Li et al. Journal of Inequalities and Applications 2013, 2013:98
http://www.journalofinequalitiesandapplications.com/content/2013/1/98

® Journal of Inequalities and Applications

a SpringerOpen Journal

RESEARCH Open Access

Strong convergence of modified Halpern’s
iterations for a k-strictly pseudocontractive

mapping

Suhong Li'", Lihua Li', Lingmin Zhang' and Xiujuan He®

“Correspondence:
lisuhong103@126.com

'College of Mathematics and
Information Technology, Hebei
Normal University of Science and
Technology, Qinhuangdao, Hebei
066004, China

2Institute of Mathematics and
Systems Science, Hebei Normal
University of Science and
Technology, Qinhuangdao, Hebei
066004, China

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we discuss three modified Halpern iterations as follows:

Xp1 = U + (1 =) ((1 = 8)xy + 8Txy), @
Xpi1 = (1 =8)u+6xp) + (1 — an) Xy, (I1)

Xpi1 =0pU+ BoXn + YnTXn, N >0, (III)
and obtained the strong convergence results of the iterations ()-(Ill) for a k-strictly
pseudocontractive mapping, where {a,} satisfies the conditions: (C1) lim_ s 0ty =0
and (C2) "2, o, = +00, respectively. The results presented in this work improve the
corresponding ones announced by many other authors.

1 Introduction
Let H be a real Hilbert space with the inner product (-,-) and the norm | - || and let C be
a nonempty closed convex subset of H.

Recall that a mapping 7" with domain D(T) and range R(T) in the Hilbert space H is
called strongly pseudo-contractive if, for all x,y € D(T), there exists k € (0,1) such that

(Tx — Ty, x - y) < kllx—yII>, (1.1)

while 7 is said to be pseudo-contractive if (1.1) holds for k = 1. A mapping T is said to be
Lipschitzian if, for all x,y € D(T), there exists L > 0 such that

Tx - Tyl < Lllx - yll. (12)

A mapping T is called nonexpansive if (1.2) holds for L =1 and, further, T is said to be
contractive if L < 1. T is said to be firmly nonexpansive if for all x,y € D(T),

ITx - Ty||* < (x -y, Tx - Ty).
Firmly nonexpansive mappings could be looked upon as an important subclass of nonex-

pansive mappings. A mapping T is called k-strictly pseudocontractive, if for all x, y € D(T),
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there exists A > 0 such that
2
(Tx = Ty, x—y) < lx—ylI> = A|x—y = (Tx - Ty)||". (1.3)

Without loss of generality, we may assume that A € (0,1). In Hilbert spaces H, (1.3) is
equivalent to the inequality

1T — Ty|1% < llx = g1 + k|| (1 = T)x = (I - T)y|”

, k=(01-2)1)<1,

and we can assume also that k > 0 so that k € [0,1).

It is obvious that a k-strictly pseudocontractive mapping is Lipschitzian with L = %
The class of nonexpansive mappings is a subclass of strictly pseudocontractive mappings
in a Hilbert space, but the converse implication may be false. We remark that the class of
strongly pseudo-contractive mappings is independent from the class of k-strict pseudo-
contractions.

In 1967, Halpern [1] was the first who introduced the following iteration scheme for a
nonexpansive mapping 7" which was referred to as Halpern iteration: For any initialization

xo € C and any anchor u# € C, o, € [0,1],

Xp1 =i+ (1 —a,)Tx,, VYn>0. (1.4)
He proved that the sequence (1.4) converges weakly to a fixed point of T, where «,, = n™%,
a €(0,1). In 1977, Lions [2] further proved that the sequence (1.4) converges strongly to a
fixed point of T in a Hilbert space, where {«,} satisfies the following conditions:

(C1) lim a, =0;

n—00

(C2) Zan = +00;
n=1

o -
(C3) lim % - 0.
=00 PN

But, in [1, 2], the real sequence {«,} excluded the canonical choice o, = ﬁ In 1992,
Wittmann [3] proved, still in Hilbert spaces, the strong convergence of the sequence (1.4)
to a fixed point of T, where {«,,} satisfies the following conditions:

(C1) lim o, =0;
n—00

[ee]
(C2) Zan = +00;
n=1

00
(C4') Z |an+1 - Ol,,| < +00.

n=1

The strong convergence of Halpern’s iteration to a fixed point of T has also been proved
in Banach spaces; see, e.g., [4—10]. Reich [4, 5] has showed the strong convergence of the
sequence (1.4), where {«,} satisfies the conditions (C1), (C2) and (C5), {«,} is decreas-
ing (noting that the condition (C5) is a special case of condition(C4)). In 1997, Shioji and
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Takahashi [6] extended Wittmann’s result to Banach spaces. In 2002, Xu [9] obtained a
strong convergence theorem, where {«,} satisfies the following conditions: (C1), (C2) and
(C6) lim,,_, oo % = 0. In particular, the canonical choice of «,, = ﬁ satisfies the con-
ditions (C1), (C2) and (C6).

