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Abstract

In this paper, we discuss the strong convergence of the viscosity approximation
method in Hilbert spaces relatively to the computation of fixed points of an operator
in o-strictly pseudononspreading. Under suitable conditions, some strong
convergence theorems are proved. Our work improves previous results for
nonspreading mappings.
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1 Introduction
Throughout this paper, we always assume that H is a real Hilbert space endowed with
an inner product and its induced norm denoted by (-,-) and | - |, respectively. Let C be a

nonempty, closed and convex subset of H and let A : C — H be a nonlinear mapping.

Definition 1.1 A is said to be

(i) monotone if
(Ax—Ay,x—y) >0, Vx,yeC;

(ii) strongly monotone if there exists a constant & > 0 such that
(Ax - Ay,x-y) z alx—yI>, VayeC.

For such a case, A is said to be «-strongly-monotone;

(iii) inverse-strongly monotone if there exists a constant & > 0 such that
(Ax — Ay,x —y) > a||Ax — Ay||*>, Vx,yeC.

For such a case, A is said to be «-inverse-strongly-monotone;
(iv) k-Lipschitz continuous if there exists a constant k > 0 such that

lAx — Ayl < kllx-yll, Vx,yeC.
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Remark 1.2 Let F = uB - yf, where B is a 0-Lipschitz and n-strongly monotone operator
on H with 6 > 0 and f is a Lipschitz mapping on H with coefficient L > 0,0 <y < 51, Itis
a simple matter to see that the operator F is (un — y L)-strongly monotone over H, i.e.,

(Fx—Fy,x—y) = (un—-yL)lx -y V(xy) € Hx H.

The classical variational inequality, which is denoted by VI(4, C), is to find x € C such
that

(Ax,y—x) >0, VyeC. (1.1)
The variational inequality has been extensively studied in literature (see [1-7] and the
references therein).
A mapping T : C — C is said to be nonexpansive if
I1Tx - Tyl < llx-yll, Vx,yeC.
A mapping T is said to be firmly nonexpansive if

T - Ty||> < (x - Tx,y - Ty), Vx,y€ C;

see, for instance, [8—11]. It is known that a mapping T : C — C is firmly nonexpansive if

and only if

1T = Ty* + [ (1 - T - (1= Ty|* < =51, VayeC.
T is said to be nonspreading in [12] if

1T - Tyll* < | Tx -y + | Ty - %[>, Va,y€C. 1.2)
It is shown in [13] that (1.2) is equivalent to

ITx = Tyl1” < e —yI)” + 20— Tx,y - T3),  Vx,yeC.

These mappings are generalization of a firmly nonexpansive mapping in a Hilbert space.
T : C — Cis said to be firmly nonexpansive if

I Tx - Ty|* < (x—y, Tx — Ty), Vx,y€C.
See [14-17] for more information on firmly nonexpansive mappings.

Definition 1.3 T : H — H is called demicontractive on H if there exists a constant o < 1
such that

ITx - qll” < llx = ql* + «llx - Tx|*,  V(x,q) € H x Fiu(T). 1.3)
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Definition 1.4 [18] T : D(T) € H — H is o-strictly pseudononspreading if there exists
0 € [0,1) such that

1T~ Tyl < llx - yI> + o6 - Te— (y - T)|* + 2(x - Ty - Ty), (1.4)
for all x,y € D(T).

Remark 1.5 It is easy to claim that firmly nonexpansive mapping = nonspreading map-
ping = o-strictly pseudononspreading mapping.
Indeed, from the definition of those mappings, Vx,y € C, we obtain
| T — Ty|* < (x — Tx,y — Ty), T is firmly nonexpansive mapping.
U
[| 7x — Ty||2 <|x —y||2 +2(x—Tx,y—Ty), T is nonspreading mapping.
U
2
1T =Tyl < lle = yI* + o0 - To = (y = B)|” + 2(x = Ty - Ty),

T is po-strictly pseudononspreading mapping.

