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Abstract

Recently, Todeschini et al. (Novel Molecular Structure Descriptors - Theory and
Applications |, pp. 73-100, 2010), Todeschini and Consonni (MATCH Commun. Math.
Comput. Chem. 64:359-372, 2010) have proposed the multiplicative variants of
ordinary Zagreb indices, which are defined as follows:

[I=TTe=]Tdw" [Il=]To=
1 1 (©) 2 2

de(u)dg(v).
veV uvek(G)

These two graph invariants are called multiplicative Zagreb indices by Gutman (Bull.
Soc. Math. Banja Luka 18:17-23, 2011). In this paper the upper bounds on the
multiplicative Zagreb indices of the join, Cartesian product, corona product,
composition and disjunction of graphs are derived and the indices are evaluated for
some well-known graphs.
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1 Introduction

Throughout this paper, we consider simple graphs which are finite, indirected graphs with-
out loops and multiple edges. Suppose G is a graph with a vertex set V(G) and an edge set
E(G). For a graph G, the degree of a vertex v is the number of edges incident to v and is
denoted by dg(v). A topological index Top(G) of a graph G is a number with the property
that for every graph H isomorphic to G, Top(H) = Top(G). Recently, Todeschini ezt al. [1, 2]
have proposed the multiplicative variants of ordinary Zagreb indices, which are defined

as follows:

[1=]T]@=T] dc*. JI=T]1@= [] dewdsw.
1 2 2

1 veV(G) uveE(G)

Mathematical properties and applications of multiplicative Zagreb indices are reported
in [1-6]. Mathematical properties and applications of multiplicative sum Zagreb indices
are reported in [7]. For other undefined notations and terminology from graph theory, the
readers are referred to [8].

In [9, 10], Khalifeh et al. computed some exact formulae for the hyper-Wiener index and
Zagreb indices of the join, Cartesian product, composition, disjunction and symmetric
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difference of graphs. Some more properties and applications of graph products can be
seen in the classical book [11].

In this paper, we give some upper bounds for the multiplicative Zagreb index of various
graph operations such as join, corona product, Cartesian product, composition, disjunc-
tion, etc. Moreover, computations are done for some well-known graphs.

2 Multiplicative Zagreb index of graph operations

We begin this section with two standard inequalities as follows.

Lemma 1 (AM-GM inequality) Let x1,%5,...,%, be nonnegative numbers. Then

X1+ Xy + 0+ Xy,

> Uxixy - %Xy 1)

n

holds with equality if and only if all the xi’s are equal.

Lemma 2 (Weighted AM-GM inequality) Let x1,%3,...,%, be nonnegative numbers and
also let wi,wy,...,w, be nonnegative weights. Set w = wy + wy + - - - + wy. If w > 0, then the

inequality

WiX1 + WaXo + -+ - + WyXy,
> Vx xy xy 2)
w

holds with equality if and only if all the xx with wy > 0 are equal.

Let G; and G, be two graphs with 7; and #, vertices and m1; and m, edges, respectively.
The join G; V G, of graphs G; and G, with disjoint vertex sets V(G;) and V(G,) and edge
sets £(Gy) and E(Gy) is the graph union G; U G, together with all the edges joining V' (Gi)
and V(G,). Thus, for example, K, V K, = K, the complete bipartite graph. We have
[V(G1V Gy)| = +ny and |E(Gy V Gy)| = my + my + ning.

Theorem 1 Let Gy and G, be two graphs. Then

3)

H(G vGy) < |:M1(G1) + dmmny + n1n§i|"1 " |:M1(G2) +4mm, + ngnf]"2
1V Gy) <
1 ni 1)

and

l_[(Gl VG, < |:M2(G1) + mMi(Gy) + myn3 i|ml y |:M2(G2) + mMy(Gy) + myn? ]m2

mi 14%)

2

(4)

|:4m1m2 + 2mny(my + my) + (n1n2)2:|"1"2
X 7

niny

where ny and ny are the numbers of vertices of Gy and G,, and my, m, are the numbers of
edges of Gy and G, respectively. Moreover, the equality holds in (3) if and only if both G;
and G, are regular graphs, that is, G1 V Gy is a regular graph and the equality holds in (4)
if and only if both Gy and G, are regular graphs, that is, G1 V Gy is a regular graph.
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Proof Now,

l_[(Gl vV Gy) = l_[ dc,vé, (uiij)z
1

(ui,V/)EV(Gl\/Gz)