However, is a real sequence {«,} satisfying the conditions (C1) and (C2) sufficient to
guarantee the strong convergence of Halpern’s iteration (1.4) for nonexpansive mappings?
It remains an open question, see [1].

Some mathematicians considered the open question. In [11], Song proved that for a
firmly nonexpansive mapping 7, an important subclass of nonexpansive mappings, the
answer of the Halpern open problem is affirmative. A partial answer to this question was
given independently by Chidume and Chidume [12] and Suzuki [7]. They defined the se-

quence {x,} by
Kpa1 = ot + (1 — a,,)((l —8)x, + (STx,,), 1.5)

where § € [0,1], ] is the identity, and obtained the strong convergence of the iteration (1.5),
where {,} satisfies the conditions (C1) and (C2). Recently, Xu [10] gave another partial
answer to this question. He obtained the strong convergence of the iterative sequence

Kyl = oz,,((l —8)u+ (Sx,,) + (1 - a,)Tx,, (1.6)

where § € [0,1] and {«,} satisfies the conditions (C1) and (C2).
In [13], Liang-Gen Hu introduced the modified Halpern’s iteration: For any u,x, € C,
the sequence {x,} is defined by

Xn+l = Oplh + ,ann + Vn Txm n=>0, (17)

where {a,}, {B.}, {y.} are three real sequences in [0,1], satisfying «, + B, + ¥, = 1. He
showed that the sequence {«,} satisfying the conditions (C1) and (C2) is sufficient to guar-
antee the strong convergence of the modified Halpern’s iterative sequence (1.7) for non-
expansive mappings.

The purpose of this paper is to present a significant answer to the above open question.
We will show that the sequence {«,} satisfying the conditions (C1) and (C2) is sufficient to
guarantee the strong convergence of the modified Halpern’s iterative sequences (1.5)-(1.7)
for k-strictly pseudocontractive mappings, respectively. The results present in this paper
improve and develop the corresponding results of [7, 10, 12, 13].

2 Preliminaries
In what follows we will need the following:

Lemma 2.1 [14] Let H be a real Hilbert space, then the following well-known results hold:
@) lex+ @ =0y = tllx)? + A = O)|yl1? =t = )|l = y||12 for all x,y € H and for all
te[0,1].
(i) lloe+y01* < llxll* +2{y, % +y), Va,y € H.

Let C be a nonempty closed convex subset of a real Hilbert space H. The nearest point
projection Pc : H — C defined from H onto C is the function which assigns to eachx € H
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its nearest point denoted by Pcx in C. Thus Pcx is the unique point in C such that
lx—Pcxll < lx—yll, VyeC.

It is known that for each x € H,
(x —Pcx,y —Pcx) <0, VyeC. (2.1)

Lemma 2.2 [15] Let C be a nonempty closed convex subset of a real Hilbert space H, T :
C — C be a k-strictly pseudocontractive mapping. Then (I — T) is demiclosed at zero.

Lemma 2.3 [9] Let {a,} be a sequence of nonnegative real numbers such that a,,; < (1 -
8u)ay + 8,En, Y > 0, where {8,} is a sequence in [0,1] and {&,} is a sequence in R satisfying
the following conditions:

(i) Y02y 8u = +00;

(ii) limsup,_, & <0or Y o) 8,16, < +00.

Then lim,_, o a,, = 0.

3 Main results
In this section, proving the following theorems, we show that the conjunction of (C1) and
(C2) is a sufficient condition on our iteration (I)-(II), respectively.

Theorem 3.1 Let C be a closed and convex subset of a real Hilbert space H, T : C — C be
a k-strictly pseudocontractive mapping such that F(T) # (. For an arbitrary initial value
x0 € C and fixed anchor u € C, define iteratively a sequence {x,} as follows:

X1 = Oplh + By + Y Ty, {0

where {a,}, {Bu}, {yu) are three real sequences in (0,1), satisfying o, + By + v = land 0 < k <
Bn

Butvn . .

