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Abstract

If Aand B are n x nnonsingular M-matrices, a new lower bound for the minimum
eigenvalue T(B o A™") for the Hadamard product of Band A™" is derived. As a
consequence, a new lower bound for the minimum eigenvalue (A o A™") for the
Hadamard product of A and its inverse A™! is given. Theoretical results and an
example demonstrate that the new bounds are better than some existing ones.
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1 Introduction

For convenience, for any positive integer #, let N = {1,2,...,n} throughout. The set of all
n x n real matrices is denoted by R**” and C"*” denotes the set of all # x #n complex
matrices.

A matrix A = (a;) € R"*" is called a nonnegative matrix if @;; > 0. The spectral radius of
A is denoted by p(A). If A is a nonnegative matrix, the Perron-Frobenius theorem guar-
antees that p(A) is an eigenvalue of A.

Z, denotes the class of all # x n real matrices all of whose off-diagonal entries are non-
positive. An n X n matrix A is called an M-matrix if there exists an # x n nonnegative
matrix B and a nonnegative real number A such that A = A/ —Band A > p(B), I is the iden-
tity matrix; if A > p(B), we call A a nonsingular M-matrix; if A = p(B), we call A a singular
M-matrix. Denote by M, the set of nonsingular AM-matrices.

Let A € Z,, and let 7(A) = min{Re()) : A € 0 (A)}. Basic for our purpose are the following
simple facts (see Problems 16, 19 and 28 in Section 2.5 of [1]):

(1) 7(A) € 0(A); T(A) is called the minimum eigenvalue of A.

(2) IfA,BeM,,and A > B, then t(A) > t(B).

(3) If A € M, then p(A™Y) is the Perron eigenvalue of the nonnegative matrix A, and

T(A) = m is a positive real eigenvalue of A.

For two matrices A = (a;) and B = (b;), the Hadamard product of A and B is the matrix
A o B = (ayby). If A and B are two nonsingular M-matrices, then B o A7l is also a nonsin-
gular M-matrix [2].

LetA,Be M,and A~ = (By),in [1, Theorem 5.7.31] the following classical result is given:

t(BoA™) > 1(B) 1@3 Bii. (1.1)
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Huang [3, Theorem 9] improved this result and obtained the following result:

- 1-p0a)pUs) . by
— AP min —

BoA™!
T(Bod) 1+ p2(Ja) 1si=nay

) (1.2)
where p(J4), p(Jp) are the spectral radii of /4 and Jp.

The lower bound (1.1) is simple, but not accurate enough. The lower bound (1.2) is dif-
ficult to evaluate.

Recently, Li [4, Theorem 2.1] improved these two results and gave a new lower bound
for T(Bo A™Y), that is,

bi—s: bl
t(BoA™) > min{ bi =1 2 i bl } (1.3)
i aij
_ |agi| _— . il il L, L o
where rj; = m, I #i5 1 = max{ry), i € N; sj = =212 j i, jeN;s; =

&/
man#l‘{Si]'}, ieN.

For an M-matrix A, Fiedler et al. showed in [5] that (A 0 A™!) < 1. Subsequently, Fiedler
and Markham [2, Theorem 3] gave a lower bound on 7(4 0 A7),

1
T(AocA™) > -, (1.4)
n
and proposed the following conjecture:
2
r(AoA™) = 2. (15)
n
Yong [6] and Song [7] have independently proved this conjecture.
Li [8, Theorem 3.1] obtained the following result:
i = LiR;
T(A0A™) > min{ i L% }, (1.6)
L+ Zj;!i i
which only depends on the entries of A = (a;), where R; = Zkﬂ lail; d; = %, ieN;t; =
lajil+> kil . . ,
%fl’“,] #1i,j € N; t; = max;;{t;}, i € N.
Li [9, Theorem 3.2] improved the bound (1.6) and obtained the following result:
i — MR;
T(AoA™) > min{ i Z i }, (1.7)
i 1+ j#i mi;
o lag| Lo PR o il glaidr Lo
where r; = DY=Armk L# i rp = maxp,{ry), i e Ny myjy = ——2——,j#i,je N;m; =

ajj
max,»#{m,'j}, ieN.

Recently, Li [10, Theorem 3.2] improved the bound (1.7) and gave a new lower bound
for T(A o A7), that is,

i = TiR;
T(AoA™) > min{ i i }, (1.8)
L+ Zj;/i Tji

where T}'i = min{m,»,',sﬁ},j #l, Tl‘ = maxj#i{ﬂ-j}, ieN.
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In the present paper, we present a new lower bound on 7(BoA™'). As a consequence, we

present a new lower bound on 7(A o A™!). These bounds improve several existing results.

