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Abstract
In this paper, we study the following p-harmonic problem involving the Hardy term:

p-2
ul u:f(x,u), in €, u:%:o on 082,

A(JAuP?Au) -2
N -

where Q is an open bounded domain containing the originin R, 1 < p < % and
0 < A < [N(p-1)(N-2p)/p*IP. By using the variational method, we prove that the
above problem has infinitely many solutions with positive energy levels.
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1 Introduction
The main purpose of this paper is to show the existence of infinitely many solutions for

the following p-harmonic equation:

A(AUP2Au) - A ‘”"’;“ =fnu), xe

|«
u=2% -0, x €I,

=3, =

(1.1)

where Q is an open bounded domain containing the origin in RY, the boundary 9% is

smooth. 1 < p < %, 0<A<i=[N(p-1N-2p)/p*P*. % is the outer normal derivative.

Nonlinearity f(x, 1) satisfies the following conditions:

(f1) f(x, u) is continuous on € x R and limits subcritical growing at infinity; that is,

lim f(x,’u) =0, uniformly forx € Q, (1.2)
u—oo |y|p -1

where p” = Np/(N —2p) is the critical exponent of Sobolev’s embedding Wg P(Q) — L5(Q).
(f2) For any x € , f(x, u) satisfies

lim Sl wu =0 and lim Sl wpu =+00
u—0  |ul? u—oco |ul?

(1.3)
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(f3) Denote G(x,£) =f(x, )t — p fotf(x, s)ds. For all x € 2, there exists a constant M > 0
such that

Gx 1) < Gx,tp) forany M < |t| < |ta]. (1.4)

(f4) f(x,u) is odd with respect to u.
By the Hardy-Rellich inequality (see [1, 2]), we know that

[ ju? dx < 1/|Au|pdx (1.5)
okl T A g ' )

Obviously, for any A € [0, 1),

A |uel?
1-Z /|Au|1”dx§/ Aulp - r dxf/ | Aul? dx.
2 Ja Q |7 Q

In Wg’”(Q), fora € [0,1), we define

il = / I AYAL
ull = ||\u ; = ulf —A——\)dx| ,
W@\ g rR

this norm is equivalent to (fQ |Aul? dx)VP.

A weak solution of the problem (1.1) is a critical point of the energy functional

1 |l

_ I Wi _ 2,p
1(“)—p/9(|AM|p A )dx /S;F(x,u)dx, ue Wy (), (1.6)

|22

where F(x, u) = fou f(x,s)ds. It is easy to check that I(u) is a continuous even functional.

Biharmonic equations can describe the static form change of a beam or the sport of a
rigid body. For example, this type of equation furnishes a model for studying traveling wave
in suspension bridges (see [3]). By using variational arguments, many authors investigated
nonlinear biharmonic equations under Dirichlet boundary conditions or Navier boundary
conditions and got interesting results (see [4—10]).

Li and Squassina in [11] considered the superlinear p-harmonic equation with Navier
boundary conditions

A(|AulP?Au) =f(x,u), inQ, u=Au=0 ond<Q, (1.7)

where © is an open bounded domain in RY with a smooth boundary Q. p >1,N >2p+1
and f: Q x R — R is a Carathéodory function such that for some positive constant C,

Lf(x, u)| < C(l + |u|q_1) forallg e [l,p*). (1.8)

By means of the Morse theory, they proved the existence of two nontrivial solutions to
(1.7). After that, Li and Tang [12] considered a more general problem than (1.7). They
got three solutions by the three critical points theorem which was obtained in [13]. If
f(x,u) = Ag(x, u), Candito and Bisci [14] established a well-determined interval of values
of the parameter A for which the problem (1.7) admits at least two distinct weak solutions.
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The authors in [15] considered the p-harmonic equation with Dirichlet conditions and
obtained the existence of a nontrivial solution. Under the condition of (1.8), [16] proved

the existence and multiplicity of weak solutions for the nonuniformly nonlinear problem

