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Abstract

The purpose of this paper is to provide some remarks for the main results of the paper
Verma (Appl. Math. Lett. 21:142-147, 2008). Further, by using the generalized proximal
operator technique associated with the (A, n, m)-monotone operators, we discuss the
approximation solvability of general variational inclusion problem forms in Hilbert
spaces and the convergence analysis of iterative sequences generated by the
over-relaxed (A, n, m)-proximal point algorithm frameworks with errors, which
generalize the hybrid proximal point algorithm frameworks due to Verma.
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1 Introduction

In 2008, Verma [1] developed a general framework for a hybrid proximal point algorithm
using the notion of (4, n)-monotonicity (also referred to as (A, n)-maximal monotonicity
or (A, n, m)-monotonicity in literature) and explored convergence analysis for this algo-
rithm in the context of solving the following variational inclusion problems along with
some results on the resolvent operator corresponding to (A4, n)-monotonicity: Find a so-

lution to

0 € M(x), (1.1)

where M : H — 2™ is a set-valued mapping on a real Hilbert space .

We remark that the problem (1.1) provides us a general and unified framework for study-
ing a wide range of interesting and important problems arising in mathematics, physics,
engineering sciences, economics finance, etc. For more details, see [1-14] and the follow-
ing example.
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Example 1.1 [5] Let V:R” — R be a local Lipschitz continuous function, and let K be a
closed convex set in R”. If x* € R” is a solution to the following problem:

min V(x),
xeK
then
0 €IV (x*) + N ("),

where 3V (x*) denotes the subdifferential of V at x*, and Ny (x*) the normal cone of K
at x*.

Very recently, Huang and Noor [7] have pointed out ‘the question on whether the strong
convergence holds or not for the over-relaxed proximal point algorithm is still open!
Verma [12] also pointed out ‘the over-relaxed proximal point algorithm is of interest in
the sense that it is quite application-oriented, but nontrivial in nature’ In [10, 11], we dis-
cussed the convergence of iterative sequences generated by the hybrid proximal point al-
gorithm frameworks associated with (A4, n, m)-monotonicity when operator A is strongly
monotone and Lipschitz continuous.

Motivated and inspired by the recent works, in this paper, we correct the main result
of the paper [1]. Further, by using the generalized proximal operator technique associated
with the (A4, n, m)-monotone operators, we discuss the approximation solvability of general
variational inclusion problem forms in Hilbert spaces and the convergence analysis of iter-
ative sequences generated by the over-relaxed (A4, n, m)-proximal point algorithm frame-
works with errors, which generalize the hybrid proximal point algorithm frameworks due
to Verma [1].

2 Preliminaries
In the sequel, let H be a real Hilbert space with the norm | - || and the inner product (-, )
and 2" denote the family of all subsets of .

Definition 2.1 A single-valued operator A : H — H is said to be
(i) r-strongly monotone, if there exists a positive constant r such that

(Aw) =A@, x—y) = rla-yl? VxyeH;

(ii) s-Lipschitz continuous, if there exists a constant s > 0 such that
[AG) -AW)| <slx-yl, VxyeH.

If s = 1, then A is called nonexpansive.

Definition 2.2 Let A:H — # and n: H x H — H be two nonlinear (in general) opera-
tors. A set-valued operator M : H — 2™ is said to be
(i) maximal monotone if for any (y,v) € Graph(M) = {(y,v) € H x H|v € M(y)},

(u—v,x—y) >0 implies xe€ D(M),u € M(x);
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(ii) r-strongly n-monotone if there exists a positive constant » such that
(u=vin@xy)=rlilx-y1?,  V(xwu),(,v) € Graph(M),

where 7 is said to be t-Lipschitz continuous if there exists a constant 7 > 0 such
that

InGy)| <tlx-yl, VxyeH;
(iii) m-relaxed n-monotone if there exists a positive constant m such that
(u -, n(x,y)) > —mllx—y|? V(x,u),(y,v) € Graph(M);

Similarly, if n(x,y) = x — y for all x,y € ‘H, we can obtain the definition of strong mono-
tonicity and relaxed monotonicity.

Definition 2.3 Let A: H — H be r-strongly monotone. The operator M : H — 27 is said
to be A-maximal monotone if

(i) M is m-relaxed monotone;
(ii) R(A + pM) =H for p > 0.

Definition 2.4 Let A : H — H be r-strongly n-monotone. Then M : H — 2% is said to
be (A, n, m)-monotone if

(i) M is m-relaxed n-monotone;

(if) R(A + pM) =H for p >0.