Clearly, every nonspreading mapping is o-strictly pseudononspreading. The following
example shows that the class of p-strictly pseudononspreading mappings is more general
than the class of nonspreading mappings. Let us give an example of a o-strictly pseudonon-
spreading mapping satisfying the condition of Definition 1.4.

Example 1.6 Let X = /> with the norm || - || defined by

o0

2
E x5, Vx=(x,%0...,%...) €X,
i=1

llxll =

C={x=(x,%,....,%,...)lx; € RL,i=1,2,...}, and let C be an orthogonal subspace of X
(i.e., Yx,y € C, we have (x,y) = 0). Then it is obvious that C is a nonempty closed convex
subset of X. Now, for any x = (x1,%3,...,%,,...) € C, define amapping T : C — C as follows:

X1, X2, ooy X ) > %<0,
Tx = (1 2 n ) l_[l—l i (15)

(=2%1,=2%9, ..., =2%y,...), 2 x; > 0.
i=1

To see that T is %—strictly pseudononspreading, we break the process of proofinto three
cases. Vx,y € C,
Case 1: [ ][5, #; < 0 and [ ]} ¥: < 0, observe that

1 1
1T — Ty|* < |lx - ylI> + §||x— Tx - (y - Ty)||2 +2(x - Tx,y — Ty), 3 € [0,1),

since || Tx — Ty||* = |l — y|? and §[lx — Tx — (y — Ty)||* = 2(x — Tx,y — Ty) = 0.
Case 2: [[75,%; <0 and [ ], 7: > 0, we obtain || Tx — Ty||* = [|x + 2y|1> = [|x]|* + 4(x,y) +

4lyl1%, 2(x = Tx,y — Ty) = 0 and gllx - T — (y - TH)|I* = 3|y|I*.
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Hence,

||x—y||2 + %”x— Tx—(y - Ty)”2 +2{x - Tx,y — Ty)
= [lxlI* = 2{x,y) + 4lly>
= [lxlI* + 4(x, 9) + 41y - 6(x,)
= [lxlI* + 4(x,3) + 4llyI>  ((xy) =0)

= [lx +2y01% = || Tx - Ty||>.

Case 3: [[5, % > 0and [, y: > 0, we have || Tx— Ty||? = 4|lx—y|?, [lx— Tx— (y— Ty)|1* =

9lx — ¥/ and 2(x — Tx,y — Ty) = 18(x,y) = 0. Thus
I Tx - Tyll* = 4llx -yl
2 1 2
= lx=ylI* + 3 Jx = Te— - 1)
1 2
<l =yl + Sfx = Te - 0= D" + 20— Ty - Ty).
From (1), (2) and (3), we obtain that T is %—strictly pseudononspreading, i.e.,

1 2
T — Ty|)* = |lx—y)* + §||x— Tx—(y—Ty)H +2{x—Tx,y—Ty), Vx,y€R.

We can easily know that Fi,(T) = {(x1,%2,...,%4,...), [ [; *: < 0} U {0}, where Fi(T) is de-
fined by the set of fixed points of T

T is not nonspreading, since for x = {0,0,...,0,...}, y ={1,0,...,0,...}, we have || Tx —
Ty =4, ||x—y||?> =1 and 2{x — Tx,y — Ty) = 0, we obtain

1Tx - Ty|* =4 >1=|x—y|* +2(x - Tx,y — Ty).

Since our class of maps contains the class of nonspreading mappings, it also contains the
class of firmly nonexpansive mappings.

Remark 1.7 [19] Let T be an a-demicontractive mapping on H with F;(T) ## and T, =
(1 - w) + T for w € (0,00):
(Al) T a-demicontractive is equivalent to
w 2
<x_wa:x_q> = EHx_Tx” ) V(x,Q)GHXFm(T)

(AZ) Fix(T) = Fix(Tw) ifo #0.

Remark 1.8 Observe thatif T is o-strictly pseudononspreading and F;,(T) # ¥, then Vx €
D(T) and Vp € F;,(T), we obtain

ITx = plI* < %= pI* + ollx - Tx|*.

