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1 Introduction

The degree of approximation of the function f € Lipa and Lip(«,r), r > 1, classes have
been determined by several investigators like Alexits [1], Sahney and Goel [2], Chandra [3],
Qureshi [4, 5] and Qureshi and Nema [6]. After quite a good amount of work on the degree
of approximation of functions by different summability means of its Fourier series, Lal and
Singh [7] established the degree of approximation of conjugates of Lip(«, r) functions by
(C,1)(E,1) product means of conjugate series of a Fourier Series in the following form.

Theorem 1.1 Iff :R — R is a 2w -periodic and Lip(w, r) function, then the degree of ap-
proximation of its conjugate function f by the (C,1)(E, 1) product means of conjugate series
of the Fourier series of f satisfies

~ ~ 1
. 17 -
Mn(f) = mln“(CE)n f”r O((n + l)oz—llp)’
where (CE);, = -3/, zlk Z/’,‘:o (f)s,f is (C,1)(E, 1) means of conjugate series of the Fourier

series.

Recently Nigam and Sharma have obtained the degree of approximation by the Karmata
summability method [8] and also by (C,1)(E, g) means of its Fourier series [9] as follows.

Theorem 1.2 Ifa function f is 2 -periodic, Lebesgue integrable on [0,27] and belongs to
Lip(&(2),r) class, then its degree of approximation by (C,1)(E, q) summability means of its
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Fourier series is given by

”c;,gg_f||r=o[(n+1>ig( 1 )}

n+1l

provided & (t) satisfies the following conditions:

w7 (1
{/0 ( 1) ) ”’t} °(m> (L1)

and

{/f (%)rm}; =0((n+1)), 1.2)

n+l

where § is an arbitrary positive number such that s(1-8) —1> 0, % + % =1,1<r<o0,
conditions (1.1) and (1.2) hold uniformly in x and CLE}, is (C,1)(E,q) means of the Fourier

series.

Working in a slightly different direction, in this paper, the degree of approximation of
a function £, the conjugate of a function f belonging to classes Lipa and Lip(§,r), r > 1,
by the product summability operator E@ - Ay of conjugate series of the Fourier series has
been established. The results are new, sharper and better than previously known results.
Furthermore, some interesting particular estimates have been also derived from the main

theorems.

2 Preliminaries
Let f(x) be a 27 -periodic function, Lebesgue integrable on [0,27] and belong to Lip(§, )
class. The Fourier series of f(x) is given by

R 1 &
flx) = an + ;(an cosnx + by, sinnx) = Etzo + ;An(x) 2.1)

with nth partial sum s,(f; x).

The series
o0 o0
Z(“” sinnx — b, cos nx) = — ZBn(x) (2.2)
n=1 n=1

is called ‘conjugate series’ of the Fourier series (2.1) with nth partial sum 5, (f; x).
A Housdorff matrix is a lower triangular matrix with entries

n
Mg = (k) A" g,

where A is the forward difference operator defined by A = px — prr1 and A(A" uy) =
An+1,l/Lk.

Let Y, u, be an infinite series with nth partial sum s, = Y ;_, u.
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If el =30 huxsk — sasn— 00, Y oo Uy is said to be summable to the sum s by the
Hausdorff matrix summability method (Ay means) (Boos and Cass [10]).
The Hausdorff matrix H is regular, i.e., H preserves the limit of each convergent se-

quence if and only if

1
/o |d(ot(z))| < 00,

where the mass function o € BV[0,1], «(0+) = «(0) = 0, and «(1) = 1. In this case, the
have the representation

1
,u,,:/ Z'da(z).
0

Let E9 = W Y ko (Z)q”‘ksk, q>0.

If E,(qq) — sasn—> 00, y oo Uy is said to be summable to s by the Euler method (E, q)
(Hardy [11], p.180).

The (E,q) transform of the ¢/ transform defines the E@ . Ay transform of (s,). It is
denoted by t£H. Thus,

n n k
1 n 1 n
e g B g () s
v=0

k=0 1+9)" =

If ttH — s as m — 00, Y u, is said to be summable to s by the Euler-Hausdorff matrix
summability means, i.e., E9 - Ay means.
Thus, if the method of summability (E, q) is superimposed on the tff method, another

new method of summability E@ - Ay is obtained.

sp—>s = tl—s  asn— oo, Ay method is regular,
= E(t)=tt" -5, asn— oo,(E,q) method is regular,

= (E?- Ay) method is regular.

