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1 Introduction

Equilibrium problems which were introduced by Blum and Oettli [1] have intensively been
studied. It has been shown that equilibrium problems cover fixed point problems, varia-
tional inequality problems, inclusion problems, saddle problems, complementarity prob-
lem, minimization problem, and Nash equilibrium problem; see [1-3] and the references
therein. Equilibrium problem has emerged as an effective and powerful tool for studying a
wide class of problems which arise in economics, finance, image reconstruction, ecology,
transportation, network, elasticity, and optimization; see [4—7] and the references therein.
For the existence of solutions of equilibrium problems, we refer the readers to [8—13] and
the references therein. However, from the standpoint of real world applications, it is im-
portant not only to know the existence of solutions of equilibrium problems, but also to
be able to construct an iterative algorithm to approximate their solutions. The computa-
tion of solutions is important in the study of many real world problems. For instance, in
computer tomography with limited data, each piece of information implies the existence
of a convex set in which the required solution lies. The problem of finding a point in the
intersection of a finite of the convex sets is then of crucial interest and it cannot be directly
solved. Therefore, an iterative algorithm must be used to approximate such a point. The
well-known convex feasibility problem which captures applications in various disciplines
such as image restoration and radiation therapy treatment planning is to find a point in
the intersection of common fixed point sets of a family of nonlinear mappings; see, for
example, [14-19].
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In this paper, a monotone variational inequality, a system of equilibrium problems, and
nonexpansive mappings are investigated based on an iterative algorithm. Weak conver-

gence theorems of common solutions are established in Hilbert spaces.

2 Preliminaries
In what follows, we always assume that H is a real Hilbert space with the inner product
(-,-) and the norm || - ||, and C is a nonempty closed and convex subset of H.

Let R denote the set of real numbers and F a bifunction of C x C into R. Recall the

bifunction equilibrium problem is to find an x such that
F(x,y)>0, VyeC. (2.1)
In this paper, the solution set of the equilibrium problem is denoted by EP(F), i.e.,
EP(F)={x€ C:F(x,9) > 0,¥y € C}.

To study the equilibrium problems (2.1), we may assume that F satisfies the following
conditions:

(A1) F(x,x)=0 forallx e C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 for all x,y € C;

(A3) foreachx,y,z€C,

limsup F(tz + (1 - t)x,y) < F(x,);
£10

(A4) foreachx € C, y— F(x,7) is convex and lower semi-continuous.
Let S: C — C be a mapping. In this paper, we use F(S) to stand for the set of fixed points.

Recall that the mapping S is said to be nonexpansive if
Sx =Syl < llx=yl, VxyeC.

If C is a bounded closed and convex subset of H, then fixed point sets of nonexpansive
mappings are not empty, closed, and convex; see [20] and the references therein.
Let A: C — H be a mapping. Recall that A is said to be monotone if

(Ax—Ay,x—y) >0, Vx,yeC.

A set-valued mapping T : H — 2/ is said to be monotone if, for all x,y € H, f € Tx
and g € Ty imply (x — y,f — g) > 0. A monotone mapping T : H — 2/ is maximal if the
graph G(T) of T is not properly contained in the graph of any other monotone mapping.
It is known that a monotone mapping 7T is maximal if and only if, for any (x,f) € H x H,
(x—y,f —g) >0 for all (y,g) € G(T) implies f € Tx. The class of monotone operators is
one of the most important classes of operators. Within the past several decades, many
authors have been devoted to the studies on the existence and convergence of zero points

for maximal monotone operators.
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Let F(x,y) = (Ax,y — x), Vx,y € C. We see that the problem (2.1) is reduced to the follow-
ing classical variational inequality. Find x € C such that

(Ax,y—x) >0, VyeC. (2.2)

It is known that x € C is a solution to (2.2) if and only if x is a fixed point of the mapping
Pc(I - pA), where p > 0 is a constant and [ is the identity mapping.