Lemma 2.1 [13] Let ‘H be a real Hilbert space, A : H — H be r-strongly monotone, and

M : H — 2™ be A-maximal monotone. Then the resolvent operator associated with M and
defined by

]f,qu(x) =(A+pM) (), VxeH,

. 1 . . .

S om -Lipschitz continuous.

Lemma 2.2 [9] Let H be a real Hilbert space, A : H — H be r-strongly n-monotone, M :
H — 2™ be (A, n, m)-maximal monotone, and 1 : H x H — H be t-Lipschitz continuous.

Then the generalized resolvent operator associated with M and defined by

I = (A + pM) M x), VxeH,

T -
r—pm

is Lipschitz continuous.

3 Remarks and algorithm frameworks

In this section, we give some remarks for the main results of [1] and then introduce a
new class of over-relaxed (A, , m)-proximal point algorithm frameworks with errors to
approximate solvability of the general variational inclusion problem (1.1).
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Lemma 3.1 [1] Let H be a real Hilbert space, A : H — H be r-strongly n-monotone, and
M :H — 2% be (A, n, m)-maximal monotone. Then the following statements are mutually
equivalent:

(i) An element x € H is a solution to (1.1).

(ii) For an x € H, we have

x=] (A®),
where ]2&" =(A +pM)™.

Lemma 3.2 [1] Let H be a real Hilbert space, A : H — H be r-strongly monotone, and
M :H — 2" be A-maximal monotone. Then the following statements are mutually equiv-
alent:

(i) An element x € H is a solution to (1.1).

(ii) Foran x € H, we have

X :]%A(A(x))y
where ]%A =(A +pM)™.

In [1], by using Lemmas 2.1, 2.2, 3.1, and 3.2, the author obtained the following main

results on the convergence rate (or convergence), which hold only when r — pm > 0:

Theorem V1 (See [1, p.145, Theorem 3.3]) Let ‘H be a real Hilbert space, let A : H — H
be r-strongly monotone and s-Lipschitz continuous, and let M : H — 27 be A-maximal
monotone. For an arbitrarily chosen initial point xq, suppose that the sequence {x,} is gen-
erated by an iterative procedure

Xnsl = (1 - an)xn + QuYns Vn=>0,
and y, satisfies
|y =72 (A@n)|| < 8ullyn = 2all,

where ]%,A = (A + p,M)™ and (8,}, {0}, {pn} C [0,00) are scalar sequences such that

o0
Zén<oo, 6, — 0, o =limsupoy <1, on P p < +00.
n=0 n—0Q

Then the sequence {x,} converges linearly to a solution of (1.1) with the convergence rate

2
S 1 s 1
1-20|1-(1-a) - -« -—a|<1,
r—pm 2 \r-pm 2

forc=r—-pm,

e 1-a)s— \/(1 —)?s? + (2 - a)as?

, A-a)s>v/1-a)2s? + (2 - a)as?,
2-«o
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and for

(1-a)s+/(1-a)s? + (2 —a)as?
22—« ’

Cc>

Theorem V2 (See [1, p.147, Theorem 3.4]) Let H be a real Hilbert space, let A : H — H be
r-strongly n-monotone and s-Lipschitz continuous, and let M : H — 2% pe (A, n)-maximal
monotone. Let n: H x H — H be t-Lipschitz continuous. For an arbitrarily chosen initial

point xg, suppose that the sequence {x,} is generated by an iterative procedure
X1 = (1= o)y + €y, Yn =0,

and y, satisfies
o = Tova (AG) | < 7y = 5l

where ]x,A = (A + p,M)" and {a,},{p,} C [0,00) are scalar sequences such that o =

limsup,_, k<1, py 1 p < +00. Then the sequence {x,} converges linearly to a solution

of (1.1) for

1-oa)st - \/(1 —o)2s272 + (2 — o)as2 12
r<
2-«o

A -a)st > /(1 -a)?8272 + (2 - a)as72,

’

and for

(1-oa)st + \/(1 —a)2s272 + (2 - a)as?t?
2-«o '

r>

In the sequel, we give the following remarks to show that the main proof of Theorems 3.3

and 3.4 of [1] is worth correcting.

Remark 3.1 By the r-strongly monotonicity and s-Lipschitz continuity of the underlying

operator 4, it follows that for allx,y € H, if x # y,
rllx—yI? < (A@) - A@),x-y) < |[A®) - AQ)| - 2= yIl <slx -yl
showing that r <s.