The important particular cases of E7 - Ay means are as follows:
L (Eq)(C8) ifa(z) =], 258 >1,
2. (E1)(C,8)ifg=1and a(z) =[]}, 25, 8 > 1,

. (E,q)(C ) ifalz) =z,

4. (E,1)(C,1)ifg=1and a(z) = z.

Let || || of a function f: [0,27r] — R be defined by

w

Iflloc =ess sup |f(x)]

0<x<2m

and the degree of approximation of a function f: [0,27] — R by a trigonometric polyno-
mial of order n, t,, = %ao +> 0 (ay cosvx + b, sin vx), under ess sup norm || ||~ be defined
by (Zygmund [12], p.114)

ity —flloo = CSSO sup |tn(x) _f(x)|

<x<2m
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We define the norm L" = || ||, by ||f|l, = {% 02” |f(®)|" dr}¥’", r > 1, and let the degree of
trigonometric approximation E,(f) be given by

En(f) = II;lil’l ”f =l

Define the norm || ||§) on class Lig of functions by

®) _ IfFC+8)=fOllr
WA= s =2y

The degree of approximation E,,(f ;L)) of a function f belonging to Lip(,r) class under

the norm || | is given by

En(fiLig) = It =f11}"

A function f € Lipa if |f(x + £) — f(x)| = O(|¢]*) for 0 < @ <1 (Titchmarsh [13], p.426).

f € Lip(a, 1) if {fOZH If(x +£) —f(x)l’dx}% = O(Jt|*) for 0 < <1, r > 1 (def. 5.38 of
McFadden [14]).

f e Lip(&,r) if {fozn If(x+8) —f(x)|" dx}V'" = O(£(t)) (r > 1), where £ is a modulus of conti-
nuity, that is, £ is a non-negative, non-decreasing, continuous function with the properties
£(0)=0,6(t + &) <&(t1) +£(2) (Khan [15]).

If £(¢) = ¢¥, Lip(&, r) class coincides with the class Lip(«, r), and if r — 00, then Lip(«, r)
reduces to Lip « class. Thus, it is obvious that Lipa C Lip(w, r) C Lip(&, 7).

Let u be a modulus of continuity such that % is positive, non-decreasing.

Then ||f ]| < max(1, i )1 11¥). Thus, Ly, S L, L.
We write v (x, ) = f(x + t) —flx—1t), f(x) = —o [y W, t)cot & dt,

n

Iz X
@0t (e [ (oo

2

3 Results

In this paper, three new estimates for the degree of approximation of a function f, the
conjugate of a function f belonging to the classes Lipa and Lip(£,7) (r > 1) by E@ . Ay
summability operator have been determined in the following form.

Theorem 3.1 Iff:[0,27] — R is 2w -periodic, Lebesgue integrable on [0,2r] and belongs
to the class Lipa, then the degree of approximation of f, the conjugate of f, by E9 - Ay
means

1 Hn—
s (1+q)nz<> kzhk“s“

of conjugate series (2.2) of its Fourier series (2.1) satisfies, forn=0,1,2,3,...,

[ -7 —ess sup (B —F) - { OV O <<t (3.0)

1 1)
0<x<2m O( Ognn++1) ), o=1.

Page 4 of 14
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Theorem 3.2 Let £(t) be the modulus of continuity such that

/—dt O&(v)) O<v<m. (3.2)

Iff :10,27] — R is 2w -periodic, Lebesgue integrable on [0,27] and belongs to the class

Lip(€,7) (r > 1), then the degree of approximation of f, the conjugate of f, by E9 - Ay

means 11 of conjugate series (2.2) of its Fourier series (2.1) is given by

&7 -F]| =0 <n 1/ —dt) forn=0,1,2,3,.... (3.3)

Theorem 3.3 The degree of approximation E,(f ;L(f)) of a function f, the conjugate of a

Sfunction f belonging to Lip(§, 1) class, by " means of conjugate series (2.2) is given by
<EH 7 1 (" &0
| = / dt), 3.4
15" =717 =057 | B (3.4)
where &(t) and u(t) are the modulus of continuity such that
" &) £(v)
dt=0(=—]), © . 3.5
0w ™=\ ) 05T 32
4 Lemmas

For the proof of our theorems, the following lemmas are required.
Lemma 4.1 (EH),(t) = O(%)for 0<t< ﬁ

Proof For0<t < |cost| <1, sin(t/2) > (t/m) and supy,; |&'(z)| = N, we have

n+1’

2n(11+ 9 ] (Z)qkik; /01 (lj)z”(l—z)k-v da(z)%;i)tl
i (s ()eu-a s
= 2t(1]j 2" k; (Z)an fo 12k;(/:>z (-2 dz
2t(1]\i 9" “ (Z)q /0 1(z+ 1-2)fdz
)

N ye nk 1
_2t(1+q)”k2=0:(kq ‘O<Z>‘ O

Lemma 4.2 (EH),,(t) =0(—= n+1 Dz )for T <t=<m.

