11 o
) DI Z iy ) (42)

k 1 j=0 1<li<--<lg<n i=1

Page 9 of 12
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2. ifm=1and h(t) =t fors € (0,1], we have

n n K (n — k
> ) —f(% in> > ﬁ > f(% 29%); (43)
-

i=1 k-1 1<li<--<lr<n

3. ifm=1and h(t) =t, then

n n k
S fs) —f(% ZxL) > "((”—1‘)1) 3 f(% sz,); (a4)
i-1 i-1 =1

k-1 1<t1<-<lx<n

4. iff € SMV((h,m), [0, b)), then the inequalities (42) to (44) are reversed.

3 Applications to means
In what follows we will apply the theorems and corollaries in the above section to establish
inequalities for some special means.
ForreR,r#0,and m,s € (0,1], let f(x) = x" for x € R, and A(t) = ¢’ for t € [0,1]. Then
1. ifr>1andO0O<m <1,orifr<0and m =1, we have

(tx + m(1 - t)y)r <t + (1 -(my) <% + m1—-t)’y

forx,y € Ry;
2. if0<r<1,0<m<1,ands =1, we have

(tx +m(l - t)y)r >t + (1 -t)(my) = tx" + m(l-t)y"

forx,y e R,.
Using Definition 6 yields the following:
1. ifr>1and0<m <1,orifr<0andm =1, the function
f@) =2 € SMX((#, m), R, );
2. if0<r<1,0<m<=<1,ands =1, the function f(x) = 2" € SMV((¢, m),R,).
By virtue of Corollary 10, we obtain the following results.

Theorem 14 Let n >3 and x; € R, fori=1,2,...,n, letr e R withr # 0 and m,s € (0,1],
andlet ly,... .4y eNfor2 <k <mandlp, =10,..., log_1 = Lr_1-
1. Ifr>1land0<m<1,o0rifr<0and m=1, then we have

n n-1 -1y n+i-1 r
> (2] (1)
i=1 j=0

i=1 j=i

k-1 -1 k k+i-1 r

K -1) ) 1 iy

2y j - j—i .
OS] T (i), @9
- j=0 1<0y<-<lp<n i=1 j=i

2. ifr>=lorr<0andifm=1, we have

n n r S _ k "
> - (% fo) > % 2 (% Z%) ; (46)
j=1

i=1 i=1 k-1 1<l1<-<ly<m

Page 10 of 12
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3. ifr>=lorr<0andifm=s=1,then
n n r k r
1 k(n-1) 1
2] = e L2 k) @
i=1 i=1 k-1 1<li<-<lp<n j=1
4. if0<r<1,0<m<1,ands =1, then the inequality (47) are reversed.

Corollary 11 Under the conditions of Theorem 14, when £y, = £y, ..., Lok = Li_1, we have
the following conclusions.
1. Ifr=2,we have

n n-1 -1y 1 n+i-1 2
St (L) (L
i=1 j=0 1 \" 5
k-1 -1 k k+i-1 2
K -1 ) 1
S () X S ) 4s)
(k—l)" j=0 1<bi<<ly=n i=1 J=i
2. ifr=2andm=1, we have
n n 2 k 2
1 kK(nf -1) 1
2 .
in -{3 in = W Z X sz, ; (49)
i=1 i=1 k-1 1<li<<lp<n j=1
3. ifr=2andm=s=1,then
n n 2 k 2
1 k(n—-1) 1
2
Yo (re) 2 5 (1) 50
i=1 i=1 k-1 1<li<--<lp<n j=1
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