Remark 3.2 From Remark 3.1, it is easy to prove that the convergence rate 6, > 1 in p.146

of [1] for n > 0. Therefore, the strong convergence of [1, Theorem 3.3], is not true.

In fact, from Remark 3.1 and the definition of the convergence rate in line 11, p.146 of [1],

we have the following estimate:

S

>1

s>r>r—-p,m>0, e, >
r— pum
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and

9 s 1 s LS|
0, =1-2a,|1-(1-ay,) - —ay - —ay

r—pmm 2

2
s s
=1-2a, + 20,1 -0a,) +aﬁ< > +a?
r_

PnM 7= pnMm
2
S S
=(1-a,)? +2(1 - o) — +( K >
r— pum r— ppm
S 2
= |:(1 — ) + - :|
r— pum

2
:[1_%(1_ s )} o1, (3.1)
r— pum

it is because «,, > 0 for all # > 0.

Remark 3.3 Similarly, we can show that the conditions for the convergence of [1, Theo-
rem 3.4] must be revised.
Indeed, from 0 < & < 1 and the assumption, it follows that the conditions for the con-

vergence of a sequence {x,} generated by the iterative algorithm are equivalent to
Q2-a)?-20-a)stc—as’t®>>0, c=r—pm,

that is,

2
ST 1 ST 1
1-(1-a) - -« -—a>0,
r—pm 2

which should be revised because it follows from the assumption, (3.1), and Remark 3.1 that
st<r—pm=<r<s, ie, T<L

Thus, if T > 1, then the conditions for the convergence are not true.

Next, in order to illustrate the main results in [1], we construct the following over-relaxed
proximal point algorithm frameworks with errors based on Lemmas 3.1 and 3.2.

Algorithm 3.1 Step 1. Choose an arbitrary initial point u, € H.
Step 2. Choose sequences {«,,}, {8,}, and {p,} such that for n > 0, {«,,}, {5,,}, and {p,} are

three sequences in [0, 00) satisfying

o0
Y 8u<oo,  putp.
n=0

Step 3. Let {x,} C H be generated by the following iterative procedure:

Xne1 = (L= )%y + 0y + €4, Y >0, (3.2)

Page 6 of 11
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where {e,} is an error sequence in H to take into account a possible inexact computation
of the operator point, which satisfies Y .- |le, |l < 00, and y, satisfies

||yn _]2:[::{, (A(xn)) || S 8n||yn - xn”:

where 1> 0, ]f:’:fx =(A + p,M) ' and p, > 0.
Step 4. If x, and y, satisfy (3.2) to sufficient accuracy, stop; otherwise, set n:= n + 1 and
return to Step 2.

Remark 3.4 Ife,=0,4, = %, and o, <1 for n > 0, then Algorithm 3.1 is reduced to the
iterative algorithm in Theorem 3.4 of [1].

Algorithm 3.2 Step 1. Choose an arbitrary initial point xy € H.
Step 2. Choose sequences {«,,}, {8,}, and {p,} such that for n > 0, {«,,}, {5,,}, and {p,} are
three sequences in [0, 00) satisfying

o0
D bu<oo,  putp
n=0

Step 3. Let {x,} C H be generated by the following iterative procedure:

KXntl = (1 - Oln)xn +0uYn + €y, Vn >0, (33)
where {e,} is an error sequence in H to take into account a possible inexact computation
of the operator point, which satisfies Y, lle,|| < 00, and y,, satisfies

|yn =728 4 (A@)) | < 8ullyn —xulls

where n >0,/ , = (A + p,M)™" and p, > 0.
Step 4. If x, and y, satisfy (3.3) to sufficient accuracy, stop; otherwise, set n:=n + 1 and
return to Step 2.

Remark 3.5 Ife, =0 and «, <1 for n > 0, then Algorithm 3.2 is reduced to the iterative
algorithm in Theorem 3.3 of [1].

4 Convergence analysis
In this section, we apply the over-relaxed proximal point Algorithms 3.1 and 3.2 to ap-
proximate the solution of (1.1), and as a result, we end up showing linear convergence.

