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Abstract

In this paper, we establish some strong convergence theorems of the modified
Ishikawa and Mann iterations with errors of uniformly L-Lipschitzian asymptotically
pseudocontractive mappings in real Banach spaces. Our results not only provide the
new proof method, but also extend the known corresponding results given in (Chang
in Proc. Am. Math. Soc. 129:845-853, 2001; Chang et al. in Appl. Math. Lett. 22:121-125,
2009; Goebel and Kirk in Proc. Am. Math. Soc. 35:171-174, 1972; Ofoedu in J. Math.
Anal. Appl. 321:722-728, 2006; Schu in J. Math. Anal. Appl. 158:407-413, 1991). In order
to get some applications of our results, we also provide specific examples.
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1 Introduction and preliminaries

Let E be a real Banach space and let / denote the normalized duality mapping from E into
2E defined by

J@) = {f €E": (x.f) = lIxI” = IIf I}

for all x € E, where E” denotes the dual space of E and {-,-) denotes the generalized du-
ality pairing, respectively. The normalized duality mapping J has the following proper-
ties:

(1) J is an odd mapping, i.e., J(—x) = =] (x).

(2) J is positive homogeneous, i.e., for any A > 0, J(Ax) = 1] (x).

(3) ] is bounded, i.e., for any bounded subset A of E, J(A) is a bounded subset of E".

(4) If E is smooth (or E” is strictly convex), then J is single-valued.

In the sequel, we denote the single-valued normalized duality mapping by ;. In a Hilbert
space H, j is the identity mapping.

Let D be a nonempty closed convex subset of E. A mapping T : D — D is said to be
asymptotically nonexpansive with a sequence {k,} C [1,+00) and lim,_, » k,, = 1 if, for all
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x,y €D,
| 7% = T"|| < kallx =y (L1)

for alln > 1. The mapping T is said to be asymptotically pseudocontractive with a sequence
{k.} C [1,+00) and lim,,_, o k,, = 1 if, for any x,y € D, there exists j(x—y) € J(x —y) such that

(T7% = T"y,j(x = 9)) < kullx = yII? (1.2)

for all n > 1. Furthermore, the mapping 7 is said to be uniformly L-Lipschitzian if, for any
%,y € D, there exists a constant L > 0 such that

| 77 - T"y|| < Lilx -yl (13)

forall n > 1.

It is easy to see that if T is an asymptotically nonexpansive mapping, then it is both
asymptotically pseudocontractive and uniformly L-Lipschitzian. The converse is not true
in general. Therefore, it is interesting to study these mappings in fixed point theory and its
applications. In fact, the asymptotically nonexpansive and asymptotically pseudocontrac-
tive mappings were first introduced by Goebel-Kirk [1] and Schu [2], respectively. Since
then, some authors have studied several iterative sequences for asymptotically nonexpan-
sive and asymptotically pseudocontractive mappings in Hilbert spaces and Banach spaces
(see [3-11]).

In [2], Schu proved the following theorem.

Theorem 1.1 [2] Let H be a Hilbert space, K be a nonempty bounded closed convex subset
of H and T : K — K be a completely continuous, uniformly L-Lipschitzian and asymptot-
ically pseudocontractive mapping with a sequence {k,} C [1,+00) satisfying the following
conditions:

(a-1) k, —> 1lasn— oc;

(a-2) Y02 (g% - 1) < 00, where g, = 2k, — 1.

Suppose further that {o,} and {B,} are two sequences in [0,1] such that € < o, < b for all
n>1, where € >0 and b € (0,L72[(1 + L*)Y? —1]). For any x; € K, let {x,} be an iterative
sequence defined by

Xn+l = (1 - Oln)xn +ay Tnxn
forall n> 1. Then {x,} converges strongly to a fixed point of T in K.

In [12], Chang extended above Theorem 1.1 to the setting of real uniformly smooth
Banach spaces and proved the following.

Theorem 1.2 [12] Let E be a uniformly smooth Banach space, K be a nonempty bounded
closed convex subset of E and T : K — K be an asymptotically pseudocontractive mapping
with a sequence {k,} C [1,+00), lim,_, k, = 1 and F(T) # @, where F(T) is the set of fixed
points of T in K. Let {«,} be a sequence in [0,1] satisfying the following conditions:

(a-1) a, — 0asn— oo;

(a-2) Y o2, oy = 00.
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For any xo € K, let {x,} be an iterative sequence defined by
Xn+l = (1 - Oln)xn +ay Tnxn

foralln > 0. Ifthere exists a strictly increasing function ® : [0, +o0) — [0, +00) with ®(0) =
0 such that

O I Py L (o

)

forallx € K and n > 0, where x € F(T), then x,, — x as n — oo.