The following is the list of notations that we use throughout: For i,,k,/ € N,

Ri=) lagl,  Ci=)_lal,

ki ki
|a;] )
rj= ———————y, 1
lay| - Zk;!l,i ||
e )
Gz ————y L#i
lay| - Zk#l,i | k]
lail + 3 iy lailri
mj; = , J#G
|a/’j|
lajil + D g il
Sji = » JE G

|ﬂjj|

Tj; = min{my;, s},

J#6

R;

= )
||

.G

&= —;
|ai|

d
r; =max{r;}, i€N;
Ii
¢; =max{c;}, i€N;
Ii
m; = max{m;}, i€N;
Jj#i

s; =max{s;}, i€N;
Jj#i

T; =max{T;}, i€N.
Jj#i

2 Some lemmas and the main results

In order to prove our results, we first give some lemmas.

Lemma 2.1 [11] IfA = (ay) € R™" is an M-matrix, then there exists a diagonal matrix D

with positive diagonal entries such that D™AD is a strictly row diagonally dominant M-

matrix.

Lemma 2.2 [1] Let A, B = (a;;) € C"" and suppose that D € C"™" and E € C"*" are diag-

onal matrices. Then

D(A o B)E = (DAE) o B = (DA) o (BE) = (AE) o (DB) = A o (DBE).

Lemma 2.3 [10] If A = (a;) € R"™" is a strictly row diagonally dominant M-matrix, then

A7 = (By) satisfies

Bjii < TjiBii, i,jEN,i#].

Lemma 2.4 [12] If A7l is a doubly stochastic matrix, then Ae = e, ATe = e, where e =

(1,1,...,1)T.

Lemma 2.5 [9] Let A = (a;) € R™" be a strictly row diagonally dominant M-matrix.

Then, for A™ = (B;), we have

1
Bi= —,

aij

ieN.

Lemma 2.6 [10] If A = (a;) € R™" is an M-matrix and A~ = (B;) is a doubly stochastic

matrix, then

1
Bi> ——= I€EN.
1+Zj;ziTji
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Lemma 2.7 [13] Let A = (ay) € C"™", and let x1,%,,...,%, be positive real numbers. Then

all the eigenvalues of A lie in the region

n

1 1
U{ze(‘cwz—aﬁnz—a,n < (xizx—mkio (xlzx—mk,w)}.
ij=1 kA4 Ok ke K
i

Theorem 2.1 Let A, B = (by) € R™" be two nonsingular M-matrices, and let A™ = (By)-

Then

7

+4<EZ |bki|ﬁﬁ> (T,Z |bk;|ﬁ,j>}7 } (21)

ki ki

o1
T(Bo A_l) > Hll;H 3 {biiﬁu‘ +b;B; - I:(biilsii — b ;)

Proof 1t is evident that (2.1) is an equality for n = 1.

We next assume that 7 > 2.

If A is an M-matrix, then by Lemma 2.1 we know that there exists a diagonal ma-
trix D with positive diagonal entries such that D™AD is a strictly row diagonally dominant

M-matrix and satisfies
t(BoA™)=7(D}(BoA™)D) =1 (Bo (D'AD)™).

So, for convenience and without loss of generality, we assume that A is a strictly row
diagonally dominant M-matrix. Therefore, 0 < T; <1,i € N.

If Bo A7! is irreducible, then B and A are irreducible. Let t(Bo A™') = A, so that 0 < A <
biiBii» Vi € N. Thus, by Lemma 2.7, there is a pair (i, /) of positive integers with i #j such

that
1 1
A =biiBil|h = byl < | T; Z —I|bwBul || T; Z —|biiBiil ).
< T < T
ki k#j
Observe that
1 1
Ti Y —lbiBul ) T Y — byl
* T * Tk
ki k+#j
1 1
<(T Z 7 0wl Tuaba ) T, Z 7. 1091 Tiby
ki k#j
< (Ti > |bk,-|ﬁﬁ) (Tj > |bk,|ﬁ,»,).
ki ki