Page 5 of 14
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Proof For ﬁ <t =m,sin(n+1)t <1,sin(¢/2) > (¢/7) and sup,_,, |a'(z)| = N

5[ (Jen-sroa

1 n
_ / eit/2 Z <Z) Zk(l _ Z)n—keikt dOl(Z)
0 k=0

1'/2 — (n z \* k
— it 1— n itd
/Oe 1-2) Z(/{)(—l_z)e w(z)
k=0
1 . .
:/ e"?(1-z+ze")" da(z)
0
1 . o
§N/ e (1 -z +ze")" dz
0
Neit/Z ei(n+l)t -1
:(n+1)( et —1 )

N ei(n+l)t -1
- (n+1)< 2isin £ >

2
N ((cos(n +1)t—-1)+isin(n + l)t)
T+l 2isin £ ’

Equating real parts from both sides, we get

i N sin(n + 1)t
Z/()zk(l Z) cos(k+ >da(z) (n+1)( ZSiné )

- ((n+1)t>'

Therefore, using >_),_, (1)L = O(%), we get

v+l

~ 1 ” - k oo cos(v + 1)t

(EFA(0) = 2n(L+q)" 4 (k> Z/ (v)z 1=/ do(2) sin £
1+q)" (k) - kZ/ (]:)z 1 -25"da(z )cos(v+ %)t

s 2 (W elem)]

1 n
O( t2(1+q) k+1) (n+1)t2) O

Lemma 4.3 Iff € Lipa, then

v (x,8)| = O(¢*).
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Proof Clearly,

[ 8| = [fx+8) —flx—1)
= [f(x+8) —f(x) +f(x) = fx - 1)
<[fle+t)—f@|+|[flx—0) -f ),

[y (x,8)| = O(t) + O(£) = O(¢*). 0

Lemma 4.4 Iff € Lip(§,r), r > 1, then

2 1/r
|:/0 ‘w(x,t)|rdx:| = 0(&(1)).

Proof Using Lemma 4.3 and Minkowski’s inequality, we have
W] < [flx+8) = f)] + |[f(x— 1) - f(x)
27 1r 2 1/r 2 1/r
|:/ \1//(x,t)rdx:| 5|:/ [f(x+t)—f(x)|rdx:| +[/ Lf(x—t)—f(x)|rdx:|
0 0 0

’

=0(5) + O(£(1)) = O(£(®)). 0
Lemma 4.5
(1)
Hw-+y,t)—w(-,t>H,=O(u(m)%).
Proof

|1/f(x+% t) =¥ (x )

= |fx+y+0-fr+y-0} - {fx+0)-flx-1)}|
<|fa+y+0)—flx+0)]+ |flx+y—1)—flx-1)|.

Applying Minkowski’s inequality, we have

|[w(+yt) =G|, < [fC+y+t)=fC+)|, + [fC+y-8)=fC+1)],
= 0(&(Iyl)) + O(&(Iy1)) = O(£ (Iyl))- (4.1)

Also, we can write

¥ (x+y,8) — ¥ (x, )

=[{f+y+ ) —fry-0) - {flx+ D) —flx-D)}]
<|fty+O)—fl+p)|+ |fx+y—0)—flx+y)]
+[fle+t) —f@)] + |[fx-0) - f@)],
|9 +20- w60, < [fC+y+0-fC+n], + [fC+y-0-£C+3)],
e+ -fOl + lfc-n-r0),
=0(§(1) + O(5(1) + O(5(0)) + O(6(®))
= 0(§(0). (4.2)
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For t < |y|, we obtain

lw(+yt)-v(0)|, = 0(E®)

_ O(u(|y|)i(—2>.

