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1 Introduction

The stability problem of functional equations originated from a question of Ulam [1] con-
cerning the stability of group homomorphisms. Hyers [2] gave the first affirmative partial
answer to the question of Ulam for Banach spaces. Hyers’ theorem was generalized by
Rassias [3] for linear mappings by considering an unbounded Cauchy difference.

Theorem 1.1 (T.M. Rassias) Let f : E — E' be a mapping from a normed vector space E
into a Banach space E' subject to the inequality |f(x + y) — f(x) — fW) || < e(l|lx]|? + ||¥]IP)
forall x,y € E, where € and p are constants with € >0 and 0 < p < 1. Then the limit L(x) =

lim,_, 00 L %Z’C) exists for all x € E, and L : E — E' is the unique additive mapping which
satisfies
f ) - L) | < [l |1
2-2

for all x € E. Also, if for each x € E, the function f(tx) is continuous in t € R, then L is
R-linear.

The functional equation f(x + y) + f(x —y) = 2f (x) + 2f (y) is called a quadratic functional
equation. In particular, every solution of the quadratic functional equation is said to be
a quadratic mapping. The Hyers-Ulam stability of the quadratic functional equation was
proved by Skof [4] for mappings f : X — Y, where X is a normed space and Y is a Banach
space. Cholewa [5] noticed that the theorem of Skof is still true if the relevant domain
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X is replaced by an Abelian group. Czerwik [6] proved the Hyers-Ulam stability of the
quadratic functional equation.

The stability problems of several functional equations have been extensively investigated
by a number of authors, and there are many interesting results concerning this problem
(see [7-20]).

Katsaras [21] defined a fuzzy norm on a vector space to construct a fuzzy vector topo-
logical structure on the space. Some mathematicians have defined fuzzy norms on a vector
space from various points of view (see [22—24]). In particular, Bag and Samanta [25], fol-
lowing Cheng and Mordeson [26], gave an idea of a fuzzy norm in such a manner that
the corresponding fuzzy metric is of Karmosil and Michalek type [27]. They established
a decomposition theorem of a fuzzy norm into a family of crisp norms and investigated
some properties of fuzzy normed spaces [28].

Now, we consider a mapping f : X — Y satisfying the following functional equation,
which is introduced by the first author:

n—m n

o s (—Z”n; %, Z%) ) — D (:1) AC) 1)

1<ij<--<iy<n =1 i=1
1<k; (#ij,Vje(L,...m})<n

for all xy,...,x, € X, where m,n € N are fixed integers with n > 2, 1 < m < n. Especially,
we observe that in the case m =1, equation (1) yields the Cauchy-type additive equation
SO k) = Y11 f (x:). We observe that in the case m = 1, equation (1) yields the Jensen-

type additive equation f (@) = %Z?:l f(x;). Therefore, equation (1) is a generalized
form of the Cauchy-Jensen additive equation and thus every solution of equation (1) may
be analogously called a general (1, n)-Cauchy-Jensen additive. For the case m = 2, we have
established new theorems about the Hyers-Ulam stability in quasi 8-normed spaces [29].
Let X and Y be linear spaces. For each m with 1 < m < n, a mapping f : X — Y satisfies
equation (1) for all # > 2 ifand only if f (x) — f(0) = A(x) is a Cauchy additive, where f(0) = 0
if m < n. In particular, we have f((n — m + 1)x) = (n — m + 1)f (x) and f(mx) = mf (x) for all
xe€X.

2 Preliminaries
Definition 2.1 Let X be a real vector space. A function N : X x R — [0,1] is called a fuzzy
normon X ifforallx,y € X and all s,£ € R,

(N1) N(x,£)=0fort<0;

(N2) x=0ifand only if N(x,£) =1 for all £ > 0;

(N3) N(cx,t)=N(x, ﬁ) if ¢ #0;

(N4) N(x+y,c+t)>min{N(x,s),N(y,t)};

(N5) N(x,-) is a non-decreasing function of R and lim;_, o N(x,£) = 1;

(N6) for x #0, N(x,-) is continuous on R.