Thus, every o-strictly pseudononspreading mapping with a nonempty fixed point set
F;,(T) is demicontractive (see [20, 21]).
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Remark 1.9 According to Remark 1.7(A1) and the fact that the o-strictly pseudonon-
spreading mapping of T is demicontractive, let I — T,, = w(I — T). Then we obtain

“’(12_ )\ Tel? Vi q) € H x Ex(T). (1.6)

-Tox,x—q) =

In 2011, Osilike and Isiogugu [12] introduced the following propositions and proved a

strong convergence theorem somewhat related to a Halpern-type iteration algorithm for
a o-strictly pseudononspreading mapping in Hilbert spaces.

Proposition 1.10 [12] Let C be a nonempty closed convex subset of a real Hilbert space
H andlet T : C — C be a o-strictly pseudononspreading mapping. If F;,(T) # 0, then it is
closed and convex.

Proposition 1.11 [12] Let C be a nonempty closed convex subset of a real Hilbert space H
and let T : C — C be a o-strictly pseudononspreading mapping. Then (I — T) is demiclosed
at 0.

Theorem1.12 [12] Let C be a nonempty closed convex subset of a real Hilbert space H and
let T : C — C be a o-strictly pseudononspreading mapping with a nonempty fixed point set
Fi(T). Let a € [0,1) and let {,,}52, be a real sequence in [0,1) such thatlim,,_, » o, = 0 and
Yoo =00.Letu € C, {x,} and {z,} be sequences in C generated from an arbitrary x, € C
by

Xal T aan (I -an)z, n>0, 17)
Zy=23 4 Thxy, n>1
Then {x,} and {z,} converge strongly to Pr, (ryu, where Pr, () : H — Fi(T) is a metric pro-
jection of H onto Fiy(T).

In 2010, Tian [22] introduced the following theorem for finding an element of a set of
solutions to the fixed point of a nonexpansive mapping in a Hilbert space.

Theorem 1.13 [22] Let f be a contraction on a real Hilbert space H and T be a nonex-
pansive mapping on H. Starting with an arbitrary initial xo € H, define a sequence {x,}
generated by

K = oy f (%) + I — pe,B)Tx,, n>0, (1.8)

where B is a 0-Lipschitz and n-strongly monotone operator on H with 6 >0, n> 0 and 0 <
W < 2n/6%. Assume also that a sequence {a,} is a sequence in (0,1) satisfying the following
conditions:

(cl) lim, o0, =0and y oo, =00,

(€2) Y020 lauer — iyl < 00 or limy,_, o 0t /oty = 1.
Then the sequence {x,} generated by (1.8) converges strongly to the unique solution x €
Fix(T) of the variational inequality

((yf — uB)x ,x —x*> <0, VxeF,(T). (1.9)
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In this paper, we combine Theorem 1.12 and Theorem 1.13 and introduce the following

general iterative algorithm for a p-strictly pseudononspreading mapping 7'

Algorithm 1.14 Let xy € H be arbitrary

X1 = Y f(xn) + (I — pot,B)z,, n>0,

O k
Zy = P Zk:l Taxn, n>1,

where B: H — H is n-strongly monotone and boundedly Lipschitzian, f is an L-Lipschitz
mapping on H with coefficient L > 0 and T(f =1-a) +aT o€ (o %).

Under suitable conditions, some strong convergence theorems are proved in the follow-

ing chapter.

2 Preliminaries
Throughout this paper, we write x, — x to indicate that the sequence {x,} converges
weakly to x. x, — x implies that {x,} converges strongly to x. The following lemmas are

useful for main results.

Definition 2.1 A mapping T is said to be demiclosed if for any sequence {x,} which
weakly converges to y, and if the sequence {Tx,} strongly converges to z, then T'(y) = z.