Thus, we have

A = biiBil A — byl < (Ti Z |bki|,3ii> (7} Z |b/</|,3;'j>-

ki ke
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Then we have

A= %{biiﬂii + ;B — [(biiﬁﬁ — byBy)* + 4(Ti > |19ki|,3ii> (T; > |bkj|,3/‘j>] 2 }

ki k+j

That is,
1
T(BoA™) > 3 {bii,Bii + b — |:(bii,3ii - b;By)°

+ 4<Ti Z Ibkilﬂii) (T/ Z |bk"|ﬂjj)} % }

ki ki

o1
> I?;]n 3 {biiﬂu’ +bjB - I:(bz’z’,Bii - b;By)°

Aoz}

ki ks

Now, assume that B o A~! is reducible. It is known that a matrix in Z, is a nonsingular
M-matrix if and only if all its leading principal minors are positive (see condition (E17)
of Theorem 6.2.3 of [14]). If we denote by D = (d;;) the n x n permutation matrix with
dip=dys=---=dy1,=dn =1, then both A — tD and B — tD are irreducible nonsingular
M-matrices for any chosen positive real number ¢, sufficiently small such that all the lead-
ing principal minors of both A — ¢D and B — tD are positive. Now we substitute A — tD and
B —tD for A and B, respectively in the previous case, and then letting ¢t — 0, the result
follows by continuity. O

Theorem 2.2 Let A,B = (b;) € R™" be two nonsingular M-matrices, and let A™ = (By).
Then

Hil#i]n % {biiﬂii + b;iBjj — [(biiﬂii —bBy)* + 4<Ti > |bki|/3ii> (T, > |bk/|ﬂjj>] 2 }

ki ks

> min{

T 1<i<n

bii = 5i ) 14 bl }

aij

Proof Since Tj; = min{m;, s;;}, j # i, T; = max;;{ T}, so T; <s;, i € N. Without loss of gen-

erality, for i #j, assume that

biBi—T; Y builBi < by — T; Y _ byl By (2.2)

k+i k+j

Thus, (2.2) is equivalent to

T; Z |by;| By < T; Z |bii| Bii + bjiBjj — biiBii- (2.3)

ki k+i
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From (2.1) and (2.3), we have

1 3
> {biiﬁii +b;B — [(biiﬁn‘ —byBy)* + 4(Ti Z |bki|,3ii> <T; Z |bkj|,3jj)] }

k+i k+j

1
= { zzlgzz +b11/31] zz,Bzz 1//311)2

1

2
( Z |bkz|,3u> ( Z |bkz|ﬂzz + b/]ﬂ/] - buﬂzz)i| }

ki ki

{bzzﬂu + b}/,B}/ uIBu 1/,311)2

+ 4‘( |bkt|,3u> < |bk1|ﬂu) (byﬂ/} - buﬂu)] }
k#i ki

2}
{bzz,Bu + b”,B}/ < }/,3}/ bzz,Bu + 2T Z |bkz|,3u> ] }

ki

1
=3 {biiﬂn’ +bjiB; - (1717/3;7 —bfii +2T; Z |bki|,3iz’> }
i

=b;Bi—T; Z |bril Bii
ki

= ﬁii(bii— TiZ |bki|)

ki
> Bii (bii -5 Z |bki|)
ki
bii = 8i 3 1z bl

aji

Thus, we have

1
r(B oA~ ) > min 3 {buﬂu + b — I:(biiﬂii - b}jﬂj/)z

i7
4<T,-Z |bki|ﬁii> (T,Z |bk,|ﬁ,,->} }
ki k#j

bii = $i 3y 1bil }

> min {
ajj

1<i<n
This proof is completed. d

Remark 2.1 Theorem 2.2 shows that the result of Theorem 2.1 is better than the result of
Theorem 2.1 in [4].

If A = B, according to Theorem 2.1, we can obtain the following corollary.
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Corollary 2.1 Let A = (a;) € R"*” be an M-matrix, and let Al = (By) be a doubly stochas-
tic matrix. Then

i

4<T,~ > |akl~|ﬁﬁ) <T,~Z |ak,|ﬁjj)] : } (2.4)

ki ki

o1
(Ao A_l) > min 3 {ﬂiiﬂii +a;B — [(ﬂiiﬂii - a;B)*

Theorem 2.3 Let A = (a;) € R"*" be an M-matrix, and let A7l = (By) be a doubly stochas-
tic matrix. Then

1 %
r?;/n 5 {aiiﬁii + a]’jﬁjj - [(ﬂzzﬁu - ﬂ}//S}/ ( Z |akl|ﬂll> (T} Z |ﬂk/|/3jj):| }

k+i k+j

Proof Since A is an irreducible M-matrix and A is a doubly stochastic matrix by
Lemma 2.4, we have

ai= Y laxl+1=) lal +1, ieN.