Example 2.1 Let (X, || - ||) be a normed linear space and «, 8 > 0. Then

at
N(x,£) = { «+Bll’ t>0,xeX,
0, t<0,xeX

is a fuzzy norm on X.


http://www.journalofinequalitiesandapplications.com/content/2013/1/88

Azadi Kenary et al. Journal of Inequalities and Applications 2013, 2013:88 Page 3 of 12
http://www.journalofinequalitiesandapplications.com/content/2013/1/88

Definition 2.2 Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is said
to be convergent or converge if there exists an x € X such that lim,_, .o N(x, — x,¢) =1 for
all £ > 0. In this case, x is called the limit of the sequence {x,} in X and we denote it by

N-lim;_, 50 X, = X.

Definition 2.3 Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X is called
Cauchy if for each € > 0 and each ¢ > 0, there exists an 7 € N such that for all # > 1y and

all p > 0, we have N(x,.p — X, £) >1 — €.

It is well known that every convergent sequence in a fuzzy normed vector space is
Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete
and the fuzzy normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is con-
tinuous at a point x € X if for each sequence {x,} converging to xy € X, the sequence {f(x,)}
converges to f(xo). If f : X — Y is continuous at each x € X, then f : X — Y is said to be

continuous on X (see [28]).

Definition 2.4 Let X be a x-algebra and (X, N) be a fuzzy normed space.
(1) The fuzzy normed space (X, N) is called a fuzzy normed *-algebra if

N(xy,st) > N(x,s) - N(y,t), N(x*, t) =N(x,1)

for all x,y € X and all positive real numbers s and ¢.

(2) A complete fuzzy normed *-algebra is called a fuzzy Banach *-algebra.

Example 2.2 Let (X, || - ||) be a normed *-algebra. Let

t
N(x,t) = { I’ t>0,x€X,
0; tSO,xex'

Then N(x,t) is a fuzzy norm on X and (X, N) is a fuzzy normed *-algebra.

Definition 2.5 Let (X, || - ||) be a normed C*-algebra and N be a fuzzy norm on X.
(1) The fuzzy normed *-algebra (X, N) is called an induced fuzzy normed x-algebra.
(2) The fuzzy Banach *-algebra (X, N) is called an induced fuzzy C*-algebra.

Definition 2.6 Let (X,N) and (Y, N) be induced fuzzy normed *-algebras.
(1) A multiplicative C-linear mapping H : (X, N) — (Y, N) is called a fuzzy
x-homomorphism if H(x*) = H(x)* for all x € X.
(2) A C-linear mapping D: (X,N) — (X, N) is called a fuzzy *-derivation if
D(xy) = D(x)y + xD(y) and D(x*) = D(x)* for all x,y € X.

Definition 2.7 Let X be a nonempty set. A function d : X x X — [0, 00] is called a gener-
alized metric on X if d satisfies the following conditions:

(1) d(x,y)=0ifand only ifx = y for all x,y € X;

(2) d(x,y) =d(y,x) for all x,y € X;

(3) d(x,z) <d(x,y) +d(y,z) for all x, 7,z € X.
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Theorem 2.1 Let (X,d) be a complete generalized metric space and ] : X — X be a
strictly contractive mapping with a Lipschitz constant L < 1. Then, for all x € X, either
d(J"x,]"1x) = oo for all nonnegative integers n or there exists a positive integer no such
that

(1) d(J"x,]"x) < oo for all ny > no;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fixed point of ] in the set Y ={y € X : d(J"x,y) < 00};

(4) dy,y*) < ZdW,Jy) forally € Y.

Throughout this paper, assume that X, Y are unital fuzzy Banach x-algebras.

3 Approximate homomorphisms in fuzzy Banach x-algebras
In this section, using fixed point method, we prove the Hyers-Ulam stability of homomor-
phisms in fuzzy Banach x-algebras related to functional equation (1).