Then as n — oo, {x,} converges strongly to some fixed point x of T and x = Ppryu, where

. Suppose that {a,,} satisfies the conditions: (C1) lim,_,oo at, = 0; (C2) Y 07) at, = +00.
Pr(ry is the metric projection from H onto F(T).
Proof Firstly, we show that {x,} is bounded. Rewrite the iterative process (I) as follows:

Xn+l = Opll + ﬂnxn + Vn Txn

Xy + VulX
:anu+(1_an)ﬂﬂ n Vn n

l1-o,
= auu+ (1= op)yus (3.1)
where y,, = W Take any p € F(T), then, from Lemma 2.1 and (3.1), we estimate as
follows:
%1 = pII?

=anllu—pl? + 1= an)lly, - plI* - an( - @) llu - y,1*

B Y
- ”xn —P||2 + (1—0(,,)1 <

- 1T, P
— Uy -0y

= Olnllu_p”2 + (1 _an)
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By Vn
l-o,1-q,

2
I

- (1) ”xn_Txnllz_an(l_an)”u_yn

= oyl =plI* + Bullxn = P17 + vl Ttw = pII* = (1 = ) [ =y,

_ Bn¥n
1-o,

2
”xn - Txn”

< ayllu=pl? + Ballxn = pII* + vu(Ilxn =PI + ks = Tx,11%)

_ Bavn
1-o,

%6 = T |* = ot (1 = 0t) |22 = yu|*

Bn

l1-o,

=aullu—pl* + (1 - an)llx. - pl* - < - /<> Vull®n = T |1®

- (1= an)llu =y,
< ayllu—pl? + (1 - o)z, - pll?

§max{||u—p||2, |E2 —P||2}~ (3.2)
By induction,
%1 — plI* < max{llu - p|%, lxo — plI*}.
This proves the boundedness of the sequence {x,}, which leads to the boundedness of
{Tx,}.
Next, we claim that

lim ||x, — Tx,|| = 0.
H—0Q

In fact, we have from (3.2) (for some appropriate constant M > 0) that

Bn

1-o,

%061 =PI < ctullee = plI* + (1 = ) %, — plI* = ( —k) Vull%n — T |1
B
= (|l - plI* = llx, - pII*) + 1%, - plI* — (q — k) Yulln — T

B
<a,M+|lx, _P”Z - <ﬁ — k) vullxn - Txn”2»
— oy

which implies that
B
(1 i’(lx -k Vn”xn - Txn”2 - anM = ”xn —P||2 - ”er-l _p||2' (33)
—@n

If (22 — K)Yulln — Tal|? — 00uM < 0, then

1-ay

( P - k) Vull%n — TanZ <a,M,

1-a,
e G M,
(2 = k) Yn

1-ay

2
len — Txn I~ <

and hence the desired result is obtained by the condition (C1) and 0 < k < bn_,

l-ay
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If (l‘f—;n — K)Yull®n = T — M > 0, then following (3.3), we have

(B
}:[( “— =k | Yullxn = Taal* = uM | < [0 = plI* = Il = plI* < ll0 = pII*.

s 1-q,
Then
—[( B
Z[( z —k)y,,llxn - Tx, ||? —anMi| < +00.
1-q,
n=0
Thus

lim [(1 b —k)ynllx,, - Tx,||? —anM] -0,

n—00 n

and hence
lim ||x, — Tx,|| = 0. (3.4)
n—0oQ

In order to prove x,, — x = Pr(ryu, we next show that

lim sup(Pp(ryu — u, Pp(rytt — %p41) < 0.

n—0oQ0

Indeed, we can take a subsequence {x,, } of {x,} such that

lim sup(Pr(7yut — u, Pp(ryth — Xpp41) = klggo (Pp(ryt — tt, PR(T)U — Xy 1)

n—0oQ

We may assume that x,, — z since H is reflexive and {x,,} is bounded. From (3.4), it follows
from Lemma 2.2 that z € F(T).