d
Alals, Aw) =f(x,u), inQ,  u= 8—” —0 ondQ, (1.9)
n
where |a(x, )| < co(ho(x) + hy(x)|£[P71) with hg(x) > 0, hy(x) > 1. a(x, £) and f(x,t) are odd
with respect to the second variable. Furthermore, f(x,£) is subcritical and satisfies the
Ambrosetti-Rabinowitz condition, that is, there exists a constant 6 > p such that

t
0< 9/ flx,8)ds < f(x,t)t foranyx € Q. (1.10)
0

The aim of this paper is to obtain infinitely many solutions for the problem (1.1) when
2p < N. The main difficulty lies in the fact that the embeddings Wg P(Q) — LP*(Q) and
Wg’p (RQ) < LP(, |x|~? dx) are not compact. Furthermore, the assumption (f;) is not the
usual subcritical growth (1.8). The condition (f3) is weaker than the A-R condition (1.10).
We use the concentration compactness principle (see [17, 18]) to overcome those difficul-

ties. The following theorem is our main result.

Theorem 1.1 Assume f(x,u) satisfies (f1)-(fs), then the problem (1.1) possesses infinitely
many weak solutions and the corresponding critical values are positive.

This paper proceeds as follows. In the next section, we prove the energy functional /()
satisfies the Palais-Smale condition. In Section 3, by using the symmetric mountain pass
theorem (see [19]), we get the main result of this paper. Throughout the paper, denote

[l

ue W2 ()\(0} ||M||§»

Sp,k =

We use |lull, = (fQ |47 dx)V to denote the norm of L1(S2), C, C; stand for universal con-

stants. We omit dx and Q2 in the integrals if there is no other indication.

2 Palais-Smale condition
To show the (PS) sequence {u, } of the variational functional /(«) is compact in Wg ?(Q), we
first prove the boundedness of {u,} by the analytic argument which has been used in [20].

Then, using the concentration compactness principle, we get the compactness of {u,}.

Lemma 2.1 The condition (f)) implies that for any ¢ > 0, there exists a positive constant
C, such that

F(x,u) < 8|u|”$ +Celul, (x,u)eQ xR. (2.1)

() implies that F(x,u) = o(u”) as u — 0. Furthermore, for any |u| > M > 0, there exists a

small positive constant 0

F(x,u) > ClulP*®  and  f(x,u)u> 0. (2.2)


http://www.journalofinequalitiesandapplications.com/content/2013/1/9

Xie and Wang Journal of Inequalities and Applications 2013, 2013:9
http://www.journalofinequalitiesandapplications.com/content/2013/1/9

Lemma 2.2 Under the conditions (f,), (f,) and (f3), if the sequence {u,} € Wg P(Q) satisfies
I(u,) —c¢,  I'(uy) >0 asn— +o0, (2.3)

then the sequence {u,} is bounded in Wg P(Q).

Proof We prove this lemma by contradiction. Without loss of generality, we assume that
|4,]l = +00  asn— +oo. (2.4)

Set wy, = u,/||u,l, then ||w,|| =1 for any n € N. As n — +00, there exists w € Wg’p(Q) such
that

w, —w  weakly in W7 (Q),
w, — w strongly in L*(Q2) forany 1 <s<p’,

w,—>w ae.xec.

If w=£ 0, we denote Qo = {x € Q: w =0}, set Q \ Q¢ is nonempty. (2.3) implies that

it fg £ttty dx = o(1).

Therefore,

f(x: Up) Uy dx = f(xr Un) Uy dx + f(x’ Un)Uy

1-0(1) =
o lluqlPp oo luall? o uall?

(2.5)
As n— +00, [q |unlP dx < ||u,| — 0. So, |u,| — +o0o for x € 2\ Q. It follows from (f5)
that

i f@ st S )ik

= [wylP = +o0.
up—o00  ||uy,||? Uy —>00 |u,|?

Since |2\ o] > 0, then

f JM dx — +00 asn— +00. (2.6)
g, luall?