Recently, the common solution problems have been extensively studied by many schol-
ars; see, for example, [21-33] and the references therein. In this paper, we investigate the
common solution problem of a monotone variational inequality, a system of equilibrium
problems, and nonexpansive mappings based on an iterative algorithm. In order to prove

our main results, we need the following lemmas.

Lemma 2.1 Let C be a nonempty closed and convex subset of H. Then the following in-
equality holds:

ll4 = Projcxl|* + ly - ProjcylI* < |« —yl>, VxeH,yeC.

Lemma 2.2 [1, 2] Let C be a nonempty closed convex subset of Hand F : C x C — R bea
bifunction satisfying (Al)-(A4). Then, for any r > 0 and x € H, there exists z € C such that

1
Flz,y)+-(y—-zz-x)>0, VyeC.
r

Further, define
1
Tyx = {ze C:F(z,y)+-(y—zz—x)>0,Vye C}
r

forallr >0 and x € H. Then the following hold:
(a) T, is single-valued,;
(b) T, is firmly nonexpansive, i.e., for any x,y € H,

I Tyx = Tyl < (T = T2 — 3

(c) F(T;) = EP(F);
(d) EP(F) is closed and convex.

Lemma 2.3 [33] Let A be a monotone mapping of C into H and N¢cv be the normal cone
toCatved(C,ie.,

Ncv = {weH: (v—u,w)>0,Vu e C}
and define a mapping T on C by

Av+Ncv, veC,
@, veC.

V=

Then T is maximal monotone and 0 € Tv if and only if (Av,u—v) >0 forallu e C.
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Lemma 2.4 [34] Let {a,}, be real numbers in [0,1] such that Z;\il a, = 1. Then we have

n=

the following:

2 N
2
< E a;llxi%
i=1

N
E aiXi
i=1

for any given bounded sequence {x,}_, in H.

Lemma 2.5 [35] Let 0 <p <t, < g <1 forall n>1. Suppose that {x,} and {y,} are se-
quences in H such that

limsup %, <d,  limsuplly.| <d

n— 00 n—00

and
lim ||t,,xn + 1=ty || =d
n—0oQ
hold for some r > 0. Then lim,,_,  ||x, — ¥, || = 0.

Lemma 2.6 [36] Let C be a nonempty closed and convex subset of H and S: C — C be a
nonexpansive mapping. If {x,,} is a sequence in C such that x,, — x and lim,_, » ||x,, —Sx,, || =
0, then x = Sx.

Lemma 2.7 [37] Let {a,}, {b,}, and {c,} be three nonnegative sequences satisfying the fol-

lowing condition:
a1 < (L+by)a, +c,,  VYn=no,

where ng is some nonnegative integer, y .-, b, < 00, and Y - ¢, < co. Then the limit

lim,,_, o a,, exists.

3 Main results

Theorem 3.1 Let C be a nonempty closed convex subset of H, S : C — C be a nonexpansive
mapping with a nonempty fixed point set, and A : C — H be a L-Lipschitz continuous and
monotone mapping. Let F,, be a bifunction from C x C to R which satisfies (A1)-(A4). Let
N > 1 denote some positive integer. Assume that F := ﬂZZIEP(Fm) N VI(C,A) N F(S) is
not empty. Let {a,}, {Bu}, {Vu} {81} .- {Sun) be real number sequences in (0,1). Let {1},
{ru1}, ..., and {r, N} be positive real number sequences. Let {e,} be a bounded sequence in H.
Let {x,} be a sequence generated in the following manner:

X1 € H,
Xn+l = OpXy + lgnS PrOjC(Zzﬂ Sn,mzn,m - )‘«nAyn) + Vuén, n= 1;

Yn = PrOjC(Zi\nlzl SnmZnm — MA ZZ:I 8n,mzn,m):

where zy,,, is such that

Fo(zym» 2) + (Z = Zymr Znm —%n) =0, Vze C,Vme{l,2...,N}.

