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1 Introduction
The well-known Pélya-Szego’s inequality can be stated as follows ([1] or see [2], p.62).
If 0 < my < uyp <M;and 0 < my < v < M,, wherek=1,2,...,n, then

(B) () <arm ) ()

An integral analogue of Pdlya-Szegd’s inequality easy follows.

If (E, A, x) is a measure space and f(x), g(x) are non-negative measurable functions and
f?(x), g%(x) are integrable on E, if 0 < m; < f(x) < M; and 0 < m, < g(x) < M,, then

2 2
( /E f) dx) ( /E &) dx) < %(,/Zﬁj + /Zﬁi) < /E f(x)g(x)dx) R

Pélya-Szegd'’s inequality was studied extensively and numerous variants, generalizations,

and extensions appeared in the literatures (see [3—7] and the references cited therein). The
aim of this paper is to give some new improvements of Pélya-Szegd’s integral inequality
which are generalizations of Pdlya-Szegd’s integral inequality and interrelated result.

Theorem 1.1 Let (E, A,x) be a measure space and f(x), g(x), u(x), v(x) be non-negative
measurable functions. Let p,q > 0, % + % =1, and fY7(x)g"(x), u!?(x)vV4(x) be inte-
grable on E and u(x) and v(x) be proportional. If 0 < my < f(x),u(x) < M; and 0 < my <
g(x), v(x) < My, and f(x) > u(x), g(x) > v(x), then

( /E (F ) - () dx)up ( /E (e - v() dx)uq

= qu(zljﬁz) /E (77 (6)g""1(x) = P (x)(x)) s (12)
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with equality if and only if f (x) and g(x) are proportional and

(/Ef(x) dx,/Eu(x) dx) :,u,</Eg(x) dx,/Ev(x) dx)

for some constant | and where

- 1-§ _
Fp,q(f) = (W \q/ﬁ) 1(1 _ El/p)l/p(l _ gl/q)l/q £ v, 13)

Remark 1.1 Taking for p = g =2 and u(x) = v(x) = 0 in (1.2), (1.2) changes to the following
result:

v ! MMy frmy 120 172
(/Ef(x)dx> (Lg(x)dx) _§< ) ’ Mle)/Ef (g wdx (14)

with equality if and only if f(x) and g(x) are proportional.

Replace f/%(x) and g/?(x) by f(x) and g(x) in (1.4), respectively, and hence m"*(x) and
M}/ 2(x) are replaced by m; and M; (i = 1,2), respectively. Therefore

s o1 My [
1/2 1/2 1 1V 11712
(/Ef (x)dx) (/Eg (x)dx) 52(/m1m2+ /MIMZ)/Ef(")g(’C)d’“

This is just Pélya-Szeg6 integral inequality (1.1). In fact, Theorem 1.1 is just a special case
of Theorem 2.1 stated in Section 2.

Theorem 1.2 Let (E, A,x) be a measure space and f(x), g(x), u(x), v(x) be non-negative
measurable functions, and let fV'7(x), g"'?(x), u? (x), v''?(x) be integrable on E, and u(x)

and v(x) be proportional. If p > 1, 0 < m; < (f(x){gf’a))p_l, (u(x):‘f(‘;))p_l <M, and 0 < my <
g(x) v(x)
(f(x)+g(x))1”1 ’ (u(x)+v(x))p’l =< MZ) (ll’ldf(x) > u(x), g(x) > V(x)) then

1/p Up
</ [fp(x) - u”(x)] dx) + </ [gp(x) - vp(x)] dx)
E E
1/p
mymy 2 P
< Fp,l% (M—1M2> (/E([f(x) +g(x)] [u(x) + v(x)] )dx) (1.5)

with equality if and only if f (x) and g(x) are proportional and

(/I;fp(x)dx,‘/lsup(x)dx> :,tL(/I;gp(x)dx,‘/Evp(x)dx)

for some constant | and r, v (&) isasin (1.3).
e

Remark 1.2 Taking for u(x) = v(x) = 0 in (1.5), (1.5) changes to the following inequality:

1/p 1/p mymy » 1/p
v » )
(/Ef (%) dx) + </Eg (x) dx> < 1"1,‘1ﬂ (M1M2)</E(f(x) +g(x)) dx)

with equality if and only if f(x) and g(x) are proportional.
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This is just the inequality in Lemma 2.2 (see Section 2). In fact, Theorem 1.2 is just a

special case of Theorem 2.2 stated in Section 2.

2 Main results
We need the following lemmas to prove our main results.

Lemma 2.1 [8] Let (E, A x) be a measure space and f (x), g(x) be non-negative measurable
functions. Let p,q > 0, - + L =1 and fV7(x)g"(x) be integrable on E. If0 < m; < f(x) < M,
and 0 < my < g(x) §M2, then

1/p 1/q s y Y
( / f(x)dx> ( [ dx) < rp,q( . Mz) [ g as 1)

with equality if and only if f (x) and g(x) are proportional.

Lemma 2.2 [9] Let (E, A, x) be a measure space and f (x), g(x) be non-negative measurable
functions, and fV?(x), g'P(x) be integrable on E. If p > 1,0 < m; < % M, and

)
g(x)
0<my < 7(}% e g T < My, then

1/p 1/p mymy » 1/p
(/Efp(x)dx> + </Eg1’(x) dx> <T Ll(MlM )(/I;(f(x) +g(x)) dx) (2.2)

with equality if and only if f (x) and g(x) are proportional.

