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1 Introduction
Ifp>1, }7 + é =1, f(> 0) € L?(0,00), g(= 0) € L1(0,00), ||[fll», lIgll > O, then we have the
following equivalent inequalities (cf. [1])

G i
, 1
[ [T by« el g
0 00 f(x) P p p }, (2)
/0 0 X+Y ¥) sm(n/p) 71

where the constant factor m(n ) is the best possible. (1) is the well-known Hardy-Hilbert
integral inequality. Define the Hardy Hilbert integral operator T : L (0, 00) — L?(0, 00) as

follows: for f € L?(0, 00), Tf (y) := Jf x) dx (y € (0, 00)).

Then in view of (2), it follows || Tfllp Sm(ﬂ/p) Ifll, and || T|| < #n/p) Since the constant
is the best possible, we find || T'|| =
Inequalities (1) and (2) and the operator are important in analysis and its applications
(cf [2, 3]). In 2002, [4] considered the property of the Hardy-Hilbert integral operator
and gave an improvement of (1) (for p = g = 2). In 2004, by introducing another pair of

sin n/p)

conjugate exponents (r,s) (r > 1, % + % =1) and an independent parameter A > 0, [5] gave

the best extensions of (1) as follows:

oof(x)g()’) T
/ / P xdy < m”ﬂb@”g”q,yf’ 3)
where ¢(x) = 2?11y (x) = x10-5)-1 Wl = U0 )dx}ﬂ >0, llglgy > 0. In

2007, [6] gave the following inequality with the best constant B(E’ 5) (A > 0; B(u,v) is
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the beta function):

ACY{C) AON ™ i o 1
/o 0 (1+xy))\d xdy B( >{/0 x f(x)dx/o x g(x)dx}, (4)

|1+ o7 (0< 2 <1);[8] gaveanother
extension of (4) to the general kernel k; (1,xy) (A > 0) with a pair of conjugate exponents

In 2009, [7] gave an extension of (4) in R? with the kernel ——

(p,q) and obtained the following multiple Hilbert-type integral inequality. Suppose that
neN\{1},p;>1, Zle é =1,1>0, ky(x1,...,%,) > 0is ameasurable function of —\-degree
in R”, and for any (ry,...,r,) (r; > 1), satisfies ) »; rl =1and

A_

k. = ,/Rn—l ku(u, ... thy,1) Hu;, duy - -duy 1 > 0.

+

If ¢i(x) = e -7)- f(> 0)e LP’ (0, 00), |Lf||pl¢ >0 (i=1,...,n), then we have the following
inequality:
k@t ) [ [ i) A dt < Ko [ [ Ul ®)
R} i=1 i=1

where the constant factor k; is the best possible. For n = 2, k; (x,y) = ﬁ in (5), we ob-
tain (3). Inequality (5) is an extension of the results in [9-12] and [13]. In recent years,
[14] and [15] considered some Hilbert-type operators relating (1)-(3); [16] also considered
a multiple Hilbert-type integral operator with the homogeneous kernel of —n + 1-degree
and the relating particular case of (5) (for A =n -1, rl, = ﬁ(l - l%)).

In this paper, by using the way of weight functions and the technic of real analysis, a
multiple Hilbert-type integral inequality with a non-homogeneous kernel is given. The
operator expression with the norm, the reverses and some examples with the particular
kernels are considered.

2 Some lemmas
Lemmal IfneN\{l},,;€R(i=1,...,n), > 1, 1%,' =1, then we have

A]‘[[“lpf]_[x }1=. (6)

J=10#i)
Proof We find
n i
—1)(-, 2j-1
A 1_[|: 1)( pl /) :|
j=1
1 n
n n ael pi n _ n . i= lpl
_ 1—[ LAAPi Hx,/ =T ]_[x’ )
i=1 j=1 i=1 j=1

and then (6) is valid. O
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Definition1 If n € N, R? := {(x},...,%,)|%; >0 (i=1,...,m)}, A € R, ky.(x1,...,%,) is a mea-
surable function in R’ such that for any u# > 0 and (x1,...,%,) € RY, ky(uxy,...,ux,) =
uk; (1, ..., %,), then we call k (xy, ..., %,) the homogeneous function of —A-degree in R’.