In [13], Ofoedu extended Theorem 1.2 in a uniformly smooth Banach space to the setting

of arbitrary real Banach spaces and dropped the boundedness assumption in Theorem 1.2.

Theorem 1.3 [13] Let E be a real Banach space, K be a nonempty closed convex subset of E
and T : K — K be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping
with a sequence {k,} C [1,+00), lim,_.oc k, = 1 and x* € F(T). Let {a,} be a sequence in
[0,1] satisfying the following conditions:

(a-1) Y o2 an = 00;

(a-2) Y o2y el <oo;

(@-3) Y02y anlk, —1) < oo.
For any xo € K, let {x,} be an iterative sequence defined by

X+l = (1 - Oln)xn + oy Tnxn

foralln > 0. If there exists a strictly increasing function ® : [0, +00) — [0, +00) with ®(0) =
0 such that

O Py (P

)

forallx e K and n> 0. Then
1) {x,} is bounded,
(2) {x,} converges strongly to x” € F(T).

Theorem 1.4 [13] Let E be a real Banach space. Let K be a nonempty closed and convex
subset of E, T : K — K be a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping with a sequence {k,} C [1,+00) with lim,_, . k, =1 and x* € F(T). Let {a,}, {b,}
and {c,} be real sequences in [0,1] satisfying the following conditions:

(a-1) a, +b,+c, =1;

(@-2) D _,0(bu +cp) = 00;

(@-3) Y,20(bu +n)? < 005

(a-4) ano(bn +c,)(k, —1) < o005

(a-5) >_,=0¢n < 00.

For arbitrary xy € K, let {x,} be a sequence in K iteratively defined by

Kpal = Ak + b, T %, + Cruty,
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for all n > 0, where {u,} is a bounded sequence in K. Suppose that there exists a strictly
increasing continuous function ® : [0, +00) — [0, +oo) with ®(0) = 0 such that

(1%~ (=) < hulu |~ @ (2 =)
for all x € K. Then {x,},=0 converges strongly to x” € F(T).
Very recently, in [14], Chang et al. proved the following theorem.

Theorem 1.5 [14] Let E be a real Banach space. Let K be a nonempty closed convex subset
of E, T; : K — K be two uniformly L;-Lipschitzian mappings with F(T1) N F(T3) # ¥ and
x € F(Ty) N F(Ty). Let {k,} C [1,+00) be a sequence with lim,_, o k, = 1. Let {a,,} and {B,)
be two sequences in [0,1] satisfying the following conditions:

(a-1) Doy oy = 00;

(a-2) Y o2, a2 <oo;

(@-3) Y nog Bu < 00;

(a-4) Y 02paulky, —1) < co.

For any x € K, let {x,} be an iterative sequence in K defined by

K1 = (L—oy)xy + Tf’ym

Yn = (1 - ,Bn)xn + ,Bn Tznxn

for all n > 0. If there exists a strictly increasing function ® : [0,+00) — [0, +00) with
®(0) = 0 such that

(Trx =5 j(x =) < kax =2 P - @ (2 -]
forall j(x—x) eJ(x—x")and x € K, i = 1,2, then {x,} converges strongly to x".

Also, some authors have studied the modified Halpern, Mann and Ishikawa iterative
sequences for nonlinear mappings in Hilbert spaces and Banach spaces (see [15, 16]).

The aim of this paper is to give some strong convergence theorems for uniformly
L-Lipschitzian and asymptotically pseudo contractive mappings in Banach spaces. Our
results not only include the past ones known in [3—11], but also provide quite a different
proof method.

For our main purpose, we recall some concepts and lemmas.

Definition 1.6 [17] For arbitrary x; € D, the sequence {x,} in D defined by

Yn = (1 - bn - dn)xn + bn Tnxn + ngnr (14)
Xne1 = (L= @y — o)X + ay T"y, + Culhy

for all n > 1 is called the modified Ishikawa iteration with errors, where {a,}, {b,}, {c4},
{d,} are four real sequences in [0,1] satisfying a,, + ¢, <1, b, + d, <1 and {u,}, {v,,} are
any bounded sequences in D.
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In particular, if b, = d,, = 0 in (1.4), then the sequence {x,} defined by
X1 = A —a, —cp)x, + a, T %, + cLiiy, (1.5)

for all n > 1 is called the modified Mann iteration with errors.
If ¢, =d, =0 in (1.4) and (1.5), then the sequence {x,} defined by

Yn = (1 - bn)xn + bn Tnxn;

(1.6)
Xn+l = (]- - an)xn +ay T"J’n

and
Xnsl = (1 - ﬂn)xn +ay Tnxn (17)

for all n > 1 is called the modified Ishikawa iteration and the modified Mann iteration,
respectively.