Since ‘é( j is positive, non- -decreasing, if t > |y|, then S—; Eg:;, so that
[vC+2.0-v(.0], =0E(y))
(t)
= O(u(|y|)%). (4.3)

Lemma 4.6 The inequality

1 o b r 1/r b 1 2 . 1/r
{—/ / glx, t)dt dx} 5/ {—/ |g(t,x)’ dx} dt
27 Jo a a 127 Jo

is known as generalized Minkowski’s inequality where the generalization is simply replacing
a finite sum by a definite (Lebesgue) integral (see Chui [16]).

5 Proof of Theorem 3.1

The nth partial sum of conjugate series (2.2) is given by

1
5)t
cosln 3t 4,

Su(f3%) — f () = % fo v (% 8) Cossin

2
Denoting the Hausdorff matrix summability transform of 5,,(f;x) by £(x), we get

)= @) =D hui{5if;x) - (%))

k=0

~ 1 ek |1 cos(k+ )t
_g()A Mk{Zn/O ¥, t) T dt}

:—/ ¥ (x,0) ( >A” k(/ *do (z)>mdt
— 0 sin

2

— 1 i - n—k (k+ )
_E/o w(x,t)gf()zk(l 2" da ()Tdt

2

The (E, q) transform of £/ (x), i.e., the E9 - Ay transform of 5,(f;x) denoted by £ (x), is
given by

- m\ vz 7
B (1 +q)n v=0 <U>q {t—:;[(x) _f(x)}

Page 8 of 14
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a +1q)” ZO <Z>q
g (o weiitl
- [ o, ) de )
Thus,
|ECw) - fw)|, < _/0n|1ﬁ(x,t)||(§l)n(t)| dt

= o( / ’ t* ((EH)u(2)) dt), by Lemma 4.3
0

A .
= O</0 ¢ (EH)n(t)dt> + O</‘1 t*(EH),(t) dt)

(n+1)
=L+, say. (5.2)
Applying Lemma 4.1 and Lemma 4.3, we have
w0
L = o( / t*(EH),(2) dt)
0
( 11)
= O( / £ 1dt>
0
=0((n+1)™). (5.3)

Now, by Lemma 4.2 and Lemma 4.3, we get

i £
w0l wroa)

(n+1)

1 b
=0 —/ 2 dt
(n+1) o

O[(%)(L)(; —7* ], O0<a<l,

n+1) /M- /N (n+1)2-1

O(log (n+1) )’ a-=1

(n+1)

_ O +1)™), O<a<l, (5.4)

log(n+1) _
O(==%~ ) ™), a=1

Collecting equations (5.2) to (5.4), the result is

“fEH f” =ess sup |tEH(x) f( )i_ O((n+1)™%), O0<ac<l,

o), a=1,

This completes the proof of Theorem 3.1.

Page 9 of 14
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6 Proof of Theorem 3.2

Following the proof of Theorem 3.1, using equation (5.1), we have

2 r %

& _f =[ d}

-7, - | .
bd 27 1r —

5/ {f |1ﬂ(x,t)}rdx} |(EH)(t)| dt

= O(/ £(¢) EH )dt) by Lemma 4.6

(
=O(/O £(0)(EED(0) >+O(/m £(0)(EED, (t)dt)

=1 +I, say. (6.1)

(6, O)((EH) (1)) dt

Applying Lemmas 4.1 and 4.4 and condition (3.2), we obtain

7= O( /0 " e OEF 0 dt)

1

WD &(t)
1
o(s<n+l>>. (6.2)

By Lemmas 4.2 and 4.4, we have

(/ o (n + l)t2 )
_ 1 [" @
= o((n D /L ey dt). (6.3)

(n+1)

Next,

1 (7 £ 1 1 T
(n+1)/<ni1) 2 t_(n+1)g((n+1)>/nlt_2dt

(n+1)

§ ( 1+ > {1 +1 } = 1 § < 1+ >
(m+1) (n+1)m 2°’\(n+1) )’
T'hen

1\ _ 1 (7 E®)
5<(n+1)>—0((n+1)/<n1+1) £2 t)' (6.4)

Combining equations (6.1) to (6.4), we get

— 1 (" £
710G [, )

This completes the proof of Theorem 3.2.