ki ki

Without loss of generality, for i #, assume that

a;iBi — T; Z law| Bi: < a;iBj — T; Z |axi| B (2.5)
ke ki
Thus, (2.5) is equivalent to
T; Z laxi| B < a;Bjj — aifii + T; Z |2 Bii. (2.6)
k% ki
From (2.4) and (2.6), we have
! %
3 {ﬂnﬂii +aiBj — |:(ﬂn',3u' - ;i) + 4‘(Ti > |ﬂki|/3ii) <T, > |ﬂk/|/3;j)] }
ki k#j
1
> 5 a;iBii + a;iBjj — (aifii — ﬂ}/ﬂ/]
1
4'<Ti Z |ﬂki|,3u> (“]1,3]1 a;iBii + T Z |ﬂkl|ﬁll>] }
ki ki

1 2
=3 aiiBii + a; By — | (@i — a;By)

1

2 2
4‘<Ti Z |ﬂki|,3ii) + 4‘<Ti Z |6l/<i|,3u') (a;B; - ﬂiiﬂii):| }

ki ki
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1 12
=3 {ﬂiiﬁii +a;Bj — [(ajjﬂjj —a;iBi +27T; Z |6lki|,3ii) ] }

ki

1

=3 aifii + 4B — \ a;Bjj — aiPii + 2T, Z |axi| Bii
ki
=a;Bi—T; Z |axil Bii
ki
= Bi <an- -y |aki|>
ki

S i - TiR; '

L+ Zj#i Tji

Thus, we have
-1 . 1 2
T(AoA™) > Illl#lln 3 a;ifii + a5 B — | (@i — a; Bjj)

+ 4(Ti > Iﬂkilﬂii> (T/ 2 |“kj|ﬂ’j>]% }

ki ki

. { ai; — TiR; }
> min{ ———— 1.
i 1+Zj;¢’i’1}i

This proof is completed. O

Remark 2.2 Theorem 2.3 shows that the result of Corollary 2.1 is better than the result
of Theorem 3.2 in [10].

3 Example
For convenience, we consider that the M-matrices A and B are the same as the matrices
of [4].
4 -1 -1 -1 1 -0.5 0 0
-2 5 -1 -1 -0. 1 -0.
A ’ B- 0.5 0.5 0
0o -2 4 -1 0 -0.5 1 -0.5
-1 -1 -1 4 0 0 -0.5 1

(1) We consider the lower bound for T(Bo A™).
If we apply (1.1), we have

t(BoA™) > 7(B) min B; = 0.07.
1<i<n

If we apply (1.2), we have

1- bi;
> L=pUpUs) . bi o oag.

7(BoA™!
(Bod™)= 1+ p%(a) 1siznay
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If we apply (1.3), we have

‘L'(B oA"l) > min

1

bii —s; 1Dk
{ i il |}:0‘08.
aij

If we apply Theorem 2.1, we have

!
T(BoA™) > min 5 {biiﬂii + by B - [(biiﬂii - b;By)’

+ 4(T,- > |bki|,3ii) (T,- > Ibk,»lﬂ,-,)} ’ } =0.1753.

ki ks

In fact, T(Bo A7) = 0.2148.
(2) We consider the lower bound for (4 0 A™1).
If we apply (1.5), we have

T(AoA™) > == % =0.5.

XN

If we apply (1.6), we have

— LR
T(AcA™) > mjn{ ai} = 0.6624.
L+ Z/;zi i
If we apply (1.7), we have
— mR:
t(AoA™) > min{ &} = 0.7999.
i 1+ j#i Wlﬁ
If we apply (1.8), we have
. _T.R:
T(AoA™) > mjn{ “7} =0.85.
i 1+ i T}'l‘

If we apply Corollary 2.1, we have

o1
T(AoA™) > min > {“iiﬂii +a;B— [(ﬂiiﬁﬁ - a;B;)?

+4<EZ |aki|ﬁﬁ) (T/Z |ak;|ﬁ,,-)] } = 0.9755.
ki ki

In fact, T(A 0 A7) = 0.9755.

Remark 3.1 The numerical example shows that the bounds of Theorem 2.1 and Corol-
lary 2.1 are sharper than those of Theorem 2.1 in [4] and Theorem 3.2 in [10].
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