Tnm
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Assume that {o,}, {Bu} (Y} 8u1}s -5 18unt A} {rua}s ..., and {r, N} satisfy the following

restrictions:

(a) ay+But+yn=1,
(b) O<a<pB,<b<landy . v,<0o;

() Z];Ll Sym=land0<c<68,,<1;
(d) liminf, o7y, >0 andd <X, <e, whered,e € (0,1/L).

Then the sequence {x,} weakly converges to some point x € F.
an[ 1 8nmZnm. Letting p € F, we see

Proof Putu, = ProjC(ZZ:1 SumZnm — *nAyy,) and v,
from Lemma 2.1 that
Mn—P = Vn— nyn_P —|Vn — nyn_un
I I < lva = AnA 1> = Vi = AnA
= |lva _P”2 = lvi - un||2 + 20, (AY 0, p — Un)
= 1V = pI* = 1V = > + 20 (A = AP, = Yu) + (AP, P = Yu)

2
[

+ (Ayn:yn - un))
<llva —19||2 —lva - un”z + 200 (AY s Y — Un)
(3.1)

=|va —P||2 ~va _.yn”2 =y - M,,||2 +2(Vn = AnAYn = Vs U = Yin)-

Notice that A is L-Lipschitz continuous and y,, = Proj-(v,, — 1, Av,,). It follows that

<Vn - )“nAyn _ym Uy _yn)
(Vi = MgAVy = Yoy Uty = Vi) + (MnAVy = Ay AV iy = V)
(3.2)

< MaLllvi = yullll ey = yull.
Substituting (3.2) into (3.1), we obtain that
Izt —P||2 <lva —19||2 —IVn _yn||2 = lyn = un”2 + 20, L1V = Yl 1ty = yull
<lvu=pl* + (A2L* = 1) v =yl (33)

On the other hand, we have from the restriction (c) that

2

(Sn,mzn,m - 19

M=

2
va—pl” <

1

3
i

2
= 8n,m||zn,m —P||

M= 1DM=

2
Sn,m ” Tr,,,mxn —19||

<
m=1
< llx - plI. (34)
Substituting (3.4) into (3.3), we obtain that
(3.5)

ln = pI* < 1% = pII* + (AZL* = 1) [V, — yull*.
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This in turn implies from the restriction (d) that

%01 = pI* < @nlly = pI* + Bull St = pII* + allew - plI*
< &yl = plI* + Bulltn = plI* + yallen - plI®
< &l = pI* + Bu(llxn = pI? + (AnL? = 1) 1vs = yul1?) + vullen - pII?
< xn =% + Ba(AL? = 1) Ivi = yull® + vullew — pII?

<Ill%x =PI + vullen — plI*. (3.6)

It follows from Lemma 2.7 that the lim,,_, » ||%, — p|| exists. This in turn shows that {x,} is
bounded. It follows from (3.6) that

Ba(L = A2L*) vy = yull® < 160 = pI* = %1 = PII* + Vallew — plI*.

This implies from the restrictions (b) and (d) that
lim [|v,, =yl =0. (3.7)
n—oQ

Notice that

”yn - un” = HPrOjC(Vn - )LnAVn) - PrOjC(Vn - )‘nAyn) ”
= ” (Vi = AnAvy) = (Vi = AnAyy) ”

S AL|[Vy = yull-
It follows from (3.7) that
lim ||y, — u,|l =0. (3.8)
n—oQ
In view of
Vi = sl < 1V = Yl + |y — thl,
we see from (3.7) and (3.8) that
lim ||v,, — u,| = 0. (3.9)
n— o0
Notice that

I Zum =PI = 1 Ty n = T 1P
E (Trn,mxn - Tr,,,mp, Xn —P>

= <Zn,m —DrXn —P>

= §(||zn,m —pII” + 1% =PI = NZum — xal?), V1<m <N.
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This implies that

1Zm =PI < 1% = PI* = 1Zm = %41, VI <m<N. (3.10)

