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1 Introduction

Let A denote the class of functions of the form
o0
fl@)=z+ Zakzk
k=2

which are analytic in the open unit disk U = {z € C: |z] < 1}. If f and g are analytic in U, we
say that f is subordinate to g, written f < g or f(z) < g(2), if there exists an analytic function
w in U with w(0) = 0 and |w(z)| < 1 for z € U such that f(z) = g(w(z)). We denote by S,
K and C the subclasses of A consisting of all analytic functions which are, respectively,
starlike, convex and close-to-convex in U (see, e.g., Srivastava and Owa [1]).

Let \V be a class of all functions ¢ which are analytic and univalent in U and for which
¢(U) is convex with ¢(0) = 1 and Re{¢(z)} > 0 for z € U.

Making use of the principle of subordination between analytic functions, many authors
investigated the subclasses S™(; ¢), K(n; ¢) and C(n, B; ¢, ) of the class A for 0 < n, B <1,
¢, ¥ € N (cf [2] and [3]), which are defined by

S (n;9):= {fe A: %(Zj:(g) - n) < ¢(2) in U},
K5 ) 5= {feA: ﬁ(u fo,((zz)) -n) <6 inU}
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and

C(n, B, ) := {f eA:3geS ;) s.t. b (Zf/(z)
g(2)

-5 —ﬂ)<w(z)inU}.

For ¢(z) = ¥(z) = (1 + z)/(1 - z) in the definitions above, we have the well-known classes
S, K and C, respectively. Furthermore, for the function classes S"[A, B] and K[A4, B] in-
vestigated by Janowski ([4], also see [5]), it is easily seen that

S <0; ﬂ) ~S'[A,B] (-1<B<A<1)
1+ Bz

and

IC(O; 1 +Az) —K[A,B] (-1<B<A<1).
1+Bz

We now define the function ¢(a, ¢; z) by

¢la,cz) = Z %zk” (z eUaeR;ce R\Zy; Zy = {-1,-2,.. .}), (1.1)
k=0 ‘K

where (v)k is the Pochhammer symbol (or the shifted factorial) defined (in terms of the
gamma function) by

(o) = F(v+k)_ 1 if k =0 and v € C\{0},
“T T v(v+1)---(v+k-1) ifkeN:={1,2,...}andveC.

We also denote by L(a, c) : A — A the operator defined by
L(a,o)f (2) = p(a,c;2) x f(z) (z€U) (zeU;f € A), 1.2)

where the symbol (x) stands for the Hadamard product (or convolution). Then it is easily
observed from definitions (1.1) and (1.2) that

L2,1)f(z) =2zf'(z) and L(n+1,1)f(z)=D"f(z) (n>-1),

where the symbol D" denotes the familiar Ruscheweyh derivative [6] (also, see [7]) for
n € Ny := NU {0}. The operator L(a, ¢), introduced and studied by Carlson-Shaffer [8], has
been used widely on the space of analytic and univalent functions in U (see also [9]). Cor-
responding to the function ¢(a, ¢; z) defined by (1.1), we also introduce a function ¢, (a, ¢; z)
given by

o(a,cz) % ¢y a,cz) = (A >0). (1.3)

_®
(1-2)

Analogous to L(a, ¢), we now define the linear operator Z, (a, ¢) on A as follows:

Ti(a,o)f (z) = pi(a,c;2) xf(z) (a,c eR\Zy;1>0;z€ Usf € A). (1.4)
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It is easily verified from definition (1.4) that

T(2,1)f(z) =f(z) and Z,(1,1)f(2) = zf ().

In particular, the operator 7, (u + 1,1) (A > 0; ; > —1) was introduced by Choi et al. [2]
who investigated (among other things) several inclusion properties involving various sub-
classes of analytic and univalent functions. For y = n (n € Ng) and A = 2, we also note that
the Choi-Saigo-Srivastava operator 7, (u + 1,1)f is the Noor integral operator of nth order
of f studied by Liu [10] and Noor et al. [11-15].

By using the operator 7, (g, ¢), we introduce the following classes of analytic functions
for ¢, ¥ eN,a,ceR\Za,)»>0andO§n,/3 <1:

S, (@) :={f € A: T (a,0)f ) € S (n;9)},
K. (n;¢) = {f € A: Li(a,0)f (2) € K" (m:8)},

and
Co.n,B;0,9) = {f € A: Ti(a, c)f (2) € C'(n, B; b, ¥)}.
We also note that
f@QeK, (md) = () €S, (m:0). (15)

In particular, we set

1+Az
Sﬁ,c(ﬂ; I +Bz> =S, [mABl (0<n<L;-1<B<A<])
and
1+Az
;,C<n; : +Bz) ~ K 5AB] (0<n<l-1<B<A<1)

Recently, Sokot [16] extended the results given by Choi et al. [2] making use of some in-
teresting proof techniques due to Ruscheweyh [17] and Ruscheweyh and Sheil-Small [18].
In this paper, we investigate several inclusion properties of the classes S ,ic(n; ), ICQ,C(;]; o)
and C;\,C(n, B; ¢, ). The integral-preserving properties in connection with the operator
Ts(a,c) are also considered. Furthermore, relevant connections of the results presented
here with those obtained in earlier works are pointed out.