H (dcl(ui)+n2)2 1_[ (dGZ(V;‘)+ﬂ1)2

u;eV(Gy) VjEV(GZ)
= [] (de,)+2mde, ) +n3) [ (de,)* +2mde, () + )
u;eV(Gy) vieV(Ga)

and by (1) this above equality is actually less than or equal to

< [ZuiEV(Gl)(dGl (ui)z +2myde, (i) + }’l%)j|nl

m

N [ Z (dGQ(V,')2 +2mdeg, (v) + n? i|”2

n
veV(Ga) 2

|:M1(G1) +dmyny + nyns :|"1 I:Ml(Gg) +4mmsy + nznfi|"2
= X .
ni

ny
Moreover, the above equality holds if and only if
af(;l(z,ti)2 +2madg, (u;) + n% = a’(;l(z,tk)2 + 2modg, (uy) + n% (ui, Uy € V(Gl))
and
afGZ(v,»)2 +2mdg, (vj) + n% =dg, (Vg)2 +2mdg, (ve) + nf (Vj, Ve € V(Gz))
(by Lemma 1), that is, for u;, ux € V(G;) and v}, v¢ € V(G>),
(d, (i) — dg, (ui)) (da, (u:) + d, (uie) + 2m3)
and
(de, (v)) = da, (V) (da, (v)) + d, (ve) +2my).
That s, for u;, ux € V(Gi) and vj, v, € V(Gy), we get dg, (u;) = dg, (ux) and dg, (v;) = dg, (ve).

Hence the equality holds in (3) if and only if both G; and G, are regular graphs, that is,
G; V G is a regular graph.

Now, since
l_[(Gl vV Gy) = H de,ve, Wi, v))de,ve, Ui, ve),
2 (u3v))(ug,ve)€E(G1V Ga)

we then obtain
= [ (de)+m)(de ) +m) ] (de)+m)(de,(ve)+m)

ujur€E(Gr) Vive€E(G2)

X 1—[ (dcl (i) + ”12)(dGz () + ”1)

u;€V(G1),veV(Gz)
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and by (1)

nmy

- [Zuiuke}s(sl)(dGl (:)dc, (i) + na(de, (w:) + de, (i) +13) ]’”l

my

I:Zvjvéef(gz)(dGz (v)da, (ve) + m(de, () + da, (ve)) + n3) rz
X

(5)

D uiev(GyeviGy\da (i)da, (v) + nada, (v) + mdg, (wi) + mnz) Jrm
X .
1504%)

However, from the last inequality, we get

M>(Gy) + myMy(Gy) + mmynd ™ My(Ga) + mMy(Gy) + myni ™
= X
m my

2.2
[Zu,’EV(Gl) di ZVI‘EV(GQ) d}* + My ZviGV(Gl) di +mny ZV/EV(Gg) d;< + nl 1’12 :|nln2
X

nyny

_ [Mz(Gl) +naMy(Gy) + m1n%:|m1 y |:M2(G2) + mMy(Gy) + man? ]m2

m ny

[4m1m2 + 2mny(my + my) + (mny)? i|"1"2
x .

niny

Furthermore, for both connected graphs G; and G, the equality holds in (5) iff
de, (w)dg, () + ny(de, () +da, (u,)) + 15 = dg, (u))de, (ui) + na(de, (w;) + da, (uy)) + 13
for any u;u,, u;uy € E(G;); and
dg,(vj)dg,(v,) + m (dG2 (V) +dg, (V,)) + nf =dg,(v)dg,(v¢) + m (dG2 (v) +dg, (ve)) + nf
for any vjv,, vjv, € E(G,) as well as

dGl(Mi)ng(Vj) +mdg, (Vj) + nldGl(Mi) +niny

=dg, (u))dc, (ve) + nade, (ve) + mdg, (u;) + mny
for any u; € V(Gy), vj, v, € V(Gy); and

dGl(Mi)ng (V/) + l’lszZ (Vj) + nldGl(Mi) + mny

=dg, (u)de, (v)) + nadg, (v) + mdg, (ui) + mn;

for any v; € V(G,), u;, ux € V(Gy1) by Lemma 1. Thus one can easily see that the equality
holds in (5) if and only if for u;, ux € V(G) and v;,v¢ € V(Ga),

de, (i) =dg,(ux) and  dg,(v)) = dg,(ve).

