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1 Introduction

Let R¥ denote the k-dimensional vector lattice of points X = (xi,...,%x), %; be real for i =
1,...,k, with the partial ordering x = (x1,...,%x) <y = (91,..., %) if and only if x; < y; for
i=1,...,k. We denote

ax + by = (ax1 + by, ..., axi + byx),

where a,b € R, and k-tuple (0,...,0) is denoted by 0.
For a,b € R¥, a <b, a set {x € R¥:a < x < b} is called an interval [a,b]. The following

definition of a function with nondecreasing increments is given in [1].

Definition 1.1 A real-valued function f on an interval I C R is said to have nondecreas-
ing increments if

f(a+h)—f(a) <f(b+h)-f(b), 1)
wheneverae L b+hel,0 <heRK a<b.

In the same paper [1], Brunk gave some properties of that family of functions. The most
remarkable result for functions with nondecreasing increments is the following Brunk
theorem (see also [2, p.266]).

Theorem 1.2 Let I be an interval in RY; X(¢) = (X1(t),...,Xx(t)) be a vector of functions
where X;'s (1 < i < k), are nondecreasing and continuous from the right on [a,b). Let H be
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continuous from the left and of bounded variation on [a, b) with H(a) = 0. Then

/ f(X(@®)dH(t) > 0
(a.b)
holds for every continuous function f : 1 — R with nondecreasing increments if and only if

H(b) =0,

H(u)dX(u) =0,
[a,b)

and

Hu)dX(u) >0 forla,t] C[a,b],

la.t]

where [ HdX = ([ HdX,..., [ HdXy).

More results about functions with nondecreasing increments can be found in papers
[3] and [4]. The following theorem is the Jensen-Steffensen type inequality for a function

with nondecreasing increments and it is proved in [4].

Theorem 1.3 Let G: [a,b] — R be a function of bounded variation such that
Gla) = Gx) = G(b), G(b)>Gla), ()

and let X(t) be a continuous nondecreasing map from the real interval [a, b] to the interval
I C R Iff :1— R is a continuous function with nondecreasing increments, then

3)

( I X dG(t)) _ L fX(@) dG(e)
flace )= [lacw

where fab X dG is the vector (f: X,dG,..., f: X dG).

The following theorem gives us a Jensen-type inequality for a function with nondecreas-
ing increments when the finite sequence of k-tuples (Xj, ..., X,) is monotone in means [3].
It is a Pecari¢’s generalization of Burkill-Mirsky’s result. Firstly, let us describe a mono-
tonicity in means. Let p;, i = 1,..., 1, be positive numbers, [a,b] be an interval in R, A fi-
nite sequence (Xj,...,Xy) € [a,b]” is said to be nondecreasing in means with respect to
weights p = (p1,...,pa) if

where
1 j n
Aj(X;p) = 7 Y pX, P=) p:

J =1 i=1

If inequalities are reversed in (4), then (Xy, ..., Xn) is nonincreasing in means.


http://www.journalofinequalitiesandapplications.com/content/2013/1/8

Khan et al. Journal of Inequalities and Applications 2013, 2013:8 Page 3 of 14
http://www.journalofinequalitiesandapplications.com/content/2013/1/8

Theorem 1.4 Let I be an interval in R, f : 1 — R be a continuous function with nonde-
creasing increments and let ps, . .., p, be positive numbers. If

Xy,..,Xn) XieLi=1,...,n)

is nondecreasing or nonincreasing in means with respect to weights p = (p1, . .., pn), then the
Jensen-type inequality

1 & 1 &
f(IT Zm&) =5 > (X))
=1 =1
holds.

In this paper, we extend the idea of functions with nondecreasing increments. Namely,
we define a new class of functions with nondecreasing increments of higher order and
prove a result similar to the above-mentioned Brunk theorem. In the third section, we
consider functions with nondecreasing increments of order three. Finally, in the last sec-
tion, a result for an arithmetic integral mean of a function with nondecreasing increments
of higher order is given.