Lemma 2.2 [3] Assume {a,} is a sequence of nonnegative real numbers such that
1 <(1- ]/n)an +6, n=>0,

where {y,} is a sequence in (0,1) and {3,} is a sequence in R such that

(i) Zzil Vn =00,

(i) limsup,,_, o f/—z =00r ) 72 18] < c0.

Then lim,,_, oc a, = 0.

Lemma 2.3 [1] Let {7,} be a sequence of real numbers that does not decrease at infinity,
in the sense that there exists a subsequence {7;]. }i=0 of { T} which satisfies ’7;,/. < T for all
j = 0. Also, consider the sequence of integers {5(n)},>n, defined by

8(n) = max{k < n|Ti < Ten}. (2.1)

Then {5(n)} >y, is a nondecreasing sequence verifying lim,_, o 8(n) = 00, Y > ny. It holds
that Ty < Tsmn, and we have

7;1 < 73(;1)+1-

Lemma 2.4 Let K be a closed convex subset of a real Hilbert space H given x € H and
y € K. Then y = Pxx if and only if the following inequality holds:

x—y3,y-2)>0, Vzek.
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3 Main results

Let C be a nonempty closed convex subset of a real Hilbert space H and let TX: C — C
be a g-strictly pseudononspreading mapping with a common nonempty fixed point set
M Eix(T%). Let f be an L-Lipschitz mapping on H with coefficient L > 0. Assume the set
M Fix(T¥) is nonempty. Since (N F;(T*) is closed and convex, the nearest point projec-
tion from C onto ()} F;(T%) is well defined. Recall B: H — H is n-strongly monotone
and @-Lipschitzian on H with 8 >0, 7> 0. Let 0 < u <2n/62, 0 <y < u(n - #)/L =1/L,
consider the following sequence {x,} defined by

Xpi1 = Y f(x,) + { — payB)z,, n>0,

A 31)
Zy = P Zk:l Taxn, n=> 1,

where Téj =1-a)+aTk a < (06 %), k=1{1,2,...,n}, and {o,} is a sequence in (0,1)
satisfying the following conditions:

(c1) lim,_ o, =0,

(€2) Y oolpay =00 or limy_ o0 dysr/a, = 1.

Remark 3.1 [23] Let H be a real Hilbert space. Let B be a 6-Lipschitzian and n-strongly
monotone operator on H with 8 >0, 7> 0. Let 0 < i < 2n/6%,let S = (I — tuB) and u(n -
"Tez) =1, then for ¢ € (0, min{1, %}), S is a contraction with a constant 1 — ¢t.

Before stating our main result, we introduce some lemmas for algorithm (3.1) as follows.

Lemma 3.2 The sequence {x,} is generated by (3.1) with T* being a o-strictly pseudonon-
spreading mapping on H and {a,} C (0,1). Then {x,} is bounded.

Proof Let Tkx = (1-a)x + aT*xand 0 < gy < @ < % Then Vx,y € C, we have

| The = T |* = allx—y11? + (1 - )| T = T | = a1 — @) | x = Thx = (y = ) |
<alw—yl? + @ -)[le =yl + o lx - Thx - (y— T) |
+ 20— T*,y - TY)] ol - ) |x - T*x = (y - TXy) |
= fla—yl* + 201 - o) (x — T*x,y — T"y)
—(-a)a-od)|x- T~ (y-T')|
< llx=yl* +20 - a)fx— T,y - T')

21 -a)
T(x — Thx,y - T(fy). (3.2)

2

= [lx—yl* +
From p € (N} Fix(T*) and (3.2), we also have
| T5%0 — p|| < llxn - plI. (3.3)

According to (3.3), (3.1) and Remark 3.1, we obtain

1« 1« 1«
Iz, - pll = H;ZTéxn—p == T —pl <=3 I -pll = lgn=pl.  (3:4)
k=1 k=1 k=1
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Thus,

lns1 = pll = ”anV (f(xn) _f(p)) + oy ()/f(p) - MBP) + (I — pa,B)(z, —P)”
=y “f(xn) -fp) ” + oy ” vf(p) - MBPH + (1 —0a,7)z, - pll
= oy Hf(xn) _f(p) || + oy || yf(p) - MBPH + (1 - O{,,‘E)“?Cy, _p”r (35)

which combined with ||f(x,) — f(p)|| < L||x, — p|| amounts to
i1 =PIl < (1= etu(t = y L)) % = pll + | vf (0) — 1Bp] . (3.6)