Using (2.1) and (2.2), we derive that

X, Uy ) U 1
funun (/ +/ )
o lluall? 22 12\ J g (1> 1) Q0 (lunl<M)

1
> - / If (e, w1t | de
lunll? J g uni<mn

(M + M?')| Q|

Z —_
2117

>_-C; asn— +00. (2.7)
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From (2.6) and (2.7), we get

X, Uy U
‘/de—)+oo as 1 — +00.
o lluall?

This contradicts (2.5).
If w= 0, then w,, — 0 strongly in L}(R2). Since I(u,;) — ¢, we know that

1 1 .
ce—llunllp—/F(x,un)de—IIMnII”—S/IunI" dx—Cg/Iunldx.
p p

In (2.9), choose ¢ =1, then
1 » p* p;*:
—lunll” < ”un”p* + Gllunlls + ¢ < C3||Mn||p=~ +c

From (2.4), it follows that ||u,||,» — +00 as n — +00. Denote

bl _ i

A, =M
" N2t b

I =
where M is any fixed positive constant. It is clear that

A, M

Noenll  Metnll

—0 (asn— +00).

Therefore, for n large enough, A,/||u,| € (0,1).
For every n € N, we define a sequence of £, as follows:

1(t,u,) = max I(tu,).
te(0,1]
We claim that

I(t,u,) = +00  (asn — +00).

In fact, by (2.1)-(2.10) and the definition of ¢,,, we have

A, 1
1(t,u,) > 1( u,,) > —AP - 8/
[l2, p

1 .
= I—jAﬁ—eM” —CgA,,/|w,,|dx.

" u
n
ll2nl

e
dx—CsAn/ |w,| dx

Page 5of 13

(2.8)

(2.9)

(2.10)

(2.11)

If A, — +00 as 1 — +00, then (2.11) follows from the above estimate. If A,, is bounded for

any #, that is, there exists a constant K > 0 such that A, < K, then

1 1 .
I(t,u,) = —AL —eMP —CgAy,/|w,,|de —SppMP — e MP —C,3K/|w,,|dx
p p

1 .
— =S MP —eMP  asm— +00,
p
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where we use the fact that ||w,|; — 0 as n — +00. The positive constant ¢ is arbitrary,
thus

1
lim I(t,u,) > =S, M?P for any positive constant M.
n—+00 p

(2.11) follows from the above inequality.
From (2.3), we know that

pc+o(1) =pl(u,) - (F(u,,), un) = /(f(x, Uy, — pF(x, u,,)) dx. (2.12)

By the definition of ¢,, we obtain %I(tun)lmn =0 and ¢, € [0,1], then |t,u,| < |u,|. The
condition (f3) and (2.11) derive that

/(f(x, )ty — PF(x, 1)) dx > /(f(x, tuthn)tuthy — PF(, tatty)) dix
= pl(tnun) - <1/(tnun): tn”n)

d
= pl(t,u,) — t,—I1(tu,
pl(t,u,) dt(u)

t=ty
— +00.

Which is a contradiction to (2.12). Therefore, the sequence {u,} is bounded in Wg’p ().
O

Under the conditions of Lemma 2.2, we know ||u,|| < C. Therefore, there exists a sub-
sequence, still denoted by {u,}, and some u € Wj”" (£2) such that
. 2,p

u, —~ u weakly in Wy (2),

u, —~ u weakly in LP(Q, x| "2 dx),

u, — u strongly in L*(Q) forany 1 <s<p’,

U, —u a.e.xeql
Obviously, u is a weak solution of (1.1). Now we prove that u# = 0. According to the con-
centration compactness principle (see [17, 18]), there exists a subsequence, still denoted

by {u,}, at most countable set /, a set of different points {x;};c; C 2\ {0} and two positive
number sequences {1;}jcsuio}, {Vj}jesuoy such that

|Au,lP — du > |Aul? + Z W8 + Hodo weakly in the sense of measure,
jel

|, —dv=ulf + E Vidx; + vodo weakly in the sense of measure,

jeJ
|unl? |ul? .
—dy = ——+yp8 weakly in the sense of measure,
|| ||
) y4
i r ;
Spavy < Mo—Aiyo, and Sp,ovj <u; forje],

where Bx]. is the unit Dirac measure at x;.
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Lemma 2.3 Assume f(x, u) satisfies (f;), the sequence {u,} is bounded in Wg’p (R) and sat-
isfies (2.3). Then the set ] = {x1,%2,...,%} C Q is finite, jLo — Ayo = 0.