In view of (3.10) and v,, = ZN

el OnmZnm> Where an]ﬂ 8,m =1, we see from Lemma 2.4 that

2 2
”Vn _P” = 8n,m||zn,m —P||

M= 1=

= Sn,m(Hxn —P||2 - ||Zn,m _xn”2)
m=1
N
= 1120 = pI* =Y Sl Zm — 2l (3.11)
m=1

In view of (3.3), we obtain from the restriction (d) that

2 2 2 2
%01 = PI° < anlln =PI + BullSttn — pII” + vullen — pll
< 2 2 2
< alxn —plI” + Bulln = pII” + vullen — pli
2 2 2
< aullx, = plI” + Bullv —pII” + Vullen —pll

N
2 2 2
<% —plI” = Bn E SumllZnm = xall” + Vullen —pII°.

m=1

It follows that
BuSum | Znm = %ull> < 1% = pII* = 1%ns1 = pI* + vullen — pII*.

In view of the restrictions (b) and (c), we find that
lim ||z, — %] = 0. (3.12)
"0

Since {x,} is bounded, we may assume that a subsequence {x,,} of {x,} converges weakly
to £. It follows from (3.12) that {z,,,,} converges weakly to £ for each 1 < m < N. Next, we
show that & € EP(F,,) for each 1 < m < N. Since z,,, = T,

'nm

%x,, we have

1
Fm(zn,m: Z) + — (Z = Zn,m»r» Zn,m _xn> >0, Vze C.

Tnm
From the assumption (A2), we see that

1
—Z = Zyms Zuym — Xn) = Fu(z, Zn,m), VzeC.
Yum

Replacing n by n;, we arrive at

Zn;m — X
<Z - Zn,',mr ¥> Z Fm(Z, Zn,-,m); VZ € C

V;m
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F.(z,§) <0, VzeC.
Fort, with0<¢, <landzeC,letz,, =t,z+ (1-t,)¢ foreachl <m <N.Sinceze C
and £ € C, we have z;,, € C for each 1 < m < N. It follows that F,,(z,,£&) < 0 for each
1 <m < N. Notice that
0 = Fu(2t 2t) < tmFim(20,52) + (1 = ) Fin(24,,, §) < tmFin(21,,,2), V1<m <N,
which yields that
Fu(z,,2) >0, VzeC.
Letting ¢,, | 0 for each 1 < m < N, we obtain from the assumption (A3) that
F.(,2)>0, VzeC.
This implies that & € EP(F,,) for each 1 < m < N. This proves that & € ﬂﬁzl EP(F,,).

Next, we show that § € VI(C,A). In fact, let T be the maximal monotone mapping de-
fined by

Ax+Ncx, x€C,
Tx =

0, x¢C.

For any given (x,y) € G(T), we have y — Ax € Ncx. So, we have (x — m,y — Ax) > 0, for all
m € C. On the other hand, we have u,, = Proj(v, — A,Ay,). We obtain that

(Vn - )‘-nAyn — Uy, Uy —.X') >0

and hence

<x — Uy, u"; Y +Ayn> > 0.

n

In view of the monotonicity of A, we see that

(X =ty ) = (X — Uy, Ax)

Uy, — Vi,
> (x - uni’Ax> - <x - un,-y % +Aynl‘>

nj

= (X — uy, Ax — Auy,) + (X — Uy, Athy, — Ayy,)

<x Uy, 2 V"i>
- - YUn;p»

iV > (3.13)

Page 8 of 13
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On the other hand, we see that
N
”Vn - xn” S Z(Sn,mllzn,m - xn”-
m=1

It follows from (3.12) that
lim ||v, —x,| = 0. (3.14)
n— 00

Notice that
”un _xn” = ”un - Vn” + ”Vn _xn”'

Combining (3.9) with (3.14), we arrive at
lim ||z, — %, = O. (3.15)
n—0oQ

This in turn implies that u,, — £. It follows from (3.13) that (x — &, y) > 0. Notice that T is
maximal monotone and hence 0 € T¢. This shows from Lemma 2.3 that & € VI(C,A).