Lemma 2.3 (Bellman’s inequality [10]) If
6= (L), po1
for x; in the region R defined by
(@) x>0,

(b) x Z(x12]+x§+...+x5)1/p.
Then, for x,y € R, we have

P(x+y) = d(x) + 9(), (2.3)
with equality if and only if x = wy, where | is a constant.
Lemma 2.4 [11] Leta,b,c,d>0,0<a<1,0<B<landa+ B =1.Ifa>band c>d, then
o —b*dP > (a-b)*(c-ad) (2.4)
with equality if and only if alb = c/d.
Our main results are given in the following theorems.

Theorem 2.1 Let (E, A,x) be a measure space and f(x), g(x), u(x), v(x) be non-negative
measurable functions. Let p,q > 0, }17 + é =1, and 1P (x)g"4(x), ul’? (x)v'/9(x) be integrable
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on E, and u(x) and v(x) be proportional. If 0 < my < f(x) < My, 0 <my < g(x) <M, 0 <

m <u(x) <Ny and 0 < ny <v(x) <Ny, and f(x) > u(x), g(x) > v(x), then

< /E (F ) - () dx)up ( fE (e®) - v(x)) dx)llq

mimiy nny
< Fp'q(M1M2> /; FP(x)g" (x) doc — Fp'q(N1N2> /15 u"P ()M (x) dx (2.5)

with equality if and only if f (x) and g(x) are proportional and

(/Ef(x)dx,fEu(x)dx) =,u</Eg(x) dx,/Ev(x) dx)

for some constant .

Proof From the hypotheses and Lemma 2.1, we obtain

1/p 1/q
Fp}q(}\”;i}”\”‘/lz) /Efl/p(x)gl/q(x) dx > (/I;f(x) dx) (/};g(x) dx) (2.6)

with equality if and only if f(x) and g(x) are proportional, and

1 i
FM(Z:ZZZ)/,;ul/p(x)VI/q(x)dx: (/Eu(x)dx) p(/}; v(x) dx> q. 2.7)

From (2.6), (2.7) and in view of 1/p + 1/q = 1, by using Lemma 2.4, we have

Fp’q(]n\;i;zz) ‘/I;fllp(x)gl/q(x) dx — FPﬂ(;:ZZ) /l;ul/p(x)vl/q(x) dx
1/p 1/q 1/p 1/q
d. d. - d. d.
> ( e x) ( [ et x) ( [t x) ( [0 x)

1/p 1/q
> </ (f (%) — ul(x)) dx) (/ (gx) — v(x)) dx) . (2.8)
E E

In view of the equality conditions of (2.4) and (2.6), it follows that the sign of equality in

(2.5) holds if and only if f(x) and g(x) are proportional and

(/Ef(x)dx,_éu(x)dx) :M</Eg(x) dx,/Ev(x) dx>

for some constant p. O

Remark 2.1 If 0 < n; < u(x) <N and 0 < 1 < v(x) < N, change to 0 < m; < u(x) < M;

and 0 < my < v(x) < My, respectively, then (2.5) reduces to (1.2) stated in the Introduction.

Theorem 2.2 Let (E, A, x) be a measure space and f(x), g(x), u(x), v(x) be non-negative

measurable functions, and let f*'7(x), g7 (x), u?(x), v''P(x) be integrable on E and u(x)
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and v(x) be proportional. If p > 1, 0 < my < % <Mi;,0<my < W < M,,

ﬁ<NlandO<n2_%_Ng,und}" x) > u(x), g(x) > v(x), then

1/p 1/p
(/ [fp(x) - u”(x)] dx) + (/ [gp(x) - vp(x)] dx)
E E
<[4 (i) ([0 + 7 )
1/p
-, (:{1]”\’2) ( /E () + v(x)) dxﬂ (2.9)

with equality if and only if f (x) and g(x) are proportional and

(/Ef"(x)dx,/Eu”(x)dx> :M(Lgp(x)dx,LW(x)dx)

for some constant (.

O<m<

Proof From the hypotheses and Lemma 2.2, it is easy to obtain

1/p
UMY p
oo (i ) (0 s )
1/p 1/p
> (/Ef”(x) dx) + (/Egp(x) dx) (2.10)

with equality if and only if f and g are proportional, and

1/p
15845 P
r it <N1N2> </ (u(x) + v(x)) dx)
Ip l/p
= (/ u? (x) dx) + (/ v (x) dx) . (2.11)
E E

From (2.10), (2.11) and by using Lemma 2.3, we have

[Fi 1 (Zi:&i) (f(f x) + g dx) b <:{1}q\[22 ) (/E(u(x) @) dx>]1/p
= {[(pr(x) dx) ’ + (ﬁgp(x) dx) p}p
- [(/E (o) ) " (fe dx> ’T}””

1/p 1/p
> < / [F? (%) - up(x)]dx) + ( / [g7(x) =" (%)] dx) ) (2.12)
E E

In view of the equality conditions of (2.10) and (2.3), it follows that the sign of equality
(2.9) holds if and only if f and g are proportional and

( /E P dx, /E (%) dx) _ ,,,< /E ) dx, L e dx)

for some constant . O

Page 5 of 6
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Remark 2.2 If 0 < n; < ulx) N, 0<ny < = v() < N, change to 0 < m; <

@1 = DT

W <M;,0<my < (u(x):f/% < M,, respectively, then (2.9) reduces to (1.5) stated

in the Introduction.
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