2 Inclusion properties involving the operator Z, (a, c)
The following lemmas will be required in our investigation.

Lemma 2.1 Let ¢,(a,c;2), ¢i(ai, ¢;z) and ¢, (a, ci;2) (i = 1,2) be defined by (1.3). Then, for
ri>0,a;,c € R\Za (i=1,2),

(a6 2) = ¢, (a, ¢ 2) * fi0,(2), (2.1)

¢)» (aZr G Z) = ¢A (alr [ Z) *f;ll,az (Z)) (22)
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and
$1(a, c152) = §1(a, €232) * foy 0, (2), (2.3)
where
feld) = i %zk” (ze ). (2.4)
— (th

Proof From definition (1.3), we know that

()x(M)k e
(a,cz = (zel). (2.5)
? Z @
Therefore, equations (2.1), (2.2) and (2.3) follow from (2.5) immediately. a

Lemma 2.2 [17, pp.60-61] Lett>s>0.1Ift > 2 ors+t > 3, then the function defined by
(2.4) belongs to the class K.

Lemma 2.3 (18] Letf € K and g € S’. Then, for every analytic function h in U,

(f * hg)(U)

coh(U),
Fro@ <M

where coh(U) denotes the closed convex hull of h(U).

At first, the inclusion relationship involving the class S;\'C(n;qb) is contained in Theo-

rem 2.1 below.

Theorem 2.1 Let Ay > A1 >0, a,c e R\Z;,0<n<land ¢ e N.If Ay > 2 or Ay + A2 > 3,
then

S2(n;¢) C SiL(n; ¢).

Proof Letf € S22(n; ¢). From the definition of S,2(n; ¢), we have

1 (Z(IAQ (a,0)f (2))

1-7\ T,@cfz) ’7) =9(@) (<), (2.6)

where w is analytic in U with |@(z)| <1 (z € U) and w(0) = 0. By using (1.4), (2.1) and (2.6),
we get
2Dy, )f @) 2y (a,62) xf(2) 2, (a,62) *fi,(2) xf(2)
Iy (a,0)f (z) ¢, (a,62) x f(2) (@, ¢;2) * fo 0, (2)  f(2)
_ S (@) #2(Th, (4, Of (2))'
JSro(2) % Ly (a, c)f (2)
_ S (@ * (A = ne(w@) + nl, (@, c)f (2)
S (2) ¥ Ty (a, ) (2) )

(2.7)
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It follows from (2.6) and Lemma 2.2 that Z;, (4, ¢)f(z) € S” and f;, , € K, respectively. Let
us put s(w(z)) := (1 — n)¢(w(z)) + n. Then, by applying Lemma 2.3 to (2.7), we obtain

g * (A= md(w) + 0]y, (a, )f}
(g x Doy (@, O)f }

(U) c cos(w(D)), (2.8)

since s is convex univalent. Therefore, from the definition of subordination and (2.8), we

have
1 (2T (a,c)f (2)) )
-n)<¢@) (el)
I-7 < T, (@, 0)f (2)
or, equivalently, f € Sé}c(n; ¢), which completes the proof of Theorem 2.1. g

By using equations (1.4), (2.2) and (2.3), we have the following theorems.

Theorem 2.2 Let A >0,a; > a; >0, ce R\Z;, 0<n<land ¢ e N.If ay > 2 or
aj +ay > 3, then

Sy (0:¢) C S}, (15 9).

Theorem 2.3 Let X >0,a € R\Zy,ca>¢1>0,0<n<landd e N.Ifc >20rc;+cy >3,
then

S, (1:¢) C Sy, (1:9).

Next, we prove the inclusion theorem involving the class K} .(7; ¢).

Theorem 2.4 Let Ay > A1 >0,a,c€R\Zy,0<n<land p e N.If .y > 2 0r Ay + Ay >3,
then

K22 (n; ) € KCEL (03 ).
Proof Applying (1.5) and Theorem 2.1, we observe that

f@) e K}2(n; 9) T,(a,0)f (2) € K(n; $)
2(T, (@, 0)f (2)) € S'(m;9)
T, (a,¢) (2 () € S (n; )
of'(2) € S;2(n; ¢)

#f'(2) € S;L(n; 9)

Ty, (a,)(2f'(2)) € S'(m; 9)
2T (@ c)f () € S (m:)
T, (a, 0)f (2) € K(n; ¢)

f(2) € KiL(n;9),

IIIHIIIIIIIHHII

which evidently proves Theorem 2.4. O
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By using a similar method as in the proof of Theorem 2.4, we obtain the following two
theorems.