Proof We first prove that y; = 0 for any x; € J.

Let & > 0 be small enough such that 0 ¢ B, (x;) and B, (x;) N B, (%) = @ for i #j. ¢;(x) € [0,1]
is a cutting-off function in C§°(R2). ¢;(x) =1 for |x —x;| < £/2, ¢;(x) = 0 for |x — x| > &, and
|Agy| < 4/€%. Since

(I'(wn), ungty) = / | Ausy P by dx +2 / | Awy P> At Vi, V by dix
+/un|AuV,|”_2Au,,A¢/dx

_/ [l — ¢ dx — /f(x,un)un¢,dx, (2.13)

|x|2P
we deduce that

lim lim /|Aun|p¢)jdx: lirr(l)/q&jduz lir%/|Au|p¢jdx+uj:Mj,
e—> £—>

e—=>0n—>+00

o |14 | |ten |

< M \pildx =
g%”gﬂ"’/ |22 ¢z }E%"LITOO Be(x) (|x/|—s)2p|¢’|dx 0,
0T 2 b dx = [ Iy =
ggr})ngrzlw/|un| ¢,dx-§1_r)r(1)/|u| ¢jdx + v =vj, (2.14)
lim lim /|un|¢jdx:1im/|u|¢)jdx:0. (2.15)
&—>0n—+00 e—0

By Holder’s inequality,

lim lim ‘ / | AP A, Vi, V iy dix

e—>0n—>+00

p,
= lim Hm A Al g, o IV 80 8010 5, ) TV BN (B )

. » =
= Clm | Astullppp, () = 0

lim lim ‘/|Aun|1"2Aunu,,A¢,dx

e—>0n—>+00

p * .
=lim lim || Au,l, i))llunllu,' B 1 AN, )

< Clim sl = O-

Using (f1), (2.14) and (2.15), we have

lim lim /V(x,un)un¢j|dx<llm lim ( flunlp ¢idx + C, /|u,,|¢),dx> =
—+00

e—>0n—+00
By the above estimates, (2.13) becomes

0=1lim lim (I'(u,), undhj) > ;. (2.16)

e—>0n—+00

Therefore, for any j € J, u; = 0, which implies that / is finite.
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If the concentration is at the origin, let ¢o(x) € [0,1] be a cutting-off function in C§°(£2).
do(x) =1 for |x| < &/2, ¢o(x) =0 for |x| > &, and | A¢hy| < 4/€2. Choose ¢ > 0 small enough

such that x; ¢ B.(0) for all j € /. Then

lim lim f|Aun|p¢odx= lirr(l)/qboduz lin6/|Aun|p¢odx+uo = lLo,

e—>0n—+00

lim lim

&—>0n—+00

‘ 6 |P

. |ul?
W¢O dx‘ = lim

=0 Jp () 1|

Similarly, we can get

lim lim [ (2|Au P Auy Vi, Vepo + | Atty|?~> Atyui Ay) dx = 0,

e—>0n—>+00

lim lim /V(x,un)unqﬁo}dxzo.

e—>0n—>+00

From equalities (2.17)-(2.20), we get

0=lim lim (I'(,), uutho) = o — Ao.

e—=0n—+00

p

[0l dx + yo = vo.