2 Functions with nondecreasing increments of order n
Let I be an interval from R*. Let us write

Apf(x) = f(x+hy) - f(x)

and inductively,

Apy Apy -+ - Anpf(X) = Ap, (Ah2 "'Ahnf(x)):

where x,x +h; +---+hy, e LO<h; e R (i=1,...,n). Using this notation with h = hy,
s =hy, b =a + s, a condition (1) from the definition of a function with nondecreasing

increments becomes
Ahl AhJ(a) > 0.
Let us extend that definition to the following.

Definition 2.1 A real-valued function f on an interval I C R is a function with nonde-
creasing increments of order # if

Apy - Apyf(x) > 0,
whenever x,x +hy +---+hp, e LO<h; e R¥ (i =1,...,n).

Brunk observed that even if k = 1 and # = 2, this does not imply continuity (see [1]).
Indeed, every solution of Cauchy’s equation f(x +y) = f(x) + f(y) is a function with non-
decreasing increments of order # with null increments, i.e., Ay, - - - Ap,f(x) = 0. If the nth

partial derivatives f;...;, (x) = %f (x) exist, they are nonnegative. If f is a continuous

X
1
function with nondecreasing increments of order #, it may be approximated uniformly
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on I by polynomials having nonnegative nth partial derivatives. To see this, let us set, for
convenience, I =[0,1],1=(1,...,1). It is known that the Bernstein polynomials

B S B0

. Ui
=0 ix=0 j=1

converge uniformlyto f onlasn; — 00,...,n — 00,iff is continuous. Furthermore, if f is
a function with nondecreasing increments of order #, these polynomials have nonnegative
nth partial derivatives, as may be shown by repeated application of the formula (see [1])

d "\ (n -1

The aim of the rest of this section is to prove a result similar to Theorem 1.2. Let us
introduce some further notations.

Let pi, ..., pr be positive integers and let py + - -+ + p, = w. Let (" - - - "), be a set of all
permutations with repetitions whose elements are from the multiset

S={il,,..,il,iz,...,iz,.,.,ir,...,ir}, il<--~<ir,i1,.,.,ir€{1,..,,k}.
——— — — ——

p1-times  pp-times pr-times
h 1 in the cl Tl
There are W elements in the class (i;" - - - &"),.
ForO<p1 <py<---<pnp1+---+p,=w,let(p;---p,). be aset whose elements are de-

scribed in the following way. We say that permutatlon j1---jw belongs to the set (p; - - - py).
iff there exist i1,iy,...,i, € {1,2,...,k}, i1 < iy < --- < i, and permutation ¢ of the multiset
{p1---p,} such that j; ---j, € (i‘f(pl)
with CK.

For illustration, we describe the above notation on one example. Let k =5 and w = 4.
Classes (p1 - - - pr). are the following: (1,1,1,1),, (1,1,2)., (1,3)., (2,2). and (4).. Let us de-
scribe the elements of the set (1,1,2).. There are three different permutations of the mul-
tiset {1,1,2}. These are

11 2 11 2 11 2
11 2) 1 2 1)’ 2 1 1)

.o (p1) .o (pr)
So, (57" i), are (i1, iz, 03,i3)p, (i1,82,02,03)ps (i1,01,02,i3)p, Where i1 < iy < i3 and

if(p'))p. Family of all classes (p; - - - p;). is denoted

i1, i, i3 € {1, 2,3, 4, 5}. If, for example, (i, is, i3, i3), = (2, 3,5,5),, then it contains all permu-
tations with repetitions of elements 2,3,5,5, i.e,, (2,3,5,5), = {2355,2535,2533,...,5532}
and it has ‘2*—5 =12 elements.

