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1 Introduction

As the development of singular integral operators (see [1, 2]), their commutators have
been well studied. In [3, 4], the authors prove that the commutators generated by the sin-
gular integral operators and BMO functions are bounded on L”(R") for 1 < p < co. Chanillo
(see [5]) proves a similar result when singular integral operators are replaced by the frac-
tional integral operators. In [6, 7], some Toeplitz-type operators related to the singular
integral operators and strongly singular integral operators are introduced, and the bound-
edness for the operators generated by BMO and Lipschitz functions is obtained. In [6],
some singular integral operators satisfying a variant of Hormander’s condition are intro-
duced, and the boundedness for the operators is obtained (see [6], [20]). In this paper, we
prove the sharp maximal function inequalities for the Toeplitz-type operator related to
some singular integral operators satisfying a variant of Hérmander’s condition. As an ap-
plication, we obtain the weighted boundedness of the Toeplitz-type operator on Lebesgue
and Morrey spaces.

2 Preliminaries

First, let us introduce some notations. Throughout this paper, Q will denote a cube of R”
with sides parallel to the axes. For any locally integrable function f, the sharp maximal
function of f is defined by

# _ i _ d
f (x)—sup|Q|fQV(y) fol dy,
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where, and in what follows, fo = [Q|™ [,,f(x) dx. We say that f belongs to BMO(R") if f*
belongs to L>®(R") and define ||f || zso = ||f* ||z It has been known that (see [2])

If = fakgllBato < Ckl|f l| ato-

Let M be the Hardy-Littlewood maximal operator defined by

M(f)(x) = sup @ If )| dy.

For 1 > 0, let M, (f) = M(|f|")/". For k € N, we denote by M* the operator M iterated k
times, i.e., M'(f) = M(f) and

MM(f) = M(M*'(f)) whenk >2.

Let ® be a Young function and ® be the complementary associated to ®. We denote the

®-average by, for a function f,

|[f||q>,Q=inf{A>0 al (lfiy)')d <1}

and the maximal function associated to @ by

Mo (f)(x) = Sug If llo,0-

The Young functions to be used in this paper are ®(¢) = t(1 + logt) and ®(t) = exp(¢),
the corresponding average and maximal functions denoted by || - ||zg0gz),0: Mr(ogz) and
I - llexpz,0» Mexpr- Following [2], we know that the generalized Hélder inequality and the

following inequalities hold:

1Ql /V(y 20| dy < Iflocligls o

"f”L(logL),Q =< ML(logL)(f) < CMz(f)7

If —follespz,o < Cllf llzato

and

If —follexpr2tq = CkIlf ll sato-

The A, weight is defined by (see [1])

p-1
Ap_{weLloc(R”) sup(|Q|/w(x)dx)(|Q|/w(x)W’”dx) <oo},

l<p<oo,
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and

Al—{WELp

loc

(R") : M(w)(%) < Cw(x),a.e.}.

Given a weight function w, for 1 < p < oo, the weighted Lebesgue space L?(w) is the
space of functions f such that

1/p
I llzrw) = </Rn If ()| w(x) dx> < 00.

Definition 1 Let ® = {¢,...,¢;} be a finite family of bounded functions in R”. For any
locally integrable function f, the ® sharp maximal function of f is defined by

dy,

Qax {Cl ~~~~~

l
M) =sup inf oo f }/ - Y adxg-y

where the infimum is taken over all m-tuples {cy, ..., ¢;} of complex numbers and x, is the

n 1/n
dy) .

Definition 2 Given a positive and locally integrable function f in R”, we say that f satisfies

center of Q. For n > 0, let

Qax {c1ys

1
Mé,n(f)( ) =sup in ) <|Q|,/}/(y) ZCI¢1 XQ — )

Remark We note that M% ~ f* if [ =1and ¢; = 1.

the reverse Holder condition (write this as f € RH(R")) if for any cube Q centered at the
origin, we have

0< i‘éé’f"“) < C@ /f(y)dy

Definition 3 Let ¢ be a positive, increasing function on R*, and there exists a constant
D > 0 such that

o(2t) < Dy(t) fort=>0.

Let w be a weight function and f be a locally integrable function on R”. Set, for 1 < p < 00,

1 » p 1/p
Ifllpew) = sup <M /Q(x’d)lf(m w(y) y) )

x€R", d>0

where Q(x,d) = {y € R" : |x — y| < d}. The generalized Morrey space is defined by

Lp,(p(Rn’ w) = {f S Llloc( n) N Nlpewy < OO}

If p(d) =d", n > 0, then LP*(R",w) = L»"(R", w), which is the classical weighted Morrey
spaces (see [8, 9]). If ¢(d) = 1, then LP*(R",w) = LP(R", w), which is the weighted Lebesgue
spaces (see [6]).
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As the Morrey space may be considered as an extension of the Lebesgue space, it is
natural and important to study the boundedness of the operator on the Morrey spaces
(see [5, 8-11]).