Theorem 3.1 Let ¢ : X" — [0,00) be a function such that there exists an L < W
with

n-m+1 " "n-m+1 n-m+1

< x1 Xy ) - Lo(xy,%2,...,%,)

forall x,...,x, € X. Let f : X — Y with f(0) = 0 be a mapping satisfying

PR TE TR (n—m+1)(;) >y wf ()
N( Z f( lrln +IZ=1:W%>_ n-m () 1M (X ,t>

X . n
1<iy<-<im=<n
L<k; (#ij,¥jell,...m))<n

t

= (X1, %) @

t
N ) = 00) oS Gna)st) 2 t+ @1, ...,%,-1,0) ®
N(F() )" st) 2 —— @

T t+¢x,0,...,0)

forall xy,...,x, € X and all t > 0. Then there exists a fuzzy x-homomorphism H : X — Y
such that

(n—m+1)(")(1-L)t

N(f@ ~H@)t) = (n-m+1)(")1-L)t+Lop(x,...,%) 5)
forallx e X and all t > 0.
Proof Letting v =1 and replacing (x1,...,%,) by (x,...,x) in (2), we have
t
N((}’;) £ ((n -+ 1)) — (:1) (= m + 1)f (), t) > e )

for all x € X and ¢ > 0. Consider the set S := {g: X — Y;g(0) = 0} and the generalized
metric d in S defined by

d(f,g):inf[ueR*:N(g(x)—h(x),ut)z ,VxeX,t>0},

t+ox,...,x)
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where inf) = +00. It is easy to show that (S, d) is complete (see [30]). Now, we consider a
— ) forallx € X. Let g,h € S be
for all x € X and ¢ > 0. Hence,

linear mapping J : S — S such that Jg(x) := (n —m + l)g(
such that d(g, 1) = €. Then N(g(x) — h(x),et) >

t+¢ Kyeeor

N(]g(x) —]h(x),Let)
:N(g(n—;cnﬂ) _ h(n—frﬁl) ,L6t>

n-m+1l n-m+1

(=) ) o)
:Ng -h »
n-m+1 n-m+l/) n-m+1

Lt Lt ¢
n—m+1 n—-m+1 _
Lt X — Lt Lo(x,...x)
nomel T 90( n—-m+1’"""7 n—m+1) ey By § L+ w(‘x’ e ’x)

for all x € X and t > 0. Thus, d(g,h) = € implies that d(Jg,/h) < Le. This means that
d(Jg,Jh) <Ld(g,h) for all g, h € S. It follows from (6) that

f(n—fnﬂ) _ L) t
N(i_ 169y ) = . s

1
(m-m+1) » R e ERERE Rrmeore

forallx € X and all £> 0. So,

N( f=—) ), Lt )Z t

(m—m+1)! ("_m+1)(:4) t+@(x,...,x)

This implies that d(f, Jf) <
satisfying the following:
(1) A is a fixed point of /, that is,

H( x ): H(x) )
n-m+1 n-m+1

for all x € X. The mapping H is a unique fixed point of / in the set Q2 = {h € S: d(g, h) < 00}.

Tl() By Theorem 2.1, there exists a mapping A: X — Y

This implies that H is a unique mapping satisfying (7) such that there exists u € (0,00)
satisfying N (f(x) — H(x), ut) > m forallx € X and £ > 0.
(2) d(J?f,H) — 0 as p — oo. This implies the equality

(oomr)
N- lim f (n-m+1)P
p—>o (n—m+1)7P

= H(x) (8)

forallx € X.
3)d(f,H) < (f ) with f € @, which implies the inequality

L
d(f,H) = (n-m+1)()) = (n—m+1)(J)L
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This implies that the inequality (5) holds. Furthermore, it follows from (2) and (8) that

N( Z H( o A %Mxh) (n - m+1)< >ZH(sz) t)

1<ij<-<im=<nmn
1<k; (#ij,Vje{L,...m})<n

Do M — U
. =1 MXi;
=N-lim |((n-—m+1 U A L
IHOO(( Y . Z f(m(n m+1)? Z(n—m+1)!’
1<ij<-<ip<n =1
1<ky(#i;,Vje(L,....m})<n

m-m+1*" (1) — X
B n (m) Zf((n—m+1)1”)’t)

i=1
t
. (n-m+1)P
> lim
= x1 Xn
p=0o0 (n-m+1)P + 40( (n—-m+1)P? * 7 (n—-m+1)P )

t

> lim (nom )P —1
- p—>00 t Ln‘ﬁ(xl ::::: Xn)
(n-m+1)P (n-m+1)P

for all x,...,x, € X, all £ >0 and all u € C. Hence,

> H<Z’1M ’ Zum,)—(n m+1)< )ZH(IUQ

1<ii<--<imy=<n

1<k; (#i/,VjE{l,...,m})SVl

for all xy,...,x, € X. So, the mapping H : X — Y is additive and C-linear. By (3)