In the following text, H is a function of bounded variation on [a, b] with H(a) = 0 and
i1,00,...,i, €{1,2,...,k}. Let K" i be a function such that

-in

K' . (t) = / Kl () dX, (x,)  forn>2

i-+in

and

I(ill(t) = /tH(xl)dXil(xl)~
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Further we write

[T®@ =] (x50 - X)),

jes
[ @)@ =1,

where S is a multiset with elements from {1,2,...,k}.
It is obvious that

d[ToW} ==Y ax@ [T\ 1)@,

jes
and

aKi ., (t) = KL (6 dX,, (b).

i+ ip-1
Now, the following result holds.

Lemma 2.2 Let w be a fixed positive integer. Then
/ [T iw}) (%) dH ()
=ZZ 2/ H({il,...,iw}\{i,l,...,i,m})(x)dlq;’l“___ijm(x)

ji=lja=l  jm=1"4
JeHl  JmFk
k<m

holds for every m € {1,2,...,w}.

Proof We prove it using induction by m. For m = 1, using integration by parts, we have

/ [T(t i) @) dH @) = - / H(x)d(l_[({il,...,iw})(x))
- / Hx) Y dX (60 [ (o) \ i) )

j1=1

= XW:/t]‘[({il,...,iw} \ {in}) () dKG, ().

j1=1

Let us suppose that the statement holds for m — 1 and let us apply integration by parts on
the right-hand side of the formula.

/l_[({il,...,iw})(x)dH(x)
zz... Z / ]’[({il,...,iw}\{i,l,...,i,-m_l})(x)dlqj;{ijm_l(x)

j1=1 Jm-1=1 4
Jm-17jk
k<m-1

Page 5 of 14
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w W
B I P / &ty @[T i)\l ) )
=1 Jm-1=1
Jm-17jk
k<m-1
w
:Z (-1) / Kl
j1=1 Jm-1=1
Jm-17ik
k<m-1

< (<1) Y dxy, ) [ [t} \ s 45,)) @)
~
;m#k
k<m

-3 >3 [ T\ i VR, 01,0
1=

jm=1
Jm#ik
k<m

:22/ [T id \ G i V@ AT (.

=1 jm=1
Jm#ik
k<m

Especially for m = w, we have

/ (i@ =33 [ ak, @
j1=1 jw=1"4

Jw#ik
k<w

=) Y KL, @)
=1 Jw=
Jwik
k<w

_ w
- pllpz! .. .pr! Z I(llll/W (t)7
i]1~--iiwé(gf1"'i€r)p

where {ijl"“’i/w} = {il,...,il,...,ir,...,ir}, il < iz <--- < ir; il,iz,..,,ir S {1,2,...,
—— ———

p1-times pr-times

tpr=wW

Example 2.3 If w=3,i; =iy =1, i3 = 2, then

[ T2 =5 3 1,6

1=l ja=1 j3=1
J2#1 J3 12

= 21K, + Ky + K3y)).

Furthermore, if we suppose

b
/ X () X)) dHw) =0 (ji,....Js €{L,...,k}s=0,...,w),

(5)

k}, p1 +

Page 6 of 14
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then

nl-p! ZK,.Z%.],W (b) = / ’ [T iw}) %) dH ()

b
=Yy / X (5) - X, X, () X;, (0) dH(x) = 0. (6)

Theorem 2.4 Let X : [a,b] — I C R¥ be a continuous function. Let H be a function of
bounded variation on [a, b] with H(a) = H(b) = 0 and let f have continuous (n—1)th partial
derivatives, n > 2. Then the following statement holds: if