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

On the other hand, po — Ayo = S,,v§ > 0, thus pg — Ayo = 0. The proof is complete. [

Lemma 2.4 Assume f(x,u) satisfies (f1), the sequence {u,} satisfying (2.3) is bounded in
Wg’p (2). Then there exist some u € Wg ?(Q) and a subsequence, still denoted by {u,}, such

that

u, — u strongly in L”*(QE),

N;
Vu, — Vu strongly in LY7 (),

where Q. = @\ UL Be(x:), % €] = {x1,%2,....,%} U {0}.

Proof Lemma 2.3 implies that J is finite. Choose ¢ € C°(2) with ¢(x;) = 0 for any «; €

JU{0}. Then

t / * #
[0l s~ [1gur’dxs Y ug 50+ 000 ©
i=1

= / |g0u|1’“ dx.

Since gu, — ¢u a.e. in 2, we get that
u, — u strongly in 17 ().
Similarly,

Nj
Vu, — Vu strongly in LN%;’(QE).

(2.22)
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By using the Lebesgue decomposition theorem, we have

»
diu—rdy = |Aulf —A—— +do, (2.23)
|x[%

where (|Aul? — AMulP|x|"%) L do. Then do > > ey Hidy + (o = A¥0)3o-

Lemma 2.5 Assume f(x,u) satisfies (f;)-(fs), the sequence {u,} € Wg’p(Q) satisfies (2.3).

Then there exist u € Wg’P (2) and a subsequence, still denoted by {u,}, such that u, con-
. 2,p

verges to u strongly in W™ (S2).

Proof We first prove that
(0 - Z ibx; = (o — /\Vo)(So) (Q)=0. (2.24)
jel

Claim for any closed set F C  \ J,J = J U {0}, o(F) = 0. In fact, denote r = dist(F,]) > 0.
Then, by using a finite covering theorem, there exist finite open balls B,/4(z;), with z; € F,
i=1,...,m,such that F C UZI B,a(z;) € 2\ J. Let o(t) be a smooth cutting-off function.
0 <o(t) <1lforanyt e [0,00). o(x) =1for 0 <t <1/2,and ¢ =0 for £ > 1. Denote 1, =
o(Jx —y|/e), then

1
/|WMWM=/|MMNM=q, (2.25)
RN 1/2
N 1 N
/ IAns,y|7dx:=/ lo"(®)| % dt = C. (2.26)
RN 1/2

The sequence {;,,u,} is still bounded in Wj"’(sz). Define
) = Y Nz ), (2.27)
i=1
then n(x) € C°(2\J) and 0 < n(x) < m. Furthermore,

Fc| B (@) csptnlx) c @

i=1

(2.28)

g,
where sptn(x) denotes the support of n(x). As n — +00, (2.3) implies

0« (F(un) —I'(u), (uy — M)'?)

= / N(1Auul? = | Ayl Ay A — | Aul > Auluy, + | Aul?) dx
Q
N 14 p-2 p-2 14
_A/Q e (|ttnl? = [l e = |0l utty, + |ul?) dx
+ 2/ vnVi(u, - u)(|Au,,|p_2Au,, - |Au|1’_2Au) dx
Q

+/ An(u,,—u)(|Au,,|”‘2Aun—|Au|p_2Au)dx
Q

Page9of 13
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- /Q Ny — u)(f (%, un) —f (x, 1)) dx

=I1+I+II+1V+V.
Asn— +00,
1+II:/n(lAun|p—|Aun|p‘2Au,,Au—|Au|”‘2AuAun+|Au|p)dx
Q
n -2 -2
_ALW(|un|p_|”n|p wnth = |ulP~*un, + |ul’) dx
Py _ 2
= / 77<|Au,,|p— |Aul? —AM) dx +o(1)
Q

|x|%
=/ndo+o(1),
Q

where we have used (2.23). Lemma 2.2 implies that ||u, | < M. Holder’s inequality, (2.25)-
(2.28) and Lemma 2.4 deduce that