Lemma 2 Suppose n e N\{1}, 1, eR (i=1,...,n), Ay =D 1) L= % 3 (X1, ..%,) > 0isa
homogeneous function of —A-degree. If

H(i) := ko (ua, .ot Lk, .o ty)
R

n
-1 .
X 1_[ uj’ duy---duj 1 dug - -du, (i=1,...,n)
J=104)

satisfying k; := H(n) € R, then each H(i) = H(n) = k, and foranyi=1,...,n,
w;(x;) = x;\i / 1 ko (1%, -+ 2 5 Xpp1%, 1)
R
x [] & dn--dxidui---duy =k (€R). ?)
j=1G)
Proof Setting u; = u,v; (j # i, n) in the integral H(i), we find

n-1

. -1 Ai-1
H(l):/ 1kl(v1,...,vi_1,un ,Vi+1,...,Vn_1,1) | | V//
e
e J=17)

X u;l_)ti dV] cee dVl‘_l dVHl cee an_l dlri,,.

Setting v; = u,,! in the above integral, we obtain H(i) = H(n). Setting x/, = x;,! in (7), since
A=A, = Ay, we find

Aj _ A, —

wi(x;) = xi‘/ 1 ki (%1, s 2, ),
"
n

n-1
Ai-1
X l_[ x]-’ dx1 s dxi,l dxm s dx,,
j=1(#)

:xl).”‘ / k)‘(xl,n~;xn—1rx;q)(x;)An+1
R

a1 2
X 1_[ xj’ dxy - -dxi1dxig - dx, (x'n) dx,,
j10#0
Aj / A
= / Ko (1 s X1, ) (%))
R
n-1
Aj—l /
X 1_[ xj dxl s dx,»_l dxm s dxn_l dxn.
R

Setting u; = x;/%; (j # i,n) and u, = x;/x; in the above integral, we find w;(x;) = H(i) =
H(n) = k. O
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Lemma 3 With the assumptions given in Lemma 2, then

n-1 .
~ ~ 71
kA, hy1) = lk}\(ulr---yun—lxl)l |Mj/ duy - duy,

R i1

is finite in a neighborhood of (A,..., 1) if any only if k(h,..., 1) is continuous at
(s e A1)

Proof The sufficiency property is obvious. We prove the necessary property of the con-
dition by mathematical induction in the following. For #n = 2, there exists [ := {3:1 le =
A1 +81,181] < 680,80 > 0} such that for anyxl el, k(xl) € R.Sincefor iy = A +8 €1 (8, #0),

1 00
k(O +8) = / K (11, 1) gy + / K (11, 1) dugy,
0 1

kx(ul,l)u?ﬂh_l < kx(ul,l)ufl_so_l dui, u €(0,1];

ks (o, D7 < I (g, D0 duy, g € (1,00),

and k(A1 — 8o) + k(A1 + 80) < 00, then by the Lebesgue control convergence theorem (cf.
[17]), it follows k(A1 + 81) = k(A1) + o(1) (81 — 0). Assuming that for # (> 2), kO, ..., hpt)
is continuous at (Ay,...,A,1), then for n+1, by the result of # = 2, since k(A1 +61,..., 1, +85)
is finite in a neighborhood of (A4,...,4,), we find

slimo k(M +681,..., A, +8,)

o0 P
. j+8j— -
= lim / lk,\(ul,...,u,,,l)l_[u/’ " duy - duy .y Julrt T du,
0 R

én—0
n j:l

n—

o s
e B
=/ / lq(ul,...,uy,,l)l_[uj’ " duy - duy oy |ul T duy,
-1
0 R" i
n-1

0 A46i-1
:/ (/ k(... ™ du,,) l_[uj’+’ duy - duy,_1,
rR1\Jo :

=1

~

then by the assumption for #, it follows

Slimok()q+81,...,)»,,+8,,):k()»1,...,)»n)+0(1) 6;—>0,i=1,...,n-1).