b
/ Xi () X, ) dH(u) =0 (iv,...,im€{L,...,kL,m=1,2,...,n-1),

b
/ f(X(@®)dH() = (-1)" | 1 |
¢ plprl

(Pl“'Pr)cEC];_l

b

x Z / Siyoeviyiy -0, (X(®)
—_—— ——

Pl Pr a
([,17 tlf’ JpSW1--pr)e p1-times  py-times

xd(f ]‘[({i’{l,...,il;’r})(x)dH(x)>. 7)
Proof For n =2, we have
b k  rb
[ rxwyar - -3 [ sxe)me axi
4 i=1 V4
k b
==y / f(X(@®) dK}(t)
i=1 V4
k  rb ¢
-- 3 [Cexeya( [ s axe)
> [ sxenal |
kb ¢
= / ﬁ(X(t))d( / H(x) d(Xi(x) —Xi(t))>
i=1 V4 a
kb t
=y / F(X®) d( / Hx) d(Xi(0) —X,-(x>))
i-1 Ya a
kb ¢
=-3 / S(X®) d( / (X(0) - X)) dH(x))
i=1 V4 a
k b t
-3 [Csxoya( [ TT0aywar).
i=1 V4 a
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If we have fainl(u)mXim(u)dH(u) =0form=1,2,...,n—2,i1,...,0,, € {1,...,k} and if
we suppose that (7) holds for (z — 1), then

b
[ rexayan)
n— 1 b
St Y Y [ty (xc0)
(pl"'Pr)cEC],;,z ! (ffl"'i[rjr)pg(Pl"'Pr)c “

x d(/atH({ifl,...,i’,”})(x)dH(x))
DS Z /f,m 2 (X0)

(Pl"'ﬁr)cECﬁ 2

n-2
} ,,,(pﬂ...,,,, 3 ijl...i,ﬂ_zu))

[pl r)p

P1

lln 2 €

S > / dfpr_pr (X(0))

(p1--pr c€c lp [pr)p “

n-2
x > K2, (0

e84,

-2

ot Y8 [ Yo

(p1- PrceC_ lp lpr)p”lnll

de,»nl(t)( Y K 2(t)>

b1 2

R DI DI

(s1- Sg)cEC (l1 lg )pC S1 Sg)a
S+ +8g=n-1

X( ) Kl’fugzn_Z(t)dinl(t))

S S
11'“1n71€(111 -~~zgg)p

a3 [ e 5 )

(s1-- Sg)cec (lS1 hly

D VD /fs1 5 (X@)

(s1- sg)EGC ([s Lg )p

d(sll.%.sg!/a H({iil"'i;g})dH(x)>

by (5) and (6). O

Theorem 2.5 Let X be a nondecreasing continuous map from the real interval [a, b] into
an interval 1 C RX, and let H be a function of bounded variation on [a,b) with H(a) = 0
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Then
/ f(X(@®)dH(®) >0 8)
for every continuous function f with nondecreasing increments of order n on 1 if and only if
H(b) = ©)
/ (O dH(D) =0 (10)

foriy,....inef{l,...k},m=12,...,n-1and

t
L1y / T (G b)) ) dH () > 0 (11)
foralltela,bl, iy,...,iyq1 €{1,...k}.
Proof Necessity: The validity of (8) for constant functions f =1 and f = -1 implies (9).
From (8) for f(x) = x; - - - o;, and f (%) = —x;, - - - %, (s =1,...,n — 1), we have (10).
Inequality (11) is obtained from (8) on setting, for fixed ¢ € [4,b] and fixed i3 ---i,_; €
{1,...,k},

flx)= —[x,»l —X,»l(t)]_ <o+ [xi,, =X, ,»]", wherec =min{c,0},(c e R).

Sufficiency: Since f may be approximated uniformly on I by functions with continuous

nonnegative nth partial derivatives, we may assume that the #th partials f; ...;, exist and
are continuous and nonnegative. By Theorem 2.4 and (10), we have

b

/ (X)) dH(2)
a
1
NETED S SR o) W )
(Pl"'Pr)cECk_l ! ([»leil:v)pg(pl ~~~~~ Pr)c in=1
x dX;,( f [[{#" - &} &) dH ).