In this paper, we study some singular integral operators as follows (see [12]).

Definition 4 Let K € L*(R") and satisfy
1Kz < C,
|K(x)| < Clxl™",

there exist functions By,...,B; € LL (R" — {0}) and ® = {¢y,...,¢;} C L¥(R") such that

loc

|det[<i>j(yi)]|2 € RH,o(R™), and for a fixed § > 0 and any |x| > 2|y| >0,

! s
K(x-9)- ZBi(xwi(y)’ =c; i

_ |8’
i=1 %=l

For f € C3°, we define the singular integral operator related to the kernel K by

() = /R K=y 0)dy:

Moreover, let b be alocally integrable function on R”. The Toeplitz-type operator related
to T is defined by

m
"= TMM, T,
j=1

where T/! are T or %I (the identity operator), T/ are the bounded linear operators on
LP(w)forl<p<ooandwe Ay, j=1,...,m, My(f) = bf.

Remark Note that the classical Calderén-Zygmund singular integral operator satisfies
Definition 4 (see [13], [19]). Also note that the commutator [b, T](f) = bT(f) — T(bf) is
a particular operator of the Toeplitz-type operators T%. The Toeplitz-type operators T?
are the non-trivial generalizations of the commutator. It is well known that commutators
are of great interest in harmonic analysis and have been widely studied by many authors
(see [12, 14]). The main purpose of this paper is to prove the sharp maximal inequalities
for the Toeplitz-type operator T?. As the application, we obtain the weighted L”-norm
inequality and Morrey space boundedness for the Toeplitz-type operators T°.

3 Theorems and lemmas
We shall prove the following theorems.

Theorem 1 Let T be the singular integral operator as Definition 4, 0 <r <1 and b €
BMO(R"). If T*(g) = 0 for any g € L*(R") (1 < u < 00), then there exists a constant C > 0
such that, for any f € C3°(R") and X € R",

M, (TP(F))® < Clibllsmo y_ M* (T () ).

Jj=1
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Theorem 2 Let T be the singular integral operator as Definition 4,1 < p < 0o, w € A; and
b e BMO(R"). If T'(g) = 0 for any g € L“(R") (1 < u < 00), then T? is bounded on L” (w).

Theorem 3 Let T be the singular integral operator as Definition 4,0 <D <2",1 < p < 00,
we Ay and b e BMO(R"). If T'(g) = O for any g € L*(R") (1 < u < 00), then T? is bounded
on LP?(R",w).

To prove the theorems, we need the following lemmas.

Lemma 1 ([1, p.485]) Let 0 < p < q < 00 and for any function f > 0. We define that for
1/I”= l/p—l/q;

f llwea = iug”{x R f(x) > )‘Hl/q’

Npg(f) = sup [f xellze /1 XEll 7>
E
where the sup is taken for all measurable sets E with 0 < |E| < co. Then

I llwze < Npo(H) < (a/(q =) If Nwaa-

Lemma 2 (see [2]) We have

1

10l /Q[f(x)g(x)] dx = [fllexpr.QlIgll Log1.0-

Lemma 3 (see [15]) Let T be the singular integral operator as Definition 4. Then T is
bounded on LF(w) for 1 < p < 0o, w € Ay and weak (L', L) bounded.

Lemma 4 (see [12]) Letl<p<00,0<n <00, w€ Ay and ® = {¢y,...,¢;} C L(R") such

that | det[¢;(y;)]1> € RHoo(R™). Then, for any smooth function f for which the left-hand side
is finite,

/ M, (F)xfwx)dx < C / M, () @) w(x) dx.
R" r"

Lemma 5 (see [5,11]) Let1l<p < oo, we Ay and 0 < D < 2". Then, for any smooth function
f for which the left-hand side is finite,

“M(f) “LW(W) < Clif o wy-
Lemma 6 Letl<p<oo,0<n<oo,weA;,0<D<2" and ® ={¢y,...,¢;} CLP(R") such

that | det[¢;(y;)] |2 € RHyo(R™). Then, for any smooth function f for which the left-hand side
is finite,

1726 iy = C1M80 ) 0y


http://www.journalofinequalitiesandapplications.com/content/2013/1/589

Feng Journal of Inequalities and Applications 2013, 2013:589 Page 6 of 9
http://www.journalofinequalitiesandapplications.com/content/2013/1/589

Proof For any cube Q = Q(xo,d) in R", we know M(wy) € A; for any cube Q = Q(x,d)
by [3]. By Lemma 4, we have, for f € LP?(R", w),