By mathematical induction, we prove that for n € N \ {1}, k(xl, e ,I,H) is continuous at
(S TRy W)} O

Lemma 4 With the assumptions given in Lemma 2, if there exists § > O such that for
maxi<i<y-1{|8il} < 8, k(A&x + 81,...,p-1 + 841) € R, pi € R\{0,1} (i = 1,...,m), 0 < e <
mini<;<.{|pil}$, then we have

[e'9) [e'9) 1 dot £
n+ﬁ—l
I, :=¢ Xy K (1%, .+« s X150, 1) dxy,
1 1 0
n-1

r—E-1
] pj

< []x 7 dxi- dxps =k +0(1) (e — 0%). 8)
j=1
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Proof Setting x, = x;, in (8), we find

e [ [ (e o]

ri—E -1

X l_[x‘] 7 dxy - dxn_1 =k + 0(1)'

Setting u; = x;/x,, (j =1,...,n—1) in the above integral, since A — A, = A,,, we find (replacing
x,, by x,)

oo 0 oo n-1 )‘1_1%_1
I =8/ x e / / k,\(ul,...,un_l,l)l |uj T oduy - duy | dx,. 9)
1 x! %t .
n n j=1

Setting Dj := {(u1, ..., uy1)|1j € (0,%,1), ux € (0,00) (k #j)} and

n-1 ri—E 1
/ A
A= [ [ i) Tog" di s,
D; j=1

by (9), it follows
n-1 )\] 5 00
I, > . k(uy,... t,,1) 1_[ U; " oduy - duy - € Z/ x;lAj(xn)dxn, (10)
R- ; - 1
+ j=1 -

Without loss of generality, we estimate the case of j = i, e.t.

fl 1A, .1(x,) dx, = OQ1). In fact, setting o > 0, such that —u% ;%
Inu,_1 — 0 (4,1 — 0%), there exists M > 0 such that —u_; In un,l 5 M (4,1 € (0,1]), and
then by the Fubini theorem, it follows

0 S/ _lAn 1(xr1) dxn

A’_f_
:f 1|:fRn 2/ k(. ..ty 1,1)1_[%'1 " dun—ldul"'dun—2i| dxy

1=

1 n-1 )Ll‘—p%—l u;ll 1
= f / zkk(ul,...,u,,_l,l)l_[uj f X, dx, | duy - -du,_1
0 JrRF- , 1
J=1
1 n-l b1
= / / 2kk(u1,...,u,,_1,1)1_[uj (~Inu,_1)duy - - - du,_;
0o JRrI- ,
j=1

! e R e
<M kx(ul,...,u,,_l,l)l_[ul U, duy - du,
0 JRI? i1

- PR, | £

" -1, YT

<M X ky(u1,. .., Upy1,1) | | u; u,, " duy - -du,_;
RY” "

€ € e
:M~k()ul——,...,)nn_2— ,)Ln_l—( +Ol>)<00.
P Pn-2 Pn-1
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Hence by (10), we have
n-1 A £ -1
I, Z/ kA(Ml,...,Mn_l,l)l_[Mjl i dul"'dun—l_ol(l)'
R =1

Since by Lemma 3 we find

£

0o 0 0o n-1 )\/.,1771
1558/ x;1_8/ / kk(ul,...,u,,_l,l)l_[uj T oduy - duy, | dx,
1 0 0 ,
j=1

&

o0 o0 nl A g1
j
:/ / kA(uhunun—l:l)l |u}- duy - - du,
0 0 i

= k(}\.l—i,...,)\.nl— & ):kA+02(1)’

P Pn-1

then combining with (11), we have (8).

Lemma 5 Suppose that n € N\{1}, p; € R\{0,1} (i = 1,...,n), 2?111% =1, L=-1-1

qn

O

pn’

(A,...sh,) €R" A, = Zf’:_ll A= %, ki.(x1,...,x,) (= 0) is a measurable function of —\-

degree in R” such that

n-1
_ )»/'—1
k)‘_/l;ﬁ—l k)\(ul,...,un,l,l)l—[uj du1~~~dun,l eR.

Jj=1

Iff; > 0 are measurable functions in R, (i=1,...,n-1), E (X1, x0) == ko (1%, 2y X100,

1), then (1) for p; >1 (i =1,...,n), we have

[e'¢) )ﬂ—l - n-1 qn q%,
/ P f Ko ox) [ [fi day - d | dy
0 Ry i=1

pi

n-1 00
< k*l_[{/ xpi(l—ki)—lfpf(x) dx} ;
i=1 (YO

J:

(2) for0<p1<1,p; <0 (i=2,...,n), we have the reverse of (12).