By (11), each term in the sum is nonnegative so that (8) is verified. (]

3 Functions with nondecreasing increments of order three
3.1 Oninequalities of Levinson type

Levinson [5] proved that if a real-valued function f defined on [0,24] C R has a nonneg-
ative third derivative, then

% > i () —f<1é ZPMk)
" k=1 " k=1
1 < 1 <
== Zpkf()’k) —f<17 ZPkﬂ) (12)
" k=1 " k=1

for O <xi<a,yx=2a—x,pxk >0 A<k <n),P, =Y ;_ Pk
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Ifa= %, p1=---=py=1and f(x) = logx, then Levinson’s inequality (12) becomes the
famous Ky-Fan inequality

where A, =130 x, A = 130 (1-x40), G = ([T %0V and G, = ([Tj_, (1 — x)M™.

In [6] Pecari¢ showed that instead of variables the sum of which is equal to 2a, we can
use variables the difference of which is constant, and that result becomes a source of some
further generalizations [2, pp.74, 75]. In fact, he proved that if f is a real-valued 3-convex
function on [a, b] and xx, yx (1 < k < n), 2n points on [a, b] such that

V=X =Y —Xp ==Y =%, >0

and pi >0 (1 < k < n), then (12) is valid.

The following theorem is a generalization of the Levinson inequality.

Theorem 3.1 Let G: [a,b] — R be a function of bounded variation such that (2) holds,
and let X(t) be a continuous and nondecreasing map from [a,b] C R to an interval 1 =

[0,d] C R, d > 0. Iff is a continuous function with nondecreasing increments of order
three onJ = [0,2d], then

JefX@)dG() ( [P X()dG >
J?dG(o) 174G ()

_ [ fd-X@)d6() < 2 2d - X() dG(t))
- 2 dG() 2 dG() '

Proof 1ff is a function with nondecreasing increments of order three on J, then

AnAtAgf(x) >0 (x,x+h+t+se],th,t,seRk),

ApAe(f(x+s) —f(x)) = 0. (13)

If x e Iand s = 2d - 2x, we have

AnA(f2d = %) - f(x) = 0,
i.e., the function x — f(2d — x) — f(x) is a function with nondecreasing increments of
order two, i.e., it is a function with nondecreasing increments. Now, using Theorem 1.3,

we obtain Theorem 3.1. O

Theorem 3.2 Let G: [a,b] — R be a function of bounded variation such that (2) holds,
and let f be a continuous function with nondecreasing increments of order three on
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[c,d] CR¥. Let 0 <a<d —c. IfX(¢t) : [a,b] — [c,d — a] is a continuous and nondecreasing
map, then

JPFX(@)dG(e) ( 1PX) dG(t)>
[} 4G 12 dG()

_ Jifa+ X)) d6() _f ( [l @+ X() dG(t))
T [PdGw) [P daG(

Proof Using (13) for s = a = constant € R¥, we have that the function x - f(a + x) — f(x) is
a function with nondecreasing increments, so from Theorem 1.3, we obtain Theorem 3.2.
For k =1, we have a result from [6]. O

Corollary 3.3 (i) Let X satisfy the assumptions of Theorem 3.1. Then

Og(/abdG(t))k_I/ ]‘[x 1) dG(t H/X £)dG(t

b k-1 ,p k k b
< ( / dG(t)) / [ [(2di - xi(e)) dGe) - | f (2d; — Xi(£)) dG(2).
4 4 =l i=1 74

(ii) If X satisfies the assumptions of Theorem 3.2, then

0< ( / bdG(t)>k_l f HX 5 dG(t) - f X;(8) dG(¢)

b k-1
< ( / dG(t)) / ]‘[ (a: + Xi(1)) dG(r) - ]‘[ f (a: + Xi(1)) dG(2),

where all components of X are nonnegative.

Proof The function f(x) = x; - - - ¢ is a function with nondecreasing increments of orders
two and three forx; > 0 (i =1,..., k). So, using Theorems 1.3, 3.1, and 3.2, we obtain Corol-
lary 3.3. m

3.2 Generalization of Burkill-Mirsky-Pecari¢ result
In this subsection, we consider a sequence of k-tuples (Xy, ..., X,) which is monotone in

means.