Theorem 2.5 Letk>0,a22a1>0,ceR\Za,0§n<land¢eN.1f@22or
aj +ay > 3, then

Ko ;) C KL, (05 ).

Theorem 2.6 LetA>0,ac€R\Zj,c3>¢1>0,0<n<land¢ e N.Ifc >20rc;+cy >3,
then

Ko, (i3¢) C Ko (05 9).

Taking ¢(z) = (1+ Az)/(1 + Bz) (-1 < B< A <1;z € U) in Theorems 2.1-2.6, we have the
following corollaries below.

Corollary 2.1 Let Ay > Ay > 0 and let 1y > min{2,3 — A1}, and a; > a1 > 0 and a; >
min{2,3 —a,}. Then

S* [n;A,B] ¢ SM

ai.c aj.c

(1A,B) CS)! [mA,B] (ceR\Zg;0<n<L;-1<B<A<l),

a,c

and

K2 [n;A,Bl C K} In;A,Bl C K} [n;A,B]  (c€R\Zgy;0 <n<L;-1<B<A<1).

a,c az,c

Corollary 2.2 Let ay > a; > 0 and let a; > min{2,3 — a1}, and ¢, > ¢ > 0 and c; >
min{2,3 — ¢1}. Then

S, o mAB CS,  ABCS, . [AB (A>00<n<L;-1<B<A<1),

a1,€1

and

KL ImABl C KL [ABl C KL [mA,B] (A>0;0<n<l;-1<B<A<]).

ai1,c2 ai,c1 az,C1

Corollary 2.3 Let Ay > A1 > 0 and let Ay > min{2,3 — A1}, and ¢ > ¢; > 0 and c; >
min{2,3 — ¢1}. Then

832 [mA,Bl C 82 [mA, Bl C S, [mAB] (aeR\Zyj;0<n<l;-1<B<A<1),

a,co a,c1 a,c1

and

K2 [n;A,Bl C K2 [m;A,Bl C K21 [13A,B] (a€R\Zy;0 <n<L;-1<B<A<1).

a,cy a,c1 a,C1
To prove the theorems below, we need the following lemma.

Lemma 2.4 [16] Let ¢ e N. Iff € K and q € S’ (n; ¢), then f x q € S’ (n; p).
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Proof Let g € S’ (n;¢). Then

zq' (2) = [(1 - n)p(0(2)) + n]q(z) (z€U),
where w is an analytic function in U with |w(z)| <1 (z € U) and w(0) = 0. Thus we have

2Af(2) xq(2) _f(2) x2q'(2) _[f(2) * [(1 = m(w(2)) + nlg(z) (D). (2.9)

f@xql)  f@)*q( f(@ *q(2)

By using similar arguments to those used in the proof of Theorem 2.1, we conclude that
(2.9) is subordinated to ¢ in U and so f x g € S™(n; ¢). a

Finally, we give the inclusion properties involving the class C;; (1, B; ¢, ¥).

Theorem 2.7 Let Ay > A1 > 0 and ry > min{2,3 — A1}, and let a, > a1 > 0 and a, >
min{2,3 —a,}. Then

C2.(n, B;0,9) CCoL (0, B; b, ¥) C Cot (1, B3 b, %)
(ceR\Zgy;0 <n, B <L, ¥ € N).
Proof We begin by proving that
C2.(n, B, ¥) CCL (0, B; b, ).
Letf e C,’l\f,c(n, B;®,¥). Then there exists a function g, € S™(1; ¢) such that

1 (z(IAz (a1,)f (2))
1-8 q2(2)

- ﬂ) <Yz (zel). (2.10)
From (2.10), we obtain
2(Ty(a1,0)f(2)) = [A - )Y (w(2) + Blg2(2)  (z€ D),

where w is an analytic function in U with |w(z)| <1 (z € U) and w(0) = 0. By virtue of (2.3),
Lemma 2.2 and Lemma 2.4, we see that f;, ;,(2) * g2(z) = q1(z) belongs to S"(17;¢). Then,
making use of (2.1), we have

1 (Z(le(al,C)f(Z))’ )_ 1 (ﬁl,kz(z)*Z(I)\z(ﬂlrc)f(z))/ )
-B)=1 -B

1-8 01(2) -B Srire (2) % q2(2)
_ 1 (fm2 (@) * [0 - Y (0(2) + Blga(2) ﬁ>
1-8 Srana(2) * q2(2)

<Y(z) (zel).