Hence the equality holds in (4) if and only if both G; and G, are regular graphs, that is,
G1 V Gy is a regular graph. O
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Example 1 Consider two cycle graphs C, and C,;. We thus have

[TG V=0 +2*g+2/7 and [](Cv Cp=(p+2)ilg+2)Tr2P.
2

1

The Cartesian product G; X G, of graphs G; and G, has the vertex set V(G; x G) =
V(G1) x V(Gy) and (u;, vj) (g, ve) is an edge of G; X G if

either u; = ux and vjv, € E(Ga),

or uui € E(Gi) and v; = vy.

Theorem 2 Let G, and G, be two connected graphs. Then
(i)

H(Gl XG,) < I:nle(Gl) + mMi(G3) + 8mymy i|”1n2. o
1

niny

The equality holds in (6) if and only if G1 X G, is a regular graph.
(i)

[JGR6) < (mM;(Gy) + dmymy) "™
2

(2mymg ) 2mm:

2nymy

(n2M1(Gy) + 4mymy ) (7)

x (2ngmy)?n2am
Moreover, the equality holds in (7) if and only if G ¥ G, is a regular graph.

Proof By the definition of the first multiplicative Zagreb index, we have

[[Gre) =[]  (de)+ds, )

1 ()€ V(G1KGy)

= [T T (dem)+de, ).

u;eV(Gy) VjEV(Gz)

On the other hand, by (1)

B [Zuigv(gl) Zv,ev(ez)(dﬁ (u)* + dg, (v;)* + 2dg, (u;)dg, (v})) }”1”2 )

nny

But as Zu,-eV(Gl) dg, (u;)* = My(G;) and ZV/EWGQ) dGZ(V,')Z = M;(G,), the last statement
in (8) is less than or equal to

B [ZuiEV(Gl)(dGl () 2ev(Gy L+ Lvev(Gy) 96 (v)*+ 2dG, (u7) 2 1ev(Gy) 462 () ]”1”2

nina

which equals to

|:i’le1(G1) + mMy(Gs) + 877111’712i|nln2

nny
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Moreover, the equality holds in (8) if and only if dg, (1) + dg,(v)) = dg, (ux) + dg, (ve)
for any (u;,v)), (ux,v¢) € V(G1 W G,) by Lemma 1. Since both G; and G, are connected
graphs, one can easily see that the equality holds in (8) if and only if dg, (u;) = dg, (ux),
u, ux € V(Gi) and dg, (v}) = dg, (ve), vj,ve € V(G2). Hence the equality holds in (6) if and
onlyifboth G; and G, are regular graphs, thatis, G; X G, is aregular graph. This completes
the first part of the proof.

By the definition of the second multiplicative Zagreb index, we have

[[GRG)= I1 (de, () + da, () (de, () + da, (v0)).

2 (uiyvj)(ug,ve) €E(G1XGR)

This actually can be written as

[[GrG)= [ [l (@e@)+de))(dew)+deve)
2

u;eV(Gy) vive €E(Gy)

X 1_[ l_[ (de, () + dg, (v))) (dg, (we) + da, (v)))

vieV(Ga) ujur€E(Gr)

or, equivalently,

[T R = T] T[] (dow)+de, )™
2

u;eV(Gy) VjEV(Gz)

X 1_[ 1_[ (dGl(u[)+dGz(Vj))dG1(ui)'

vj€ V(Go) u;eV(Gy)

After that, by (2) we get

ZV;'E V(Gy) 46 (v)(de, (u:) + dg, (v))) ] 2mz

1_[ [ 2my

u;eV(Gy)

X l_[ [Zuie\/(Gl)dG1(ui)(dG1(”i)+dG2(V7))]ZMI.
)

l_[(Gl NG,y <
2

)

2}’]’[1
VjEV(Gz

Moreover, since

Z dg, (u;) = 2my, Z dg,(vj) =2m, and

u;eV(Gy) VjEV(GZ)
Y dew) = Mi(Gy), Y de,(v)* = Mi(Go).
u;eV(Gy) vieV(Ga)