|1 =2 / ViV (= ) (| Auyl?~> Autyy — | Al Au) dix
Q
N-p
Np_ Np
< c/ (18,1 + 1A dxnvmm(/ 1V 1ty — )| V7 dx)
Q spt(n)
N-p
ANp_ Np
< C(Wl,M,p)Cl </ |V(I/ln - u)|N7P dQC)
2
— 0 asn— +00o,
V| = ‘/(un—u)An(|Aun|p2Aun— |AulP Au) dx
Q
1
< C(m,M,p)C, (] |ty — uf? dx>p
2
—0 asn— +00.
By (2.1), for any € > 0, we have
V| = /(f(x,un) —f(x,u))(u,, —u)ndx
Q
< /(lf(x,un)\ o |f 1))ty — i
Q
< /(cg s el ™+ |l )y — el dix
Q
1
1

IA

Ce / |tn — uln dx + 8(||Mn||pa;_1 + ||u||p*_1) (/ it — ul?” dx)
4 14
Q spt(n)

CE/ lu, — u|dx + eC(M)
Q

IA

— 0 asun— +00,6 — 0.
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Therefore, as n — +00,
0 <o (F) <o(spt(n) < / ndo < || +|IV|+|V|=0. (2.29)
Q
Since the set F is arbitrary, (2.24) is obtained.

Lemma 2.3 means that u; = 0 for any j € J and po — Ayp = 0, so o () = 0, which implies

that as n — +00,

A .
|Auy,| _)lelzl’ dx — | Au| —AW dx. (2.30)
Q Q

Together with u,, — u a.e. in €2, we complete the proof. g

3 The proof of the main result
In this section, by using the following symmetric mountain pass theorem (see [19]), we

give the proof of Theorem 1.1.

Lemma 3.1 (Symmetric mountain pass theorem) Assume functional I satisfies the follow-
ing conditions:
1) Ie Cl(Wg’p(Q), R) is even and satisfies the Palais-Smale condition.
(2) There exists a finite dimensional subspace X € Wj””(sz) such that I|xnsp, = a > 0.
(3) There exists a sequence of the finite dimensional subspace {X;}, dim(X;) = j and r; > 0
such that

I(u) <0 foranyu € X;\By,j=12,....

Then I has infinitely many different critical points, and the corresponding energy values are

positive.

Proof of Theorem 11 We know the energy functional I(#) is continuous and even.
Lemma 2.5 implies that I(u) satisfies the PS condition in Wg’p (2). In any finite dimen-
sional subspace X C Wg ?(Q), all norms are equivalent. For any u € X, since F(x, u) = o(u”)

as u — 0, there exists a constant g > p such that

_1 b _ ﬂ) _
I(u) p‘/ﬂ<|Au| A|x|21’ dx /QF(x,u)dx

1
> —|lull” = C|lu||?>0 for u small enough. (3.1)
p

Thus, there exists r > 0 such that I|xngs, > a > 0. On the other hand, by using (2.2), we

1 ul?
I(u) = I;/Q<|Au|p—)tw)dx—/;zlj(x,u)dx

1
< —||u||1’—C/ P dx—C
{xeQ:|u|>M}

have

-

< —|lull? - CllullP*® -C' - -0 asu — oo.

AN
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There exists a sequence of the finite dimensional subspace {X;}, dim(X;) = j and r; > 0 such
that

Iu) <0 foranyu € X;\ B;,j=1,2,....

Finally, all the assumptions of Lemma 3.1 are satisfied. Hence, the problem (1.1) possesses

infinitely many weak solutions, and the corresponding critical values are positive. d

Remark 3.1 Under the same conditions of Theorem 1.1, we can also prove that the fol-

lowing p-harmonic type equation with Navier boundary conditions:

A(Aup2au) -2 M2~ flu), xe R,
u=Au=0, x €082,

(3.2)

has infinitely many solutions {u,} € W*?(2) N Wé’p (€2), where Q containing the origin
is an open bounded domain in RV, 9% is smooth. 1 < p < %, 0<i<i=[Np-1)(N -
2p)Ip*PP.

Remark 3.2 All the results obtained above obviously hold if we choose f(x, u) = || 2u +

|u

|r—2

uwithp<g<r<p.
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