From (2.1), we conclude

lim sup(Pr(7yu — u, Pp(ryth — Xp41) = 1im (Pp(ryut — , Pr(rylh — Xy 41)
n—00 k—o00

= (Pr(ryu — u, Py — 2) < 0. (3.5)
Finally, we show that x,, — Pr(ryu. As a matter of fact, from Lemma 2.1 and (3.1), we obtain

|1 — Pecryl|*

< (L= an)lyn = Preryutll® + 200, (1t — Pp(ryth, Xps1 — Prry)

B 2 Vn 2 Bn¥n 2
=(l-« X, — Premyu||” + —— | Tx,, — Prepyu||” — ————||x, — Tx
( ")[l—an” n = Preryull o, I 7% — Preryull (1—0{,,)2” n— Txull
+ 200, (1 — Pperytts X1 — Prry1t)
B 1% Yuk
<@ -an)| = %n = Prryutll* + —— s — Pecryull* + ——— 1% — T ||
1-o, 1-«a, l-«w,
BnY)
—1 n; %6 — Toul1* | + 200, (st — Prrytty Xs1 — Prerytt)
- n

Page 6 of 10
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= (1= o) 1% = Preryuell® = Yu(Bu = 1% — Tull* + 200, (1t = Pp(rythy %sa — Prrya)

< (1= an) s = Preryull® + 200, 1t — Pr(rythy X1 — Prcrya).
It follows from the conditions (C1), (C2) and (3.5), using Lemma 2.3, that
lim ||x, — Prryull = 0.
n— 00
This completes the proof of Theorem 3.1. d

Theorem 3.2 Let C be a closed and convex subset of a real Hilbert space H, T : C — C be
a k-strictly pseudocontractive mapping such that F(T) # (. For an arbitrary initial value
x0 € C and fixed anchor u € C, define iteratively a sequence {x,} as follows:

Kpsl = a,,((l —8)u+ Bx,,) + (1 -a,)Tx,, (I1)

where {a,} C (0,1), 0 < k < ,,8. Suppose that {«,,} satisfies the conditions: (C1) lim,,_, oo &t =
0; (C2) > &y = 00. Then as n — 00, {x,} converges strongly to some fixed point x of T
and x" = Pr(ryu, where Pp(ry is the metric projection from H onto F(T).

Proof Firstly, we show that {x,} is bounded. Rewrite the iterative process (II) as follows:

Y= (1= 8)u + xp,
(3.6)
Xn+l = OpYn + (1 —ot) Tx.

Take any p € F(T), then, from Lemma 2.1 and (3.6), we estimate as follows:

%01 = pII*
= yllyn = pI” + (1= )| Tt — plI” = (1 = ) 1y — Tl
= ay(1=8)|u— plI* + andl|%n = pII* — a1 = 8)8|2e — 5, |
+ (1= )| Tn = pII* = tn(1 = ) (1 = 8) |16 — Tix||>
= atn(1 = tn)8 16 — Toeull* + 0tn(1 = 00)8(1 = 8) | — x>
<an(l=8)u—pl* + and|lx, - pl* — eu(@ = 8)8]|x, — uull* + (1 — o) |0 — pI>
+ (1= )k, — Toeyl|* = 0ty (1 — ) (1 = 8) || Ty, — el
= atn(1 = tn)8 16w — Toeull® + 001 = 00)8(1 = 8) [l — >
< [1-an(@=8)]lI%s — pII* + u(@ = 8) e = plI* = (1 — ) (@08 — K) 1% — T ||
< [1-au(1 = 8]l - plI* + au(1 = 8) [ - p|?

< max{||u - pl|%, % - pII*}.
By induction,

2 2 2
%1 = pII* < max{||lu—pl? %0 - plI*}.
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This proves the boundedness of the sequence {x,}, which implies that the sequence {Tx,,}
is bounded also.

Using the same technique as in Theorem 3.1, we can prove
lim |lx, — Tx,| =0
n—0o0
and
lim sup(PF(T)u - M,PF(T)M —Xns1) < 0.
n—0oQ

oy 8xpn+(1—0t) Tx
n n( n) n’then

Finally, we show that %, = Pr¢ryu. Writing z, = T

Xpe1 = (1= 8)atutt + [1 = (1= 8)at|zms
from Lemma 2.1 and (3.1), we obtain

%41 — Prcryull®

<[1- = 8an]llzn = Pecryull® + 21 = 8)otu (1t — Prryhs Xps1 — Pr(rytt)

“[-a- a)an][% lo6n = Prcryl® + 1_1(1_7:“5)05 | Tt - Prcryull?
- % [ Txnnz} +2(1 = 8)ot (4 — Pr(r)thy X1 — Pr(ry)