X1 Xp—1 it
N f(n m+1)( nl)p) f(n m+l)1“ f((nxm:l t
(n—m+1)~n-1p (m—m+1)~=Dp 7 (n—m+1)-0-p

t

E— )

e x
£+ QO( (n—ml+l)1’ 200 (m—m+1)P

for all xy,...,x,.1 € X and all £ > 0. Then

n—m+1)--lp (n—m+1) p

N<(f( n— xriﬁicn”ll)l’) f( (n— m+1 f( (n x:'l’H'll ) t)

t
(n— m+1) (n-1)p

t Xn-1
(n-m+1)ln-1p + (/)( (n— WH'l o (n_m+1)p’0)
_t
(n—m+1)(n=1p

t LP(x1,%9,.%n-1,0)
(n—m+1)n-p (n—m+1)P

v

—1 whenp— +o00

for all xy,...,x,.1 € X and all £ > 0. So,
N(H(xl o 'xn—l) _H(xl) o 'H(xn—l): t) =1

for all xy,...,%,.1 € X and all £ > 0. Thus, H(x; - - -x,-1) = H(x1) - - - H(%,,_1).
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On the other hand, by (4)

N( f((;«l_;cn—1+1)[?) _ f(nm+1)p) t

t
m-m+1)? (m-m+1)?r’° (n—m+1)‘P) t+<p(m,0,...,0)

for all x; € X and all £ > 0. So,

t
(n—m+1)P

((f(nmﬂ)l’ f(nm+1)1’) t>>

n-m+1)>? (n—m+1)P’

> — &
Gimmrp T 9( (,,,ml,rl)p ,0,...,0)

__t
(n-m+1)P

v

t Ly
T—me)P + m(p(xl,O,...,O)

t
for all x; € X and all ¢ > 0. Since lim,_, oo ()P

; 2 =1for all x; € X and
P+ ey ¥ #1,0,-50)
t>0, we get

N(H(x}) - H(x)"t) =1
for all x; € X and all £ > 0. Thus, H(x}) = H(x;)* for all x; € X. This completes the proof.

d
Theorem 3.2 Let ¢ : X" — [0, 00) be a function such that there exists an L <1 with

<P(x1,,..,x,,)§(n_m+1)]4(p< X1 Xy )

e
n-m+1"" "n-m+1

for all x1,x5,...,x, € X. Let f : X — Y be a mapping satisfying f(0) = 0, (2)-(4). Then
the limit A(x) := N-Timj,_, oo LU0 gy

mip - €xists for each x € X and defines a fuzzy *-homo-
morphism H : X — Y such that

(n—m+1)(:;)(1—L)t
N -HE.0) = o m+ ) ()ALt + p(x, ..., ) (10)
forallx e X and all t > 0.

Proof Let (S,d) be a generalized metric space defined as in the proof of Theorem 3.1.
Consider the linear mappingJ : S — S such that ]g(x) ‘% forallxe X.Letg,he S
be such that d(g, /1) = €. Then N(g(x) — h(x), €t) = 7r— for all x € X and ¢ > 0. Hence,

n-m+1 n-m+1

N(Jg(x) - Jh(x), Let) = N(g((” —myDx)  h(n—m+ D) t)

= N(g((n—m +1)x) — h((n — m + 1)x), (n — m + 1)Let)

(n—m+1)Lt
(n m+1)Lt+o(n—m+1x,...,(n—m+1)x)
(n—m+1)Lt
T (m-m+1)Lt+(n-m+1)Lo(x,...,x)

t
t+@x,...,x)
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for all x € X and t > 0. Thus, d(g, k) = € implies that d(Jg,/h) < Le. This means that
d(Jg,Jh) < Ld(g,h) for all g, h € S. It follows from (6) that