Page 10 of 14
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7 Proof of Theorem 3.3
By equation (5.2) of the proof of Theorem 3.1 and Lemma 4.6, we get

1) = 57 () — f(x) = fo V(o OEH)(0) d, 7.)
Toe ) — () = fo (W Cx + 3, 2) — (o ) (EFD(0) it (7.2)

[0+~ L0, /||w(-+y,t>—w<-,r)u,<EH>n<t>dt

( / f )IIW- +2,0) =¥ (0| (EH) (1) e

=I+1), say. (7.3)

Using Lemma 4.1 and Lemma 4.5 and (3.5), we obtain

I = fﬁ [ (430 = v 0| (EH) ) dt

o [T £ £(:1)
o [ uton gy - oo S5 ) o

Also, using Lemma 4.2 and Lemma 4.5, we have

/ e w0 EH) 0 de

( 1 S(g PYSVE dt>, by Lemma 4.2,
1 ” ) £0
(—1 L t2u(t) dt). (7.5)
By (7.3), (7.4) and (7.5), we have
. _— (L 17 £(0)
-0, = 0(utb) 55) + o5 [ wloi) )
Thus,
12 +9) = LOl— (§G) 1 (™ &)
i ST _O(M(ﬁ)>+0<”+1/% Pt ””)‘ 76

£ 40

Since £ and u are the modulus of continuity such tha is positive, non-decreasing,

therefore

Page 11 of 14
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Then,
EGap) 1 ™ £Q)
u(-) _O<n+1/ﬁ t%t(t))dt' 77
Thus,
= ) = LOl 1 (" &
IO =5 ==y - O<n+1 / 2t dt)' 78)

Thus, Theorem 3.3 is completely established.

8 Applications
The following corollaries can be derived from our theorem.

Corollary 8.1 Let &(t) = P o<B<ac<l, and f € Lip(§,r), r > 1. Then Theorem 3.2

becomes

O((n+1)f), 0<B<a<l,

O(lOg(n”’:ll)ﬂ )’ :6 =0, =1

Proof Putting &£ (t) = t*#,0 < B <a <1,in (3.3), we have

H a—f-2
7 7| - <(Vl+1) L dt)
~ (m+1)PF), 0<B<a<l,
oty g =0,0=1. O

Corollary 8.2 Let0 <f<a <landf € Lza)r > 1. Then

O((n+1)F®), 0<B<ac<l,
O(log n+l)m )’ 13 =0,a=1.

n+l

& =71, =

Proof Putting £(t) = t*, u(t) = t#, 0 < B <a <1, in (3.4), we have

zEH  7|(B) _ 1 " a—B-2
71 -0 /%t )

(n+1)ﬁ—a+17(%)ﬁ—a+l

_ O(ﬁ(T)), 0<B<ac=l,
log(n+1) _ _
O£, B=0,a=1

O((n+1)f), 0<p<a<l,
O(log(n+1)rr )’ ,3 =0,a=1. 0

n+l

Corollary 8.3 Iff :[0,2n] — Ris 2w -periodic, Lebesgue integrable on (0,27 ] and belongs
to the class Lip(&,r) (r > 1) and condition (3.2) holds, then the degree of approximation of
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a function f, the conjugate of f, by (E,1)(C,1) means

g " (n) 1 Z By
=— s
" 2" v/v+l ,
v=0 k=0
of conjugate series (2.2) is given by

e -71,=0( 0 [, )

n+l )1 2
n+l

Corollary 8.4 Iff :[0,2n] — R is 2w -periodic, Lebesgue integrable on [0, 27 ] and belongs
to the class Lip(a,r), r > 1, 0 < o < 1, then the degree of approximation of its conjugate
function f by tE? means of conjugate series (2.2) satisfies

O(n+1)™), O<ac<l,

log(n+1)m
O( (n+1) )’

o =1.

Corollary 8.5 In addition to the conditions of Theorem 3.2, if also (@) is non-increasing,
then

[ 71, = 0( & ) e+ ).

Corollary 8.6 [n addition to the conditions of Theorem 3.3, if also (%) is non-increasing,
then

e R §(Ga)
||tf —f||r = O( T log(n + 1)71).
M(m)
9 Remarks

1. If we take &(¢) = t* in Theorem 3.2, then it reduces to Corollary 8.4.

2. The independent proofs of Corollaries 8.3 to 8.6 can be developed along the same
lines as the theorems.

3. Some interesting estimates parallel to the main theorems and Corollary 8.4,
Corollary 8.5 and Corollary 8.6 can also be obtained for (E, ¢)(C,$), (E,1)(C,$),
(E,9)(C,1), (E,1)(C,1) summability operators.

4. The degree of approximation of functions of Lip(¢;r) class has been determined
without using conditions like (1.1) and (1.2) of Theorem 1.2.
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