<[l-a- a)an][ﬁnxn Prayul’ + 1_1(;—_“§M||xn ~ Prnull?
. l_l(fi_“gmknxn T - % s — Txnnz}

+2(1 = 8)ot, (1 — Prerytds X1 — Preryt)

1 - a,) (a8 = k)
M1 _ 2 U—an)\,0 -5, = 2
= [ (= 8 ]l = Prenl? = = e~ T |

+2(1 = 8)ot, (1 — Preryths X1 — Preryt)

< [1- Q= 8an]llxn — Prcryull® + 2(1 = 8)otu (1t — Pr(rythy X1 — Pr(ryh).
It follows from the conditions (C1), (C2) and (3.5), using Lemma 2.3, that

lim |}, — Prcryu]| = 0.
n—00

This completes the proof of Theorem 3.2. d

Theorem 3.3 Let C be a closed and convex subset of a real Hilbert space H, T : C — C be
a k-strictly pseudocontractive mapping such that F(T) # (. For an arbitrary initial value
x0 € C and fixed anchor u € C, define iteratively a sequence {x,} as follows:

Xnsl = Ol + (1 - an)Tﬂxm (IH)
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where Tg = I+ (1- B)T, {a,} C [0,1], B € (k,1). Suppose that {a,} satisfies the conditions:
(C1) limy ooy = 0; (C2) Y 02,y = 00. Then as n — o0, {x,} converges strongly to some
fixed point x of T, and x* = Pr(ryu, where Pty is the metric projection from H onto F(T).

Proof It is easy to see that F(Tg) = F(T) # . For any %,y € C, we have

I1Tp% = Tgyll®
= |Ba-y+Q-p(Tx-T)|
= Bla—yI*+ Q=PI T~ TyI* - BA - B)||x - Tu— (y - )|
< Bllx =1 + @A)l — 311 + k| - T~ (v - )| ]
~BA-B)|x-Tx - (y-Ty)|
= lx =51~ A= BB -K)|x-Tx- (- )|’

= llx -yl - I?

-k
= Tye= =T

<llx=yl2 = (B—K)|x - Tpx - (y - Tpp)|*.
Thus, for all x € C and for all p € F(T) = F(T), we have
[ Tpx = plI* < llx = plI* = (B = K)llx — Tpx|>.

This implies that T} is a quasi-firmly type nonexpansive mapping (see, for example, [11]).
Ty is also a strongly quasi-nonexpansive mapping (see, for example, [16]). Hence it fol-
lows from [11, 16] (see Theorem 3.1 and Remark 1 of [11] or Corollary 8 of [16]) that {x,}

converges strongly to a point x* € F(T) = F(T).
Finally, we show x* = Pp(7yu. From Lemma 2.1 and the iterative process (III), we estimate

as follows:

%41 — Prcryul)?

< (- )| BGen = Prcy) + (1= B) (Tt — Prcrynt) |
+ 200, (4 — Pperytts X i1 — Pr(ry1t)

< (1= 0)[Bllxn = Pecryull® + (L= B) | T — Preryull® — B(L = B) 1o — T *]
+ 20, (1 — Ppmyth, X1 — Pr(ryt)

< (1= 0)[Bllxn = Pecryell® + (L= B)ltw — Pecryuel® + (L= B)kl|n — T |1
= B = B)1%n — Tnll*] + 20 (1t = Prrythy X1 — Priryt)

= (1= )% = Preryull® = (1 = B)(B = K)llxn — T, ]|
+ 20, (u — Pp(ythy X1 — Pr(7)18)

< (=) ll%n — Preryull® + 20t ( — Prrythy Xn41 — Pr(rytt).
It follows from the conditions (C1), (C2) and

Mim (s = Preryit, X1 = Pryu) = (4 = Preryu, % — Pp(ryu) <0,
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using Lemma 2.3, that
lim ||x, — Prcryull = 0.
n—00
This completes the proof of Theorem 3.3. d

Remark 3.1 Theorems 3.1-3.3 improve the main results of [7, 10,12, 13] from a nonexpan-
sive mapping to a k-strictly pseudocontractive mapping, respectively. Theorems 3.1-3.3
show that the real sequence {,} satisfying the two conditions (C1) and (C2) is sufficient
for the strong convergence of the iterative sequences (I)-(III) for k-strictly pseudocontrac-
tive mappings, respectively. Therefore, our results give a significant partial answer to the

open question.
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