By (1) the final statement in (9) becomes

2miy 2my

_ 1—[ [MI(G2)+2m2dGl(ui)]2m2X l_[ [Ml(G1)+2m1dGZ(V/)]2ml

u;eV(Gy) vieV(Gy)

1 I:ZuiEV(GI)(Ml(GZ) + 2}’1’1sz1 (ul)) ]2n1m2

<
(2mp)2mma n
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« 1 |: Zvie V(Gy) (M(G1) + 2mdg, (v))) ]2}12”11
(2my)2n2m
1

ny

mM;(Gy) + ‘1’"111’172)2”1”12

1 2
@y (MG + Ay )
27

Hence the second part of the proof is over.

The equality holds in (9) and (10) if and only if dg, (v;) = dg, (v¢) for any v, v, € V(G>)
and dg, (1;) = dg, (ux) for any u;, ux € V(G;) by Lemmas 1 and 2. Hence the equality holds
in (7) if and only if both G; and G, are regular graphs, that is, G; X Gj is a regular graph.
This completes the proof. d

Example 2 Consider a cycle graph C, and a complete graph K;. We thus have
H(Cp XK, =(g+1)* and H(Cp KK,) = (g +1)4+Pa,
1 2

The corona product Gy o G, of two graphs G; and G, is defined to be the graph I" ob-
tained by taking one copy of G; (which has n; vertices) and n; copies of Gj, and then
joining the ith vertex of G to every vertex in the ith copy of G;,i=1,2,...,n;.

Let G; = (V,E) and G, = (V,E) be two graphs such that V(G;) = {ug,us,...,uy},
|E(G1)| = my and V(G2) = {v1,V2,..., Vi, }, |E(G2)| = my. Then it follows from the defini-
tion of the corona product that G; o G, has n;(1 + ny) vertices and my + mmy + nyn,
edges, where V(Gi o Gy) = {(4;,v)),i = 1,2,...,m55 = 0,1,2,...,m3} and E(Gi o Gy) =
{((21,vo), (ux, v0)), (i ur) € E(G)} U {((wi,v)), (i ve)), (viyve) € E(Ga),i = 1,2,...,m} U
{((uz,v0), (Ui, ve)), £ = 1,2,...,10,i = 1,2,...,m}. It is clear that if G; is connected, then

G1 o Gy is connected, and in general G; o G is not isomorphic to G o G;.

Theorem 3 The first and second multiplicative Zagreb indices of the corona product are

computed as follows:
(i)
1
l_[(Gl 0Gy) < WMI(GI)HI (My(Ga) + 4my +13)""™, (11)
1 1 772

(if)

My (Gy) + maMy(Gy) + n3 "™ [ Ma(Ga) + My (Gy) +17™™
U(Gl 0Gy) < |: . :| [ - i|

12)

[4m1mz +mnd + 2myny + 2maymny :|”1”2
)

nny

where Mi(G;) and My(G;) are the first and second Zagreb indices of G;, where i = 1,2, re-
spectively. Moreover, both equalities in (11) and (12) hold if and only if Gy o G, is a regular
graph.

Page 7 of 14


http://www.journalofinequalitiesandapplications.com/content/2013/1/90

Das et al. Journal of Inequalities and Applications 2013, 2013:90
http://www.journalofinequalitiesandapplications.com/content/2013/1/90

Proof By the definition of the first multiplicative Zagreb index, we have

l_[(Gl o GZ) = l—[ dGloGz (ui» Vj)2
1

(u;vj)€V(G10G2)

[1 aw)+m)” T] T[] (de+1)’

u;eV(Gy) uieV(Gy) vj€ V(G2)

l_[ (alG1 (u;)? + 2nyde, (u;) + n%)
ul‘GV(Gl)

ny
><|: I1 (dGz(vj)2+2dG2(v,)+1)2]
V]'EV(Gz)

[ZuiGV(Gl)(dGl (w;)? + 2mad, (u;) + n3) ]”1

m

[zvjev(@)(az@2 ) +2dg, (v) +1)
X
ny

] by (1) (13)

= ;(MI(GI) + 47121’711 + 1’111’12) (Ml(Gz) + 41’}’12 + 1’12) 1”2‘

m._ ning
172

The equality holds in (13) if and only if dg, (i;) = dg, (ux), wi, ux € V(G1) and dg, (v)) =
dg,(ve), vj,ve € V(Ga), that is, both G; and G, are regular graphs, that is, G; 0 G, is a
regular graph.