Proof (1) For p; >1(i=1,...,n), by the Holder inequality (cf [18]) and (7), it follows

n-1 qn
[Anl Ex(xl, ey Xp) Hfl(xl) dxy--- dxn_1i|

i=1

= L n
e Ai—-1)(1-p; j—
= i/l;”l kk(xl,...,x,,)l_[|:x§ J-p) 1_[ xj’ :| Sfilx)
“ i1

j=1G)

i z v
X [xgq)\n_l)(l_pn) l_[x}} ] dxl “ee dxnl}

j=1
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qn

n-1 n Pi
T ri~1)(1-p; A-1 n
5/ lkx(xl,...,xn)]_[[xf» W2 TT « } 7 () dey - - - dg
R i=1 j=100)

n-1 qn-1
T (on=1)(1-pn) Aj-1
X i/RK‘l k(X150 %)%, ij dx; dxnl}

j-1

:(k)\)q"_lx;lfq"k"/ 1Zx(x1,.--,xn)
R~

qn
n-1 n i
i—1)(1-p; 2j-1 ’
X 1_[|:xz(’ el 1_[ le :| ,ﬂq (i) doxy - - - dxy, (13)
i=1 j=100)
1 o ~
] < ()P / B )
o Jrr1
= oA o w
i=1)(1-p; -
xl_[ xf A=p) 1_[ x;/ i| ﬁq”(xi)dx1~~~dx,,_1dx,,}
=1 L j=10j#0)
1 o _
= (k;)Pn / (/ ks (1, .y )t dx,,)
R \Jo
= o # w
i—1)(1-p; - .,
Xl_[ xf 1a=p) l_[ x; :| S (xi)dx1~~dxn_1} .
i=1 L J1(j)

For n > 3, by the Holder inequality again, it follows

n-1 00
J = (kx)‘% il_[|:v/1{”l (/0 Zk(xl,...,xn)xfl”_l dxn)

i=1

o
n-1 5 pi
% xEArl)(lfpi) 1_[ le flpl (%) dxey - - 'dx”—1i| ]
J=1G#i)

= (k)P 11 {/Ooo[/ml T (ers s %)

i=
1
n p

Pi
, A1 ()=
X« xj’ dxi---dx;_; dxi+1o~~dx,,:|xfl(1 *) lﬁ”(xi)dxi}

_ () { f °°w,»<xi>xfi<l‘“)‘b§f’f(xi)dxi}”". (14)
0

i=1

Then by (7), we have (12). (Note: for n = 2, we do not use the Holder inequality again in
the above.) (2) For 0 < p; <1, p; <0 (i =2,...,n), by the reverse Holder inequality and in

the same way, we obtain the reverses of (12). O

3 Main results and applications
With the assumptions given in Lemma 5, setting ¢;(x) := 2’10291 (x € (0,00); i = 1,...,n),
then we find q),l,/(l_p ”)(x) =xtnin-1 If p; >1 (i = 1,...,n), define the following real function
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spaces:

LZIL (0’ OO) = {fﬁ ”f"l?iwi)[ = {/(; ¢l(x) lf(x) |Pi dx}pi < OO} (l = 1: .o .,l’l),

n-1

[[£5:0,00) = {(hs...fo1)sfi € L5 (0,00),i=1,...,n ~ 1},

i=1

and a multiple Hilbert-type integral operator T': [ [/ 1LP -(0,00) — qu 0 as follows: for

—Pn

=i ofa) € [T LE(0,00),

n-1
(@)= [ T [ [ dns, 3¢ (0,000 (15)
Ry i=1
Then by (12), it follows Tf € qu,(1 T is bounded, [ Tf| va-pn < ki 15 1fillpsg, and
IT| < ky, where
IZFN,, sa-pm
” T” = sup H—n (16)
fellx llL’;l(oOo (fi#0,i=1,...,n-1) [T5 Willpie:
Define the formal inner product of T(fi,...,f,-1) and f; as
(T(fl,...,ﬂ,,l),ﬂ,) ::f Zk(xl,...,x,,)nﬁ(xi)dxln-dx,,. 17)
R} i=1
Theorem 1 With the assumptions given in Lemma 5, suppose that for any (A1, ..., r,) € R”,
it satisfies A, = Y 1 hi = %, and
n-1 5
0<k;, = (U1, 1, 1) 1_[141.’_ duy - - - du,_1 < 00. (18)
R1 .