Next, we show that & € F(S). Since lim,_, ||x, — p|| exists, we put lim,_, [|%, — pll =
d > 0. It follows that

nhenc}o %041 — pll = nhenolo”(l - ,Bn)(xn —p+ Yulen— xn)) + Bn (Sun —p+Ynlen— xn)) ” =d.
Notice that

Hsun =P+ Yulen _xn)” < ISun = pll + yullen — x4l
< ety =PIl + Vullen — x|

< xn = pll + yullen —xull.
This shows that

limsup||Su, — p + yu(en — %) | < d.

n—00

On the other hand, we have
lim sup||xy, —p +Vulen —x,) || <d.
n—0o0
It follows from Lemma 2.5 that
lim ||x, — Su,|l = 0. (3.16)
n— 00

In view of

5% = xnll < 1S = St || + | Sth — %l

=< ”xn - Lt,,,” + ||SM,, _xn”:

Page9of 13
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we find from (3.15) and (3.16) that
lim ||, — Sx,|| =0.
n—00

This implies from Lemma 2.6 that § € F(S). This completes the proof that § € F.

Finally, we show that the whole sequence {x,} weakly converges to . Let {xn,,} be another
subsequence of {x,} converging weakly to &', where &’ # £. In the same way, we can show
that &’ € F. Since the space H enjoys Opial’s condition, we, therefore, obtain that

d = liminf ||x,, — £ || < liminf|x,, - &|
11— 00 11— 00

= liminf]|x; - £'|| < liminf ||lx; - &|| = d.
j—o0 j—00

This is a contradiction. Hence, & = &’. This completes the proof. d
If N =1, then Theorem 3.1 is reduced to the following.

Corollary 3.2 Let C be a nonempty closed convex subset of H, S : C — C be a nonexpansive
mapping with a nonempty fixed point set, and A : C — H be a L-Lipschitz continuous and
monotone mapping. Let F be a bifunction from C x C to R which satisfies (Al)-(A4). Assume
that F := EP(F) N VI(C,A) N F(S) is not empty. Let {a,}, {B,}, and {y,} be real number
sequences in (0,1). Let {1,,}, {r,} be positive real number sequences. Let {e,} be a bounded

sequence in H. Let {x,} be a sequence generated in the following manner:

X1 € H,
Xntl = OpXy + ﬂnSPrOjC(Zn - )VnAyn) + Ynén, n= 1:

Yn = Proje(z, — 1,Az,),

where z,, is such that

1
F(z,2) + —(z2—2n,2n —%,) >0, VzeC.
T'n
Assume that {a,}, {Bn}, {Vn} 81}, {(Au})s {rn} satisfy the following restrictions:

@ on+Bu+vn=1,

(b) O<a<pu<b<landy ., y,<oo;

(¢) liminf,_ o7, >0 and c < A, <d, where ¢,d € (0,1/L).

Then the sequence {x,} weakly converges to some point x € F.

If S = I, where I stands for the identity mapping, then Theorem 3.1 is reduced to the

following.

Corollary 3.3 Let C be a nonempty closed convex subset of H and A : C — H be a L-
Lipschitz continuous and monotone mapping. Let F,, be a bifunction from C x C to R which
satisfies (A1)-(A4). Let N > 1 denote some positive integer. Assume that F := ﬂ%jl EP(F,,)N
VI(C,A) is notempty. Let {a,,}, {Bu} {vu} {811} - - -» {Sun} be real number sequences in (0,1).
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Let {1}, {ru1}, ..., and {r,N} be positive real number sequences. Let {e,} be a bounded

sequence in H. Let {x,} be a sequence generated in the following manner:

X1 € H,
X1 = U + B PO (N | SmZim — AnYn) + Vs 1 >1,

Yn = Projc(zzzl (Sn,mzn,m - )"nA Zly\;ﬂ Sn,mzn,m):

where zy,,, is such that

Fou(zym» 2) + (2= Zym> Zum —%4) =0, VYzeC,Vme(l,2...,N}.