Putting M; = max{||xo —pl|, ||yf(p)— uBp|l}, we clearly obtain ||x, —p|| < M;.Hence {x,}3%,

and {z,}32; are bounded. From (3.3), we have that {Téfxn}ﬁil is also bounded. O

Now we are in a position to claim the main result.

Theorem 3.3 Assume C is a nonempty closed convex subset of a real Hilbert space H and
let T* : C — C be a oy-strictly pseudononspreading mapping with a common nonempty
fixed point set (", Fin(T*). Let f be an L-Lipschitz mapping on H with coefficient L > 0
and B: H — H be n-strongly monotone and 0-Lipschitzian on H with 6 >0, n > 0. Let
0<pu<2n/0%,0<y <uln- “792)/L = t/L. Consider the sequences {x,}.°, and {z,}2; to
be sequences in C generated from an arbitrary x, € C by (3.1), where T¥ = (1 — a)I + a T¥,
o € (ok %), k=1{L2,...,n}, {a,}2, € [0,1) and lim,_, o0y, = 0. Then {x,};°, and {z,};°,

converge strongly to the unique element x* in (} Fi(T*) verifying
PﬂZFix(T")(I —uB+yf)x =« (3.7)

which equivalently solves the following variational inequality problem:
x e mFix(Tk), <(yf — uB)x',v —x*> <0, Vve mFix(Tk). (3.8)
k k

Proof According to Lemma 3.2, it is simple to know that {x,,}°%,, {2,}%%, and {T%x,}%°, are
bounded. Thus, for Vy € C and Vk = 0,1,2,...,n — 1 and according to (3.2) and (3.1), we
have

|75 %0 = Tep|” = | T (i) = Ty

< | —y[+ (Totn = Ty 2y = Toy)

2
(1-0a)
= ” T(i(xn - Tozy”2 + ||Tay_y||2 + 2(T§xn -1y, Tay_y>

2

AT

(Té‘xn - Té‘*lxn,y - Tay). (3.9)
Summing (3.9) from k = 0 to » and dividing by n, we obtain

Lk, L = Tuyl2 + 1 Tay — 312 —Toy, Ty —
)78 0 = Toy) < —lln = Tl + 1 Ty =1 + 20 = Toy, Tuy =)

2
* n(l-—a)

(x,, = Toxy, Tyy —y). (3.10)
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Since {z,,}2, isbounded, then there exists a subsequence {zn )5 of {z,}7°, which converges

weakly to w € C. Replacing # by #; in (3.10), we obtain

1
1Ty - Tl

1
= — = ToylI* + 1 Tay = y11* + 202 = Tey, Toy = )
]

+ L(x = To %0, Tay — ). (3.11)
y[](l _ a) Vll o Vll) o
Since {x,,}52, and {T/x,};°, are bounded, letting j — oo in (3.11) yields
0 < ITey = yI* + 2(@ - Toy, Ty - 9)- (3.12)
Let y = w in (3.12). We obtain that w € Fi;(Ty) = Fi(T).
Observe that since {x,};°, and {z,}5; are bounded, and lim,,_, ., @, = 0, then
19641 = Znll = otn ” vf (%) — uBz, ”
<oy ) —f®)] + | vf W) - uBp| + o | 1Bz, - p)|
< @y Llxy = pll + | vf(p) - uBp|| + antliz, - pll,
then
lim ||x,:1 — 24|l = 0. (3.13)
We next show that
(3.14)

lim sup((yf — uB)z, %1 — z) <0.

n—0o0

Indeed, take {x,,iﬂ}Zil of {x,41}52; such that

lim sup((yf - MB)x*!erl - x*> = }LTO((VJ( - /JLB)x*:xnﬁl - x*>:

n—o0

where x” is obtained in (3.7). We may assume that Xy+1 — Z as j — 0o. From (3.13), we
have z,, — z as j — 00, then to arbitrary bounded linear functional g on H, we have

IA

lg(zn) - g@)| < |g(zn) - gn )| + [|gen 1) — g(2) |

gl ”Zn/ _xnj+1|| + ||g(xn,+1) -g(2) ”

IA

—- 0, asj—0.