Lemma 1.7 [18] Let E be a real Banach space and ] : E — 2F" be a normalized duality
mapping. Then

lla + y1* < 1l + 2(y, j(x + )
forallx,y € E and j(x +y) € J(x +y).

Lemma 1.8 [19] Let {§,}, {r,} and {y,} be three nonnegative real sequences and ® :
[0, +00) — [0, +00) be a strictly increasing continuous function with ®(0) = 0 satisfying
the following inequality:

82, <82 = 1y ®(841) + Y

Soralln> 0, where &, € [0,1] with ) .- Ay = 00 and v, = 0(r,). Then §,, — 0 as n — oo.

2 Main results

Now, we give our main results in this paper.

Theorem 2.1 Let E be a real Banach space, D be a nonempty closed convex subset of E
and T : D — D be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping
with a sequence {k,} C [1,+00),lim, .ok, =landq € F(T) ={x € D: Tx = x} #@. Let {a,},
{bn}, {cn} and {d,} be four real sequences in [0,1] satisfying the following conditions:

(A-1) a,,b,,d, — 0 as n— oo;

(A-2) >°0° ay = 00;

(A-3) cn = olan).

For some x1 € D, let {x,} be a modified Ishikawa iterative sequence with errors defined
by (1.4). Suppose that there exists a strictly increasing continuous function ® : [0, +00) —
[0, +00) with ®(0) = 0 such that

(T"x - q,j(x — q)) < kullx — qI* —= @(llx — ql)) (2.1)

forall n>1, where j(x — q) € J(x — q). Then {x,} converges strongly to the fixed point q of T.
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Proof Step 1. For any n > 1, {x,} is a bounded sequence.

Set sup{k; : n > 1} = k. Then there exists x; € D with x; # Tx; such that ry = (k + L)||x; —
ql* € R(®). Indeed, for any taking x; € D and x; # Tx;, we denote ry = (k + L)||x; — q||*. If
®(r) > +00 as r — +00, then ry € R(P). If sup{D(r) : r € [0, +00)} = r; < +00 with 11 < 7y,
then there exists a sequence {&,} C D such that &, — g as n — oo with &, # g, thus there
exists a positive integer ny such that (k + L) || &, — g/ < 3 forall n > ny. We redefine x; = &,
and (k + L)|x1 — q|*> € R(®).

Set R = ®7(rg). Then we obtain ||x; — g|| < R. Denote

Blz{xeD:Hx—qIISR}, Bzz{xeDzllx—qHEZR},

M = sup{|lu, —qll + Vs = qll}.

Next, we prove that x,, € B; for any n > 1. If n = 1, then x; € B;. Now, we assume that it
holds for some #, i.e., x,, € B;. We prove that x,,; € B;. Suppose that this does not hold.
Then ||x,41 — q| > R. Now, we denote

(2.2)

R ®(R) P(R) ®(R) }

To = minj 1, ) ’ ,
2LR + M 10R%" 10MR 10R[2LR + 3L%R + 2L(M + R)]

Since ay, by, ¢, 2, dy, ky —1 — 0 as n — oo, without loss of generality, let 0 < a,,, b,, ¢, Z—Z,

’
n

dy, k, —1 < 1o for any n > 1. Thus, we have

Iy = qll < A = by = du) 1% = qll + by | T"x0 = T"q|| + dillv. - 4|
<A -by~dy+b,L)|x~qll +d.M
<A+b,L)R+d,M
<R+ 1(LR + M)
< 2R, (2.3)
%1 = qll < (1= an = co)ll%n = qll + @n|| Ty = T"q| + culln - qll
< 1% = qll + anLllyn — qll + cullun — gl
<R+a,L[(1+b,L)R+d,M] +c,M
<R+2a,LR+c,M
<R+ 19(2LR + M)
<2R (2.4)

and

|70~ T3]
< L1 =yl
< auL | Ty = x| + cuLllttn = % || + buL || %0 — T"%, || + dLl|% = v
< anL (1%, = qll + || 7"y — T"q||) + el (It — qll + ll%, — g1}
+ buL(|lxn = qll + | T"%0 = T"q|) + duL (v = qll + x4 — )
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<auL(I%s = qll +Lllys — qll) + cal(M + R) + b,L(1 + L)1, — qll + d,L(M + R)
<a,L(1+2L)R+c,LM+R)+b, LA+ L)R+d,L(M+R)
<t[L(L+2L)R+L(M+R) + LA+ L)R + L(M + R)]