Theorem 4.1 Let ‘H be a real Hilbert space, A : H — H be r-strongly monotone and s-
Lipschitz continuous, 1 : H x H — H be t-Lipschitz continuous, and M : H — 2™ be
(A, n, m)-maximal monotone. If for y > %,

(AGe) = AG), T4 (AGe) =T 4 (AE)) 2 v [, (AGe) =1 (A () |

’

and there exists a constant p € (0, ;) such that

o +sk? [Ot —2y(a - 1)] <2, k= <1, (4.1)

Page 7 of 11
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then the sequence {x,} generated by Algorithm 3.1 converges linearly to a solution x* of the
problem (1.1) with the convergence rate

R O I (R s

where o =limsup,,_, ., o, > 1 and p, 1 p.

Proof Let x* be a solution of the problem (1.1). Then it follows from Lemma 3.1 that
x* = (1—oy,)x* + %Jﬁ:ﬁ (A (x*)) (4.2)
Let
Zun = (L= o)y + atfy h (A(xa), Vi 0.

Thus, by the assumptions of the theorem, Lemma 2.2, and (4.2), now we find the estimate

|21 -2
= (= an) (- #) +an[12f (AGn) ~ o (AN
= 2|0 (A) T (A () | +n<1—an>(xn—x*)||2

+2an[Jp (A4 <xn>> T (A ()] (0= o) (0 - 5)

< @m0 = |+ o2 2y, 1 - a2 (AGw)) - 12 (A

2

< {(1 — ) + [of + 2y a,(1 —oz,,)](r;—m)2 .s2} [ — a* H2
—Fn

2

’

T r—

where

oo roedior () T oo () )

Thus, we have

[ir =2 < O =27
Since x40 = (1 — ay)y + Y + €4y Xps1 — X = 0y (Y — %) + €y, it follows that

”xn+1 _Zn+1||
= || (1 = ) + oty + ey — (1= )y — an]xﬁ(xn)”
= Jlaalyn =i | + el
<4 ”a”(.%l _xn)” + [lexll

= 5n||xn+l _xn” + ”en”
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Using the above arguments, we estimate that

61 = 7]
< %41 = Zua |l + ||ZVI+1 —-x" ”
< Snllxnsr —xull + Dy Hxn -x" “ + [lexll

< 8,,||x,,+1 —x*“ +8,,||xn —x*” + 15‘,1||x,, —x*” + |lenll.

This implies that

[ =] = 220, | + 15, leall (4-3)

1 On

Since A is r-strongly monotone (and hence, ||A(x) — A(v)|| > rllu — v|l, Yu,v € H), this

implies from (4.3) that the {x,} converges linearly to a solution x* for

A Y A |

Hence, we have

Sn ..
= limsup ¥,

i
lil;risololp 1 —0OUn n— 00
2 2
ST ST
el () Tl (25 )
r—pm r—pm
where « = limsup,,_, . @y, pn 1 p. This completes the proof. d

Remark 4.1 The conditions (4.1) in Theorem 4.1 hold for some suitable values of con-
stants, for example, @ = 1.35, y = 1.5262, 7 = 0.025, r = 0.5, p = 0.7348, m = 0.6, s =
0.6048 and the convergence rate 6 = 0.7840 < 1.

From Theorem 4.1, we have the following result.

Theorem 4.2 Let H be a real Hilbert space, A : H — H be r-strongly monotone with r > 1

and s-Lipschitz continuous, and M : H — 2" be A-maximal monotone. If for y > %,

(A = A("), T4 (AG) = T (A ("))
=y | a(A6) =T A (AG))],

and there exists a constant p € (0, %1) such that
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then the sequence {x,} generated by Algorithm 3.2 converges linearly to a solution x* of the
problem (1.1) with the convergence rate

where o = limsup,,_, ., o, > 1 and p, 1 p.

Remark 4.2 In Theorems 4.1 and 4.2, if we apply the c-Lipschitz continuity of M in-
stead, it seems that the strong convergence could be achieved (see, for example, [6-8]).

Remark 4.3 For an arbitrarily chosen initial point xy, let the iterative sequence {x,} gen-
erate the following over-relaxed proximal point algorithm:

A(xn+l) = (1 - Oln)A(xn) + 0y Vs
and y, satisfy

s = A(G(AGxD)) | < 84llym — AW,

where n > 0, G =]:):I’:Z‘ = (A + p,M)7}, the resolvent operator associated with A-maximal
monotone M, or G =]23A = (A + p,M)7}, the resolvent operator associated with (A, n, m)-
maximal monotone M, and scalar sequences {a,}, {0,}, {8,} C [0, 00). Then we can obtain
the corresponding results by using the same method as in Theorem 4.1 (see, for example,
[10, 11]). Therefore, the results presented in this paper improve, generalize, and unify the
corresponding results of recent works.
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