Therefore we prove that f € C,!.(n, B; ¢, V).
For the second part, by using arguments similar to those detailed above with (2.2), we
obtain

ChL (0, B, ¥) C C11 (1, B b, ).

Thus the proof of Theorem 2.7 is completed. d
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The following results can be obtained by using the same techniques as in the proof of

Theorem 2.7, and so we omit the detailed proofs involved.

Theorem 2.8 Let ar > a1 > 0 and a, > min{2,3 — a1}, and let ¢c; > ¢; > 0 and ¢y >
min{2,3 - ¢1}. Then
Cr oy (1. Bsd,0) CCh o (0, B30, 9) CChry o (1, B, )
(A>0;0<n,B<L;¢9,% €N).
Theorem 2.9 Let Ay > A1 > 0 and Ay > min{2,3 — A1}, and let ¢ > ¢; > 0 and ¢y >

min{2,3 — ¢1}. Then

C2, (0, B;,¥) C Ci2, (n, Bs 6, %) C i (m, Bs b, )
(aeR\Zg;0 <n, B <L;¢,9 € N).

Remark 2.1 (i) Taking A =2 +1 (A >1),a3=a;+1 (a1 >1),c=1land n=8=0in
Theorems 2.1-2.2, Theorems 2.4-2.5 and Theorem 2.7, we have the results obtained by
Choi et al. [2], which extend the results earlier given by Noor et al. [12, 14] and Liu [10].

(ii) Fora=u +1(u>-1),c=1and n = B =0, Theorems 2.1-2.2, Theorems 2.4-2.5 and
Theorem 2.7 reduce the corresponding results obtained by Sokot [16].

3 Inclusion properties involving various operators
The next theorem shows that the classes S, .(n; ¢), K}, .(n;¢) and C; .(n, B; ¢, ) are invari-
ant under convolution with convex functions.

Theorem 3.1 Let 1 >0,a>0,c€R\Z;,0<n,8<1,¢,% € N andletg € K. Then
(i) f €S, () = g*f €S, (n:0),
(ii) f €KL (n¢) = g=f ekl (n:¢),
(iii) f€Cho(n,B:0,9) = g *f €Ch (0, B; . ).

Proof (i) Let f € S .(n;¢). Then we have

1 (Z(IA (@,0)g=*f)@) ) _ 1 (g(Z) *2(ZL.(a, 0)f (2)) n)
1=\ Ti(ac)(g*f)(z) 1-n\ ¢@)*L(a)f(2) '

By using the same techniques as in the proof of Theorem 2.1, we obtain (i).
(ii) Let f € K% (n;¢). Then, by (L.5), zf"(z) € S, .(n; ¢) and hence from (i), g(2) * zf'(z) €
S’ .(n; ). Since

8(2) x2f'(2) = z(g x f) (2),

we have (ii) applying (1.5) once again.
(iii) Let f € C} .(n, B; ¢, ¥). Then there exists a function g € S’ (n; ¢) such that

2(T(a,f @) = [(1- B)v (0(2) + Blaz) (z€ ),
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where w is an analytic function in U with |w(z)| <1 (z € U) and w(0) = 0. From Lemma 2.4,
we have that g x g € S™(; ¢). Since

1 (z(L(mc)(g*f)(z))/_ ﬂ): 1 (g(z)*zm(a,cmz))/_ /3>
1

1-p €*q)(2) -B 8(@) xq(2)
_ 1 (g(Z) [ - B (@) + Bla(z) /3)
1-p 8(2) *q(2)
<¥(2) (zel),
we obtain (iii).
Now we consider the following operators defined by
— 1
Wi(z) = kXZI: %zk (Re{c} >0;z€ U) (3.1)
and
W,(z) = L log|:1 —xz:| (logl=0; x| <Lx #LzeU). (3.2)
1-x 1-z

It is well known ([19], see also [6, 20]) that the operators W; and W, are convex univalent
in U. Therefore we have the following result, which can be obtained from Theorem 3.1

immediately. O

Corollary 3.1 Leta>0,A>0,ceR\Z;, 0 <n,B <1, ¢, ¥ € N and let ¥; (i =1,2) be
defined by (3.1) and (3.2). Then
(i) feSt(n¢) = WixfeS:.(n9)
(ii) f €K} (n;0) = Vixf € K (n;0),
(iii) f €C (0, B;p, W) = Wixf €Cp (1, ;0. ).

Remark 3.1 Lettinga =p +1(n>-1),c=1and n =B =0 in Theorem 3.1, we have the

corresponding results given by Sokot [16].
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