< 1o[2LR + 3L*R + 2L(M + R)]

< @. (2.5)
10R

Applying Lemma 1.7 and the formulas above, we obtain

1 = gl = |1 = @ = ) @n — @) + @n(T"yn — @) + dlit — @) ||
< (L= an)* 1% = q11* + 2au(T"y0 = @, (ons1 — q)) + 2€u{ttn — 4, j (%1 — )
= (L= an) [l = qlI* + 2au(T"%11 = 4, j (%1 — 9)
+ 20, T"yn — T" %1, j K1 — @)) + 2¢u{thn — @, j (i1 — )
< (1= an)* %0 = ql1* + 28 [knll %1 — qlI* = P(I|%ne1 — qll) ]

+ 2, | T" %1 = T"¥n | - 1601 — qll + 2¢ullttn — gl - 1621 — gl
2a

< (1-an)’R + 2a,[knllxnis — ql* — P(R)] + 10]’; ®(R)2R + 4¢, MR
da,
< (1-a,)’R + 2au[kllxni1 — ql* = P(R)] + : O(R). (2.6)

Since a,, — 0 and k,, — 1 as n — o0, we have 2k, a,, — 0 as n — oco. Thus, without loss of
generality, let 1 — 2k,a, > 0 for any n > 1. Then (2.6) implies that

%041 — gl
2a a 2a 2a 2
<R+——" |(k,-D+—=|RP-——" R +—2—| DR
= +1—2knan[( )+ 2} 1-2kpa, ()+1—2k,,a,,|:5 ()]
2a
<R-——" R
- 5(1 — 2k,a,) (R)
<R, (2.7)

which is a contradiction. Hence, x,,,; € By, i.e., {x,} is a bounded sequence.
Step 2. We prove that ||x, — g|| = 0 as n — oo.
By Step 1, we obtain {||x, — g||} is a bounded sequence and so is {||y, — g||}. Let

Mo = sup{|lx, — qll} + sup{lly. — qll} + sup{llu, — qll} + sup{llv. —qll}.
n n n n
Observe that

”xn+1 _yn” S anL” T"J/n —Xn H + CnL”un _xn” + an”xn - Tnxn ” + dnL“xn - Vn”
< anL (% = gl + | T"yn = T"q|) + cal (llttn — gl + %, — qll)
+ buL(|lxn = qll + | T"%0 = T"q|) + duL (v = qll + 1% — )

< (a,+ b,)L(1 + L)M, + (c,, + d,,)LM,. (2.8)
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Using Lemma 1.7, (2.6) and (2.8), we have

%041 — gl
< (A =an—ca)*1%n = qll* + 2a{T"yn = @ jns1 — @)) + 2¢u{thn — @, j(ns1 — 9))
< (1= an)? 1% = qI* + 2a5(T" %1 = q,j(%ni1 - @)
+2a,(T"Yn = T"%n1,J X1 — 4)) + 2Cu{thn — @, j(%ni1 — )
< (1= an)’ %0 — ql* + 20 [Knllni1 — gl = @ (%1 — g11) ]
+ 20 | T"% it = TV ||+ %1 = qll + 26 llt6 = g1l - 1%n11 — gl
< %0 = qlI* + 2a,(ky = MG + an Mg — a, @ (12,1 - ql)
+2a,L||%1 = yull Mo + 2, MG
<%y — glI* + 2a,(ky = V)MG + a2Mg — @, ®([l5041 — qll)
+ Za,,L[(a,, +b,)L(1 + L)My + (¢, + d,,)LMo]MO + 2ch(2)

< 1%n = qlI* = an @ ([[xns1 ~ qll) + An, (2.9)
where
Ay =2a,(ky — VMG + ai MG + 2a,L[(ay + by)L(1 + LYMo + (¢ + dy) LMo |Mo + 2¢,Mj.
Let 8, = ||x, — qlI%>, An = a, and y,, = A,.. Then (2.9) leads to

(Siﬂ =< 52 - )\nq>(8n+1) + Vn.
Therefore, by Lemma 1.8, we obtain lim,,_,« 8, = 0, i.e., x, — g as n — 0o. This completes

the proof. d
From Theorem 2.1, we have the following corollary.

Corollary 2.2 Let E be a real Banach space. Let D be a nonempty closed convex subset
of E, T : D — D be a uniformly L-Lipschitzian asymptotically pseudocontractive mapping
with a sequence {k,} C [1,+00), lim, . k, =1 and q € F(T). Let {a,} and {c,} be two real
sequences in [0, 1] satisfying the following conditions:

(A-1) a, — 0asn— oo;

(A-2) Y 02 an =00

(A-3) ¢, =o(ay,).