Tnm

Assume that {oty}, {Bu} {Vub 8n1}s - or 8unt {An}s {rua}s ..., and {r,n} satisfy the following
restrictions:

@ an+Butyn=1,

(b) O<a<pB,<b<landy . v,<0o;

(c) Zi\n[ﬂ Sym=land0<c<68,, <1;

(d) liminf, oo 7y, >0 and d < X, <e, whered,e € (0,1/L).

Then the sequence {x,} weakly converges to some point x € F.
If F,(x,y) =0 forallx,y € C and r,,,,, = 1, then Theorem 3.1 is reduced to the following.

Corollary 3.4 Let C be a nonempty closed convex subset of H, S : C — C be a nonexpansive
mapping with a nonempty fixed point set, and A : C — H be a L-Lipschitz continuous and
monotone mapping. Assume that F := VI(C,A) N F(S) is not empty. Let {a,}, {Bn}, and {y,}
be real number sequences in (0,1). Let {A,} be a positive real number sequence. Let {e,} be
a bounded sequence in H. Let {x,} be a sequence generated in the following manner:

X1 € H,
KXpi1 = QX + BuSProj-(Proje x, — AyAyn) + Yuen, n>1,

Yn = Proj(Projc x, — A,AProj-x,).

Assume that {o,}, {Bu}, {vu}), and {\,} satisfy the following restrictions:
@ an+Bu+vn=1,
(b) 0O<a<pB,<b<landyy ;. yn<00;
(©) ¢ <A, <d,wherec,de(0,1/L).

Then the sequence {x,} weakly converges to some point x € F.

4 Applications

Theorem 4.1 Let S: H — H be a nonexpansive mapping with a nonempty fixed point set
and A : H — H be a L-Lipschitz continuous and monotone mapping. Assume that F :=
ATY(0) N F(S) is not empty. Let {a,,}, {B.}, and {y,} be real number sequences in (0,1). Let
{1} be a positive real number sequence. Let {e,} be a bounded sequence in H. Let {x,} be

a sequence generated in the following manner:

X € H, Xpsl = OpXy + ,BnS(xn - )\nA(xn - )"nAxn)) + Vuln, N> 1.
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Assume that {o,}, {Bu}, {vu}), and {1} satisfy the following restrictions:
@ an+Bu+vn=1,
(b) 0O<a<pB,<b<landyy ;> yn<00;
(©) ¢ <A, <d,wherec,dec(0,1/L).

Then the sequence {x,} weakly converges to some point x € F.

Proof Put F,,(x,y) =0 forall x,y € C and r,,,, = 1. Notice that A~1(0) = VI(H,A) and Py =
I, we easily find from Theorem 3.1 the desired conclusion. O

Next, we consider the common zero point problem of two monotone mappings.

Theorem 4.2 Let B: H — 2" a maximal monotone mapping and A : H — H be a L-
Lipschitz continuous and monotone mapping. Assume that F := A1(0) N B™Y(0) is not
empty. Let {a,}, {Bu}, and {y,} be real number sequences in (0,1). Let {A,} be a positive
real number sequence. Let {e,} be a bounded sequence in H. Let {x,} be a sequence gener-
ated in the following manner:

X1 € H, Xntl = OpXy + ﬂn]f(xn - )‘«nA(xn - )‘nAxn)) + Ynln, n= 1,

where J? stands for the resolvent of B for each r > 0. Assume that {a,,}, {Bn}, {vu}, and {\,}
satisfy the following restrictions:

(a) Ap+PBu+vn=1
(b) O<a<pBy<b<landy . vn<0o;
(¢) ¢ <Ay, <d,wherec,de(0,1/L).

Then the sequence {x,} weakly converges to some point x € F.

Proof Put F,,(x,y) =0 for all %,y € C and r,,,, = 1. Notice that A~1(0) = VI(H, A), F(J?) =
B71(0), and Py = I, we easily find from Theorem 3.1 the desired conclusion. O
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