Thus, we obtain Zn —> 2 asj— 0, and z € F;,(T). Hence, we have

lim ((vf =B xy1 =) = ((vf —uB)x ,z—x) < 0. (3.15)
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Moreover, from (3.1), (3.13) and (3.14), we have

limsup((yf — 1uB)z, 2, - 2)

n—00

=lim sup((yf — uB)z,%,,1 — z) +lim sup((yf —uB)z,z, — x,,+1)

n—00 n— 00
<lim sup((yf — uB)z, %41 — z) <o0. (3.16)
n—0o0

As required, finally we show that x, — " and z, — x .
According to (3.1), (3.4) and (3.16), we obtain

[ner =" ”2 = o (vf(xn) = uBx') + (I - peyB)z, — (I — pa,B)x Hz
= &2 yf Gen) - B |* + | - hetuB)zn - (I - pe, B |
2l e~ - B ) -
< &2||lyf @) - B |* + (1= 1) |20 — ||
+ 20 {{an =, yf () = B ) = potn(Bey = B, yf (ea) = e )]
< [ = ay7) + 2,y L]0 = 2| + u[2{2 — &, () — 11B)
a7 )~ B | + 200 Bz — B | [f ) - 1B |
< [1=20(r = y )] o = |+ a2 = 7 ) - 1)
el o) - B [+ 2182 - 5 o) - |
+ 0, T2 |y — & ||2]

=(1- ‘X_n)”xn -x ”2 + Ol_nﬁ_m

where «,, = 2a,,(t — yL),

- 1

P = 2 —y1L) [2(x, — ', yf (%) — 1B ) + s | yf () — B ||

+ 210y, ”an - Bx ” || yf(x,) — ;LBx* || +a,T? ||x,, —-x ||2]

It is easily seen that lim,_, o &y, Y, = 0o and limsup,,_, ., B, < 0. By Lemma 2.2, we
conclude that x, — x" as n — 00, and z, also converges strongly to the unique element x’
in Fix(T). In addition, the variational inequality (3.15) can be written as

((1— uB+yf)x —x*,z—x*> >0, ze€ mFix(Tk).
k

So, by Lemma 2.4, it is equivalent to the fixed point equation

Py ey = 1B + yx =x. O

Remark 3.4 For a nonspreading mapping 7', we have o = 0 in Theorem 3.3 to obtain the
following corollary.
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Corollary 3.5 Assume C is a nonempty closed convex subset of a real Hilbert space H
and let T* : C — C be a nonspreading mapping with a common nonempty fixed point set
i Eix(TX). Let f be an L-Lipschitz mapping on H with coefficient L > 0 and B: H — H
be n-strongly monotone and 0-Lipschitzian on H with 0 >0, 1> 0. Let 0 < 1 < 217/62, 0 <
y < uln - #)/L = T/L, consider the sequences {x,}o, and {z,}c, to be sequences in C
generated from an arbitrary x; € C by

Xn+l = Oan/f(xn) +( - pa,B)z,, n>0,

1\ k
Zy = P Zk:l Taxn, n>1,

where TK = (1-a)l +aT%, a € (0, %), {au)ie, €10,1) and lim,_, o o, = 0. Then {x,}52, and

{24)32, converge strongly to the unique element x” in [} Fi(T%) verifying
Pry I = 1B +yf)x =,

which equivalently solves the following variational inequality problem:

x € ﬂFix(Tk), <(yf— ;LB)x*,v—x*> <0, Vve ﬂFix(Tk).
k k
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