(11)

fl(n—m+1)x) t - t
N<f(x) B ) T+l x)

n-m+1 "(n-m+1)(")

for all x € X and ¢ > 0. So, d(f,Jf) <
H : X — Y satisfying the following:
(1) A is a fixed point of /, that is,

< m By Theorem 2.1, there exists a mapping

(m-m+1)H(x) = H((n —m+ l)x) 12)

for all x € X. The mapping H is a unique fixed point of / in the set 2 = {h € S: d(g, k) < 00}.
This implies that H is a unique mapping satisfying (12) such that there exists u € (0, 00)
satisfying N(f(x) — H(x), ut) > m forallx € X and ¢ > 0.

(2) d(JPf,H) — 0 as p — oo. This implies the equality

H(x) = N- lim w
pooo (m—m+1)P

forallx € X.
(3) d(f,H) < 20 with f € @, which implies the inequality

1

dif. H) < (n—- m+1)() (n—m+1)(Zl)L‘

This implies that the inequality (10) holds.
The rest of the proof is similar to the proof of Theorem 3.1. d

From now on, we assume that X has a unit e and a unitary group U(X) :={u e X : u*u =

uu®* = e}.

Theorem 3.3 Let ¢ : X" — [0,00) be a function such that there exists an L < L

(n—m+1)n—2
with
X1 Xn L‘/’(xhxz, %)
n-m+1"" " n-m+1 n—m+1
forallx,...,x, € X. Let f : X — Y be a mapping satisfying f(0) = 0, (2) and
t
N ceeUye1) — n-1),t , 13
(f(ul 1) —f (1) - - f (1), ) t+ o, ty1,0) (13)
t

N(f(u) =f ), 8) = ———— (14)

t+¢(uy,0,...,0)

forallu,...,u, e U(X) and all t > 0. Then there exists a fuzzy x-homomorphism H : X —
Y satisfying (5).
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Proof By the same reasoning as in the proof of Theorem 3.1, there is a C-linear mapping
H : X — Y satisfying (5). The mapping H : X — Y is given by

Floy)

N-li =H
pggo (m-m+1)>? ()
for all x € X. By (13)
N f( (n Mri'l+fn”11)1’) f( (n— m+1 f( (n u;l+11 t
(n—m+1)~-1p (n— m+1) Vo ' (m—m+1)-0-Dp

t

e u Uy
L+ (P( (n—ml+l)1” (AR (n—m+—11)17)

for all uy,...,u,.1 € U(X) and all £> 0. Then

Uy Uy Uy
N f(nrln+1 ”11)1’) f(n m+1)P f((n erll)P ¢
(n—m+1)~=Dp (n—m+1)0=bp 7

t
(n—m+1)(n-1)p

z

t u Uy
) go((n—mlﬂ)P""’ e 0)

__t
- (n—-m+1)(-p
- t + LPo(u1,u,...sth-1,0)
(n-m+1)(n-1p (n-m+1)P

-1

as p — +oo forall uy,...,u,; €e U(X) and all £ > 0. So,
N(H(u1 cotty1) —H(uy) - H(uy), t) =
for all uy,...,u,.1 € U(X) and all £ > 0. Thus,
H(uy -+ y1) = H(ua) - - - H(tp). (15)

Since H is C-linear and each x € X is a finite linear combination of unitary elements, i.e.,
m
X = ijuj (Aj eCue L[(X)),

it follows from (15) that

H(xv) = H(Z ,\,ujv> =Y NH(wy) =Y WHw)H(v) = H(Z x,u,) H(v)

Jj=1 Jj=1 Jj=1 Jj=1

for all v € U(X). So, H(xv) = H(x)H (v). Similarly, one can obtain that H(xy) = H(x)H(y) for
all x,y € X. Thus by induction, one can easily show that H(x; - - - x,,_1) = H(x1) - - - H(%,,1).
By (4)

(f(nmﬂ)l’ f(nm+1)1’) 4 >> 1
(

n-m+1)? m-m+1)? (m—m+1)r _t+‘p((n—::1—l+w’0"“’0)