For some x, € D, let {x,} be a modified Mann iterative sequence with errors defined
by (1.5). Suppose that there exists a strictly increasing function ® : [0, +00) — [0, +00) with
®(0) = 0 such that

(T"x - q,j(x - q)) < kullx — qlI* = ©(llx - ql)) (2.10)

foralln>1, where j(x — q) € J(x — q). Then {x,} converges strongly to the fixed point q of T.
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Proof In Theorem 2.1, letting b, = 0, d,, = 0, we can get the convergence of the modified
Mann iteration (1.5). g

Theorem 2.3 Let E be a real Banach space. Let D be a nonempty closed convex subset of
E and T; : K — K be two uniformly L;-Lipschitzian mappings with q € F(T1) N F(T3). Let
{k,} C [1, +00) be a sequence with k,, — 1 as n — oo. Let {a,}, {b,}, {c,} and {d,} be four
real sequences in [0,1] satisfying the following conditions:

(A-1) a,, b, — 0asn— oo;

(A-2) Y ay, = 00

(A-3) ¢, =o(a,), d, — 0asn— oo.

For some x1 € D, let {x,} be an iterative sequence with errors defined by

Yn = (L= by = )%y + by T, + dy i, (2.11)
Xn+l = (1 —ay — Cﬂ)xn + u”TZWy” + Cnlhn

for all n > 1. Suppose that there exists a strictly increasing function @ : [0, +00) — [0, +00)
with ®(0) = 0 such that

(T'x - q,j(x - @) < kallx — qlI* = @ (IIx - qll) (2.12)

foralln>1andi=1,2, where j(x — q) € J(x — q). Then {x,} converges strongly to the fixed
point g of Ty N T.

Proof Similarly, we can obtain the result of Theorem 2.3 by using the proof method of
Theorem 2.1. O

Remark 2.4 Theorem 2.1 extends, improves and unifies Theorems 3.1, 3.2, 3.3 of [13] and
Theorem 3.5 of [14] in the following sense:
(1) The modified Mann iteration and modified Ishikawa iteration are replaced by the
modified Ishikawa iteration with errors introduced by Xu [17].
(2) The proof method of Theorem 2.1 is quite different from the method of [13, 14].
(3) In [13], the author did not require the function ® to be surjective. Since xj is an
arbitrary point chosen in D, it is possible that ®!(ay) is not well defined.
(4) The conditions Y oog a2 <00, Y oo o atu(ky —1) <00, Y oo By < 00 in [13,
Theorem 3.1, Theorem 3.2] and [14, Theorem 2.1] are replaced by the more general
conditions «,, B, — 0 as n — 00. Also, the conditions ano(by, +¢y)? <00,
D wsou +cn)k, —1) <00, Y, cu < 00 in [13, Theorem 3.3] are replaced by
b, — 0asn—> ooand Cp = o(bn_) of Corollary 2.2.

Remark 2.5 A mapping T is said to be weak uniformly Lipschitzian if there exists a con-
stant L > 0 such that

| 7%= T < Lilx -yl (2.13)

forall » > 1, x € D and y € F(T). Then, using the same methods, we can also prove that
Theorem 2.1 holds for the more general class of weak uniformly Lipschitzian asymptot-
ically pseudocontractive mappings. In practical application, it can be seen from the fol-

lowing example.
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Example 2.6 Let E = ) be the set of real numbers with the usual norm and D = [0, +00).
Define a mapping 7: D — D by

x3

Tx =
1 + x2

for all x € D. Then T has a fixed point g = 0 € D and T is a strictly monotone increasing
mapping. Thus, Tx < x for any x € D, which implies that 7"x < T" 1y < ... < Tx. Define a
function @ : [0, +00) — [0, +00) by ®(t) = % Then & is a strictly increasing continuous

function with ®(0) = 0. For allx € D and g € F(T), if k, =1 and L = 1, then we obtain

(T"x~T"q,j(x - q)) =

|
—_—
—
" ‘ o
RN

K
-

T 1+a2
2
X
S AR
L+ [x—q
= kalx = gI* = @(|x - ql) (2.14)
and
’T"x—T”q‘ = ‘T”x—O‘

< |Tx-0|
T 1 +a2
<|lx-0]
<Llx—gq]|. (2.15)

Therefore, T is weakly uniform Lipschitzian and satisfies (2.1) of Theorem 2.1.
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