Iff,(> 0) eLZi(O, 00), |[f||p,,)¢i >0(i=1,...,n), then (i) forp;>1(i=1,...,n), we have | T|| =

k. and the following equivalent inequalities:

n-1

| TG S, gyiom <K T T Wil

i=1

(TCs oS f) <Ko T | Willpig

i=1

where the constant factor k;_is the best possible; (ii) for 0 < p1 <1, p; <0 (i=2,...

, 1), using

the formal symbols in the case of (i), we have the equivalent reverses of (19) and (20) with

the same best constant factor.
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Proof (i) For all p; > 1, if (12) takes the form of equality, then for n > 3 in (14), there exist
C; and Ci (i # k) such that they are not all zero and

n-1

(i-1)(1-p;) L Py
Cix; Lt 1_[ xj’ j’(x,')
J=1G)

n-1
10— a1 p;
:Ckx,(:‘k D0=pi) 1_[ x; ];p’(xj) a.e.inRY,
R

et. Cixfi(l_xi)j’,-”"(xi) = Ckxik(l%k) Pk(xx) = C a.e. in R7. Assuming that C; > 0, then
xf"(lfk’l)flff"(xi) = C/(Cix;), which contradicts |lf||pi'¢i > 0. (Note: for n = 2, we consider
(13) for ,f !(x¢) = 1 in the above.) Hence we have (19). By the Holder inequality, it follows

n-1

(If.f,) = fo (qu_ /R nIZA(xl,...,xn)l‘[ﬁ(xi)dxl...dxn_l) (x,‘{_”_knﬁ,(x,,))dx,,

i=1

< TG sfod), giom Wl 2

and then by (19), we have (20). Assuming that (20) is valid, setting

-1

n-1 qn
Jalon) = et [ /R o R ) ];[ﬁ(xi)dxl 3 ~dxn_1} ;

oo n(1=An)=1 opp L : .
then] = {fo « fu" (%) dx,} 27 . By (12), it follows ] < co.IfJ = 0, then (19) is naturally
valid. Assuming that 0 < J < 0o, by (20), it follows

/ xﬁn(l—ln)—lf}fn (%) dxyy =] = (Tf»fn) <k l_[ ”ﬁ”pi,(])[)
0 i=1

1 n-1

o0 n
{/ xﬁnuxnnﬂlgn(xn)dxn}q =] <k ] [Wfillpior
0 i=1

and then (19) is valid, which is equivalent to (20).
For ¢ > 0 small enough, setting ]‘;(x) as:};(x) =0, x € (0, 1);};(x) =5 x e [1,00)
(i=1,...,n— 1),]7,,(96) = x““ffn_l, x € (0, 1);};,(x) =0, x € [1,00), if there exists k < k; such

that (20) is still valid as we replace k; by k, then in particular, by Lemma 4, we have

ky+o(1)=1I, = S(T(fl, . u,jNCnA),JNCn) < Skl_[ ”Z”pm =k

i=1

and k, < k(¢ — 0%). Hence k = k;_is the best value of (20). We confirm that the constant
factor k; in (19) is the best possible, otherwise we can get a contradiction by (21) that the
constant factor in (20) is not the best possible. Therefore || T'|| = ;..

(if) For 0 < p; <1, p; <0 (i = 2,...,n), by using the reverse Holder inequality and in the
same way, we have the equivalent reverses of (19) and (20) with the same best constant
factor. a
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Example 1 For A >0, A; = % (i=1,...,n), r, =2, ZL% =1, ko (x1,...,%,) =
mathematical induction, we can show

by

1
(Z?:l xi))‘ ’

n-1

1 - 1~ (A
k / —\ v/ dw---du,=—— F(—). 22
o Rt (0w + 1) 1_[ / ! YT 7 22)

j=1 i=1

In fact, for n = 2, we obtain

1k 1 (A\.[*
= [P —7T r{—)».
& ﬁ+wrnﬁul =T ( ) (m)

Assuming that for n (> 2) (22) is valid, then for # + 1, it follows
1 s
ky, = S~ 7 duy---du,
A /R’l S w1y !;[u} 7 u
[ R —, P
— u wy | duy - - - duy,
R ki + (T, u+ P T

_,1 1 r)i
/I;”I(leuz"'l)kl_[ |:_/1;+7(V1+1))‘V1 dv1:|du2...dun

FAMG-2) 1 =\ 1 B 7
o F(A_%)Hr(;}mnr(;)

i=2 i=1

Then by mathematical induction, (22) is valid for n € N\{1}.