Page 9 of 12
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for all #; e U(X) and all £ > 0. So,

u¥ * t
N( fGmmr) S Gomp) t> . TP
m-m+1)"? Wm-m+1)>r )~ (n—mt+1)P + ga((n_fnlﬂ)p, 0,...,0)
t
- (n-m+1)P
- t + LP ¢(111,0,...,0)
(n-m+1)P (n-m+1)P
t
for all u; € U(X) and all £ > 0. Since lim,_, ;. % =1 for all u; € U(X) and
(n—-m+1)P (n-m+1)P
all £ >0, we get
N(H(u}) - H(w)*t) =1
for all u; € U(X) and all £ > 0. Thus,
H(u}) = H(m)* (16)

for all u; € U(X) . Since H is C-linear and each x € X is a finite linear combination of
unitary elements, i.e., x = Z]"il Auj (2 € C,u; € U(X)), it follows from (16) that

H(x*) = H(Z T,uj) =Y NH(w) =Y NHw) = H(Z xju,) = H)*
j=1 j=1 j=1 j=1

for all x € X. So, H(x*) = H(x)* for all x € X. Therefore, the mapping H: X — Y is a
x-homomorphism. 0

Similarly, we have the following. We will omit the proof.

Theorem 3.4 Let ¢ : X" — [0,00) be a function such that there exists an L <1 with

x X
X1, .. %,) <(m—m+1)Le ! iy 2
n-m+1 n-m+1

or all x1,xy,...,%, € X. Let f : — e a mapping satisfyin =0, , an
) X. L X Yb pping satisfying f(0) = 0, (2), (13) and
(14). Then the limit A(x) := N-1lim,_, o miﬁ;jﬂ exists for each x € X and defines a fuzzy
x-homomorphism H : X — Y such that

(n-m+1)(")(1-L)t
N(f(x)—H(x),t) > (}’l—m+1)(;,:)(1_l’)t+(p(x”x)

forallx e X and all t > 0.

4 Approximate derivations on fuzzy Banach %-algebras

In this section, we assume that (X,N) is a fuzzy Banach x-algebra. Using fixed point
method, we prove the Hyers-Ulam stability of derivations on fuzzy Banach x-algebras re-
lated to functional equation (1).
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Theorem 4.1 Let ¢ : X" — [0,00) be a function such that there exists an L < W
with
x1 X Lo(x1,%2, ..., %,)
%) yeees <
n—-m+1 n—-m+1 n-m+1

forallx,...,x, € X. Let f : X — X be a mapping satisfying f(0) = 0,

N( > f(# +n_Zmek,> _n=mDG) Y Mf(xi),t>

n
=1

1<ij<-<im=<n
1<k; (#i/*,VjG{l,...,m})S}'l

t
= E+ (X1, %) 17)
N IR (T, L — (18)

T t+¢(x1,0,...,0)

n-1 n-1 n-1
N(f(l_[xl) - xg‘(x,-),t) > d (19)

i-1 i=1 j=1,ji L+ (0(961, e Xp-1, 0)

. f—=5) .
or all x1,...,%,.1 € X and all t > 0. Then D(x) := N-1im,_, oo 22 exists for all x € X
» (n—m+1)"P
and defines a fuzzy x-derivation D : X — X such that

(n-m+1)(")(1-L)t

N(f(x)—D(x)yt) > (n—m+1)(Z)(1_L)t+L(p(x"”’x)

forallx e X and all t > 0.
Proof The proof is similar to the proof of Theorem 3.1. g

Theorem 4.2 Let ¢ : X" — [0,00) be a function such that there exists an L <1 with

01, %0) <(m—m+1)Le ] yeens o
n-m+1 n-m+1
or aill x1,x2,...,x, € X. Let f : X — e a mapping satisfyin =0, , an
) X. L X—Xb pping satisfying f(0) = 0, (17), (18) and
(19). Then the limit D(x) := N- limpﬁwj%ﬁ)y;x) exists for all x € X and defines a fuzzy
*-derivation D : X — X such that

(m—m+ 1)(;’1)(1 - L)t
(n—m+1)( )(1—L)t+g0(x,...,x)

n
m

N(f(x) - D(x),£) >

forallx e X and all t > 0.
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