Theorem 3.4 Letf be a continuous function with nondecreasing increments of order three
on]=1[0,2d],d > 0, and let p1,..., p, be positive numbers. If

X1,...Xn) (XieI=[0,d])

is nondecreasing or nonincreasing in means with respect to positive weights p; (i=1,...,n),
then

=3 %) —f(l)i Zpixi) =23 pf2a-X) —f(l)i 3 pi2d - xn)
"ozl izl "ozl izl

holds.
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Proof Since f is a function with nondecreasing increments of order three on J, so a func-
tion x — f(2d — x) — f(x) is a function with nondecreasing increments. Then by Theo-
rem 1.4, we obtain the required result. d

Theorem 3.5 Let f be a continuous function with nondecreasing increments of order three
on] =[c,d] and let py, ..., p, be positive numbers. Let 0 <a<d —c. If

X1, Xn) (Xiel=[c,d-a])

is nondecreasing or nonincreasing in means with respect to positive weights p; (i=1,...,n),
then

1 & 1 < 1 <& 1
2, ;Ptf(xi) —f<ITn ;piXi) < B, ;pif(a+xi) —f(ITn ;pi(a+xi)>
holds.

Proof By following the proof of Theorem 3.2, we obtain Theorem 3.5 by simply replacing
‘Theorem 1.3’ by ‘Theorem 1.4’ in the proof of Theorem 3.2. g

Corollary 3.6 (i) Let X satisfy the assumptions of Theorem 3.4. Then

n k k n
0 <P Y (n ) : n( ,,)
i=1 j=1 1

j=1 \ i=

n k k n
<Pty b ( (2d; - xg)) - H( pi(2d; - xiﬂ) :
1 1

i=1 j= j=1 \ i=

(ii) If X satisfies the assumptions of Theorem 3.5. Then

n k k n
0 <P Y (n ) ; n( ,,)
i=1 j=1 1

j=1 \i=

n k k n
< PN Tk ( (a5 + xi;‘)) - H( pila; + xi/)),
i=1 j=1 j=1 \ i=1

where all components of X are nonnegative.
Proof We consider again the function f(x) = x; - - - ¢ which is a function with nondecreas-

ing increments of orders two and three forx; > 0 (i = 1,..., k). So, using Theorems 1.4, 3.4,
and 3.5, we obtain Corollary 3.6. O

4 Arithmetic integral mean

It is known that if f : [0,a] — R, a > 0, is nonnegative and nondecreasing, then the func-
tion F,

F)= fo Fu)du,
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is also a nondecreasing function on [0,4]. Let us observe that F is an arithmetic integral
mean of a function f on an interval [0, a]. This result was generalized in [7] considering a
real-valued function f for which A}’f(x) > 0 holds for any / > 0. A}" is defined as follows:
AL () = F(x), AF() = AP (e + ) — AP ).

Here, we extend the above-mentioned result to functions with nondecreasing incre-

ments of higher order.

Theorem 4.1 Let the function f : [a,b] — R be continuous and with nondecreasing incre-

ments of order n. Then the function

k -1 x1 X
F(x) = (% — a;) (u) du,
(x l;lx a /al /akfu) u

where w = (uy,...,ux) and du = du - - - duy, is a function with nondecreasing increments of

order n on [a,b].

Proof Letx>a=(ay,...,ax). Then

F(x)=/01.../01f(a+s(x—a))ds,

where we used the substitutions u; = a; + s;(x; —a;) 1 <i <k, 0 <s; <1), and where

a+s(x—a)=(aq +s1(x1 —a@1),...,ar + sp(xx — ay)), ds = ds; - - - dsx. Now, we have

1 1
Ahl"'AhnF(X)=Ah1"'Ahnfo ---/Of(a+s(x—a))ds

1 1
:/ / Ap, - Apyf(a+s(x—a))ds>0
0 0

because if f(x) is a function with nondecreasing increments of order #, then the function

f(a+s(x—a)) is also a function with nondecreasing increments of order n. O
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