By the definition of the second multiplicative Zagreb index, we have

[[GioG) = I1 A0, iy V)G, 0G, (i, v2)
2

() (kv ) EE(G10G2)

H (d61 (u) + nz) (dGl(uk) + nz)

ujur€E(Gy)

1_[ l_[ dG1 )+ nz) (d(;2 () + 1)

u;€V(Gy) VIEV(Gz)

< [1 T (@e)+1)(de,we)+1)

u;€V(G1) vjve €E(Gy)

[ (dewde, (ue) + ma(de, (w;) + de, (i) + m3)

ujuy€E(Gy)

x|: I (dGl(ui)+n2)i|n2|: I (dGl(V1)+1):|

u;€V(Gy) VjEV(GZ)

n

X |: 1_[ (da,(v))da, (ve) + (da, (v)) + dg, (ve)) + 1)}

v/vg EE(Gz)

< |:M2(G1) + I’lel(Gl) + I’l%}’l’ll :Iml |:2I’}’11 + n1n2:|”1"2
< X | ——
my

m

2my + ny ™M™ My(Gy) + M (Gy) + my ™™
W | 2T by (1).
Ny my
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The above equality holds if and only if dg, (u;) = dg, (ux) for any u;, ux € V(G;) and dg, (v)) =
dg,(v¢) for any v;, v, € V(G,), thatis, both G; and G, are regular graphs, which implies that
G o Gy is a regular graph. This completes the proof. O

Example 3 [],(C, 0 K,) = ¢*(q +2)* and [[,(C, 0 K,) = g’ (q + 2P 2.

The composition (also called lexicographic product [12]) G = G1[G,] of graphs G; and
G, with disjoint vertex sets V(G;) and V(G,) and edge sets E(G;) and E(G,) is the graph
with a vertex set V(G1) x V(G,) and (u;, v;) is adjacent to (i, v¢) whenever

either u; is adjacent to u,
or u; = uy and v; is adjacent to vy.

Theorem 4 The first and second multiplicative Zagreb indices of the composition G1[G;]
of graphs G, and G, are bounded above as follows:

(i)

H(GI[GZ]) =< m[ﬂng(Gl) + 8}121’”1”’[2 + VllMl(Gz)]nlnz, (14)
1

(i)

1 nym
l—[(Gl[GZ]) < ————[mamyMi(Gy) + 2mm My (Ga) + m M (Gy) |
) (mymy )

1 nzm
X 7( o 5 [ﬂgMz(Gl) +mM(Gy) + 277’12”2M1(G1)] 2 (15)
oy )™M

where M1(G;) and My(G;) are the first and second Zagreb indices of G;, where i = 1,2. More-
over, the equalities in (14) and (15) hold if and only if Gy o G, is a regular graph.

Proof By the definition of the first multiplicative Zagreb index, we have

[[(GilGa])

1

= l_[ dGl[GZ](ui’ Vj)2

(uivp)eV(G1(G2])

= [T [ et +deo)

u;eV(Gy) vj€ V(Gy)

[Zmev«;l) Y, eviay (Myde, (i) +2mde, (u)de, (v) + de, (v))°) ] e (16)
<

niny

= W[HgMI(GI) + 8npmymy + I’llMl(Gz)]nlnz.

The equality holds in (16) if and only if dg, (4;) = dg, (ur), u;, ux € V(G1) and dg, (v)) =
dg,(ve), vj,ve € V(Gy) (by Lemma 1), that is, both G; and G, are regular graphs, that is,
G o Gy is a regular graph.