Example 2 For A >0, A; = % (i=1,..,n),r,=2, Zfﬂ% =1, k(xp,..., %) = ———,

(maxy <j<p{xih)*
by mathematical induction, we can show

1 = -1 n :
ky = / l_["‘jl duy---du, g = ey a5 (23)
R

n-1 (max<i<po1 {ug} + 1) i

In fact, for n = 2, we obtain

ulrl I x4 oo 271 1
k)\ = / 0 du1 = / Mrl dul + / u du1 = —rr.
R, (max{u,1})* 0 ! 1 1 A

Assuming that for n (> 2), (22) is valid, then for # + 1, it follows

_,1 1 A
k, = u; B ——— du duy---du
g /1;” 11—[ |:/o (max,<j<, {u;, 14 1] 2 "
/ ﬁ rij,l |:/max{u2 ,,,,, 1,1} 1 %_1 4
= u. —u u
R ! 0 (maxo<;<,{u;, 11)* !
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[es} 1 i—l
+/ —up dul] duy - --du,
max{ug,...un,1} U1
2 nooA_
l"l / 1 1—[ 7y
= — u; du, - - du,
AMri~1) Ry (maXZSign{ui;l})Ml ) j=2

r? no\" 1 T
1 e
=1 (= | | v, avy---dv,
A(r1=1) <7”1 - 1) /R':l (maxa<i<u{vi, 1})* =2 ! ? !

l"2 r n-1 n+l r 1 n+l1

1 1 1—

IS S = i
A(r1—1)<r1—1> )J’ll—[ 1_[ '

i=1

Then by mathematical induction, (23) is valid for n € N\{1}.

Example 3 For & >0, & = 3* (i = L..,n), r, =2, X5 = 1 kv,..x) =
(min<;<,,{x;})*, by mathematical induction, we can show

] An-1

)L n-1 —A 1—[;1 r
ko) = / (mln{ub < Un-1, 1} l_[ u; dul T dun—l = l' (24)
Ri1

5

In fact, for n = 2, we obtain

LY S-S 1
ko, = [ u* du + / w'  duy = —nry.
0 1 A

Assuming that for n (> 2), (24) is valid, then for # + 1, it follows

*© A
k= f 1_[" (minitss .t 1)) 0] ity | dity - s,
RVI 1 0
2 pmin{uz,..unl} -
V, A Gl
U; wiu'  du
/1;” 1 1_[ [A 171 1

kg
+/ (mln{m,...,un,l})ku{‘ dul] dus - - du,
in{ug,...un,1}

—A(l—%)

2 n T -
n . A1-+) (=57 )rj
min{usy, ..., U, 1 1 U; duy ---du
)\,(7’1 1) R~ 1( { 2 n }) i ] 2 n
2 n+l n+l
r 1 ( 1 ) 1
= 1-—|r=— T
AMri=1) [p1- 5t 1_2[ n) "t 1_1[ '

Then, by mathematical induction, (24) is valid for n € N\{1}.

Remarks (i) In particular, for # = 2 in (20), we have

/o /0 ko (L xy)f (g () daedy

1o ~ 1
<k, {/ xp(l"%)_lfp(x) dx} ' {/ 2102071 gd (x) dx} q, (25)
0 0
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where k; = f0°° ky (i, I)u%’l du >0 (1 € R) is the best possible. Inequality (25) is an exten-
sion of (4) and (8.1.7) in [8].

(ii) In Examples 1 and 2, by Theorem 1, since for any (A,...,A,) € R"(A, =Y " A; = %),
we obtain 0 < k; < 0o, then we have || T|| = k; and the equivalent inequalities (19) and
(20) with the particular kernels and some equivalent reverses. In Example 3, still using
Theorem 1, we find 0 < || T'|| = k_, < 0o and the relating particular inequalities.
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