/Q M, (D) W) d
- [ 10 wa) d
< / M, ()0 [P Mwxo) ) dy
Rn

c /R (6, (DO) MOwx)6) dy

- # P .- 14
- C( [ e, PO aexa)0) b» / g Moa VO MxQ)0) dy)

# V4 ad » W
_C</Q|Mq>,n(f)()')| W(Y)dy+k2=(;/2k+1(g\2k Mg, ()] 2FG) y)
S M
C(L’Mg”"m(” P+ 3 [ s, 000 dy>
- C(L’MW 0wy + 3 /2k+1Q}M*;,,7<f)<y> T y)

[o¢]
5C||j\4if£,n(]¢‘)||l7 22 nkw 2k+1d
k=0

IA

o]

< CIMG, 70y - (27D) 0 (@)
k=0

<C|ME O]} 0y 0(@)

thus

Up 1 1/p
<(p(d)/M ) x)l’w(x)dx) EC(M/QME,N)(x)"w(x)dO

and
[V Dy = €M, e
This finishes the proof. d

Lemma 7 Let T be the singular integral operator as Definition 3 or the bounded linear
operator on L"(w) forany 1 <r<ooandwe A;,1<p<oo,we Ay and 0 <D <2". Then

” T(f)“yzww) = CHf”LP:‘/’(w)

The proof of the lemma is similar to that of Lemma 6 by Lemma 3, we omit the details.
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4 Proofs of theorems

Proof of Theorem 1 1t suffices to prove that for f € C5°(R") and some constant Cj, the
following inequality holds:

1/r
<|Q| / | T"()(%) - Co|" dx) <C||b||BMoZM2 (T(1) ®),

where Q is any cube centered at xg, Co = Z,m1 Zf lg]’d),(xo x) and g] = [en Bilxo —
y)M b-bQ)x0) T2 (f)(y) dy. Without loss of generality, we may assume T/' are T (j =
..,m).Let ¥ € Q. Fix a cube Q = Q(xp,d) and x € Q. Write

T (f)(x) = T2 (f)(x) = TOP@720(f) () + TCP20%0r (£) (x) = i (%) + fo ().

Then

i , ~ , 1/r (i . >I/r
<|Q|/Q|T () - Gl dx) <c |Q|/wa)| dx

1/r
+C<Lfy2(x)—co|’dx) =1+
QI Jo

For I, by Lemmas 1, 2 and 3, we obtain

1 1r
(|Q| /iT Mip-byg) 10 T (1)) dx)

” M(b baq) )(ZQT (f)XQ”L'
|QJ1/r-1

< QI Tm ()|

= (b-b2Q) x20 wil

<C| Q|_1 ”M(b—sz)sz 7? ) “L1

<lQI

<clo /2 b6 =l 729

= ClIb = baqllexpr2 ” Tj’z(f) ||L(10gL),2Q

< CllbllgmoM* (T2 (f)) ()

thus

1/r
1<CZ<|Q|/‘T’ Moo T !dx) < Cllbllao Y M (T2() @

j=1

For 11, we get, for x € Q,

!
Tj’lM(b_bQ)X(zQ)c Tj’Z(f)(x) - Zg,ldh(xo - x)

i=1

=<

/Rn(Kx y) - ZB(xo Y)i(xo —x )(b(y = by) X2 W T () (y) dy
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!
K(x-y) - ZBi(xO = y)i(xo = %)||b() = bag|| T () )| dy
i1

)
Z \/de<y—xg|<2k+1d

oo

ey [ =01 0) g |72 0)]

T — o |48
k=1 kd<\y—x0|<2k*1d |)’ X0 |n+

o0 d(; )
=C2 @y 2 D) 16 = bagllepr k10| T | og yate1c
k=1

< ClbllssroM* (TP (f)) (& Zkz e
< ClIbllsasroM* (T () (&)

thus

H<@/Z|T’ Mos-sgpnage ()0 Col di < Cllblsno S MA(TH2(1)) ).
j=1

This completes the proof of Theorem 1. d

Proof of Theorem 2 By Theorem 1 and Lemmas 3-4, we have
IOy = 1MAT D) iy = CNME T )
< Clbllsmo Y| M* (T () | iy < Clbllsmo Y[ TP

Jj=1 Jj=1

= Cllblismollf 1z w)

This completes the proof. d

Proof of Theorem 3 By Theorem 1 and Lemmas 5-7, we have
IO iy = 18 (T ) |y = CIMo T D) o
< Clbllsmo Y| M* (T () | oy < ClblBaO DI T> ) oo

j=1 Jj=1

= Cliblismollf lre o)

This completes the proof. d
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