Page 9 of 14
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By the definition of the second multiplicative Zagreb index, we have

l—[(Gl[GZ])

2

= 1_[ dG10G2 (ui, Vj)dGl[Gz](ukx Vé)
(uiv)(ug,ve) €E(G1[G2])

[T TI (@e@in+de,()(de (uins +da,(ve))

u;eV(Gy) vive €E(Gy)

X H l_[ [(de, (ui)nz + dg, (%)) (de, (wi)ns + dg, ()]

ujur€E(Gy) vj€ V(G2)

1—[ [mzi’l%dcl (u:)* + made, () Mi(Ga) + M (Gs) ]mz

<
weV(Gy) "
}’12
« 1—[ [ngd&(ui)d&(uk) + Mi(Ga) + 2many(de, (u;) + dGl(uk))] 2 17)
ny
ujur€E(Gr)
- 1 [mandMi(Gy) + 2nami My (Gy) + mMay(G,) 1™
= m;’l””Z "
1 [”3M2(G1) + M1 (G2) + 2many M (Gh) ]n%ml (18)
X )
()17 m

which gives the required result in (15).

The equality holds in (17) and (18) if and only if dg, (i;) = dg, (uk), ui, ux € V(G;) and
dg,(v)) = dg,(ve), vj,ve € V(G,) (by Lemma 1), that is, both G; and G, are regular graphs,
that is, G; o G, is a regular graph. O

Example 4 [],(C,[C,]) =2%9(q + 1)*? and [],(C,[C,]) = 2274+V) (g + 1)2P4la+D,

The disjunction G; ® G, of graphs G; and Gj is the graph with a vertex set V(G;) x V(G3)

and (u;, v;) is adjacent to (ug, v¢) whenever u;uy € E(G,) or vy, € E(Gy).

Theorem 5 The first and second multiplicative Zagreb indices of the disjunction are com-

puted as follows:
(i)
1
l_[(Gl ® Gy) < ————— [mMi(G1) + m{My(Ga) + My(G1)My(Ga)
1 (mymp)mre
+ 8mmymymy — Ay My (Gy) — 4nmamaMi(Gy)] ™™, (19)
(ii)
l_[(Gl ® Ga)
2
- |:M1(G1)(”3 + M(Ga) — 4namy) + My(Go)(n? — dnymy) + 8mngmmymy ]Q 20)

Q
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where Q =3, cv(,) Zvevicy P = 2(m3m + nimy — 2mims) and My(G)) is the first Zagreb
index of G;, i = 1,2. Moreover, the equalities in (19) and (20) hold if and only if G1 0 G is a
regular graph.

Proof We have dg,gc, (ui, V) = nadg, (u;) + mdc, (v)) — dg, (u;)dg, (v;). By the definition of
the first multiplicative Zagreb index, we have

l_[(Gl ® Gy)

1

= I_I ‘1(;1Q§(;2(llirtﬁ)2

(uiv)eV(G1®G2)

= [T T (mde @) +mds,() - de, uds, ()

u;€V(Gy) vj€ V(Gy)

(21)

[ Y oueviGy 2vevicy (M2de, () + mde, (v) - de, (ui)de, (v)))? T”Z
<

niny

= W [W3M1(G1) + VlfMl(Gz) +M1(G1)M1(G2)

+ 8mmymymy — 4y My (Gy) — 4namy My (Gy) |

nijny

The equality holds in (21) if and only if dg, (i;) = dg, (uk), i, ux € V(Gi1) and dg, (v)) =
dg,(ve), vj,ve € V(Gy) (by Lemma 1), that is, both G; and G, are regular graphs, that is,
G o G, is a regular graph.

By the definition of the second multiplicative Zagreb index, we have

[[GeG)= I1 deye6, (i v)dc @6, (U, v2)
2 (ui>vj) (ug,ve) EE(G1®G2)

-1 117

u;eV(Gy) VjEV(Gg)
where
P = nydg, (u;) + mdg, (vj) — dg, (ui)dg, (v)).

Using the weighted arithmetic-geometric mean inequality in (2), [[,(G1 ® G) is less
than or equal to

(22)

< [ Y uiev(Gr) Lvev(Gy) 2, (ui) + mda, (v) — da, (uida, (v))* ]Zwev«m LyeviGy P
- 2 e V(Gy) 2ovjeV(Gy) P

~ |:M1(G1)(1’l§ + M1(Gy) — dnymy) + My(Ga)(n3 — dnym) + 8mynamymy |2
= o )

where

Q= Z Z P= 2(n§m1 + nfmz - 2m1m2).

ul‘GV(Gl) VjEV(Gz)

Hence the first part of the proof is over.
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The equality holds in (22) if and only if dg, (1;) = dg, (ux), where u;, ux € V(G;) and
dg,(v;) = dg, (v¢), where v;, v, € V(Gy) (by Lemma 1), that is, both G; and G, are regular
graphs, and so the graph G o G, is regular. O

Example 5 [],(K, ® C,) = (pq — g +2)%7 and [[,(K, ® C,) = (pq — g + 2)r1¥a-4+2),

The symmetric difference G, ® G of two graphs G; and G, is the graph with a vertex set
V(G1) x V(Ga) in which (u;,v;) is adjacent to (ux, v¢) whenever u; is adjacent to u; in G;
or v; is adjacent to v, in G, but not both. The degree of a vertex (u;,v;) of G| ® G, is given
by

dciec, (i, V) = nade, (u;) + mde, (v;) — 2dg, (u)dg, (v)),

while the number of edges in Gy @ G, is nimy + n3m; — 4mym.

Theorem 6 The first and second multiplicative Zagreb indices of the symmetric difference
G1 @ G, of two graphs Gy and G, are bounded above as follows:
(i)

1
[[(G1®Go) < ——— [BM(G) + ©{Mi(G)) + 4M:(G1) M (G)
1 (mimp)mn2
+ 8mmymymy — 8mmMi(Gy) — 8mymy M (G)] ™™, (23)
(i)
l_[(Gl ® Ga)
2

<

|:M1(G1)(V1§ +4M1(Gy) — 8nymy) + My (G) (1 — 8myimm) + 8mynaymymy ]Q (24)
Q b

where Q=3", vy Zv,ev(Gz) P = 2(m3my + nimy — Amymy) and My(G,)) is the first Zagreb
index of G;, for i = 1,2. Moreover, the equalities in (23) and (24) hold if and only if G, o G,
is a regular graph.

Proof We have
dciec, (Ui V) = nadg, (u;) + mde, (v;) — 2dg, (wi)dg, (v)).
By the definition of the first multiplicative Zagreb index, we have
[[G oG
1

= 1_[ dG1®G2(ui; Vj)2

(uiv)eV(G18G2)

= [T T (mde @) +mds, () —2ds, (u)de,v))*

u;eV(Gy) vj€ V(Go)
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Zm‘EV(Gl) ZV‘EV(GZ)(nszl (i) + nldGz (V/) - 2dGl (”i)dGz (Vj))z mn2
< [ i } 25)

1Z504%)
[nng(Gl) + ni My (Ga) + 4My (G1)M:(Gy) + 8nmynamym;

 (mmp)mm

- 8mm My(Gs) — 8mamy My (Gr) ™™

The equality holds in (25) if and only if dg, (4;) = dg, (ux), u;, ux € V(G1) and dg, (v)) =
dg,(Ve), vj,ve € V(G,) (by Lemma 1), that is, both G; and G, are regular graphs, which
implies that G; o Gj is a regular graph.

By the definition of the second multiplicative Zagreb index, we have

l—[(Gl ®Gy) = l—[ dc,06, (i V))dc 06, (U, Vi)
2 (i) (g, ve) €E(G1®G2)

-1 I

u;eV(Gy) V}EV(Gz)

where P = mydg, (u;) + mdg, (v;) — 2dg, (u;)dg, (v)).
Using the weighted arithmetic-geometric mean inequality in (2), we get

[ 117

u;eV(Gy) V]'EV(Gz)

[ZM[EV(GI) ZvieV(Gz)(HZdGl () + Vlldcz(lf/) - 26161 (Mi)d62 (Vj))2 ]ZuieV(Gﬂ Zv;eV(Gz)P (26)
<

ZuiEV(Gl) ZVI'E V(Ga) p

_ |:M1(G1)(ﬂ§ +4M,(Gy) — 8mamy) + My(Go) (13 — 8mymy) + 8mymymymy |2
Q ’

where Q = Zu,ev(Gl) Zv;ev(Gz) P = 2(n3my + n?my — 4mymy). First part of the proof is over.

The equality holds in (26) if and only if d¢, (u;) = dg, (ur), u;, ux € V(G1) and dg, (v)) =
dg,(ve), vj,ve € V(G2) (by Lemma 1), that is, both G; and G, are regular graphs, which
implies that G; o G is a regular graph. O

Example 6 [[,(G1 @ G2) = (p+q—2)%7 and [[,(G1 ® G,) = (p + q — 2)Pa@+a2),
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