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1 Introduction
In this paper we consider a general class of continuous-time stochastic algebraic Riccati
equations

ATX +XA+CTXC - (XB+CTXD+S)(R+D"XD) ' (B"X+D'XC +5")
+H =0, (1a)
R+D'XD >0, (1b)

where A € R, C € R”", Be R"™", D e R"", § € R, respectively. Moreover, H €
R™" and R € R™*™ are symmetric matrices. Here we denote M > 0 (respectively, M > 0)
if M is symmetric positive definite (respectively, positive semidefinite). The unknown X €
R™" is a symmetric solution to SARE (1a)-(1b). Let S” be the set of all symmetric n x n
real matrices. For any X, Y € §", we write X > Yif X - Y > 0.

In essence, SARE (1a)-(1b) is a rational Riccati-type matrix equation associated with the
operator R : domR — S”

RX) =PX) - SX)QX)'SX) T,

where the affine linear operators P : §" - §”, Q: 8" - §, §: 8" — R, and dom R
are defined by

PX)=A"X+XA+C'XC+H,
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QO(X)=R+D"XD,
S(X)=XB+C'XD+S§,
domR = {X eS| QX) = 0}.

We say that X is the maximal solution (or the greatest solution) of SARE (1a)-(1b) if it
satisfies (la)-(1b) and X > P for any P € §” satisfying R(P) > 0 and (1b), i.e., X is the
maximal solution of R(X) > 0 with the constraint (1b). Furthermore, it is easily seen that
SARE (1a)-(1b) also contains the continuous-time algebraic Riccati equation (CARE)

ATX+XA-XBR'B'X+H=0 )

with R > 0, C=0, D=0 and S = 0, and the discrete-time algebraic Riccati equation
(DARE)

X-CTXC+(C"XD+S)(R+D"XD) " (DTXC+ST)~H=0 3)

with A = ’71 and B = 0, as special cases.

Matrix equations of the type (1a)-(1b) are encountered in the indefinite linear quadratic
(LQ) control problem [1], and the disturbance attenuation problem, which is in deter-
ministic case the H,, control theory, for linear stochastic systems with both state- and
input-dependent white noise. For example, see [2—4]. For simplicity, we only consider
one-dimensional Wiener process of white noise in this paper; it is straightforward but
tedious to extend all perturbation results presented in this paper for multi-dimensional
cases. In the aforementioned applications of linear stochastic systems, a symmetric solu-
tion X, called a stabilizing solution, to SARE (1a)-(1b) ought to be determined for the design
of optimal controllers. This stabilizing solution plays a very important role in many ap-
plications of linear system control theory. The definition of a stabilizing solution to SARE
(1a)-(1b) is given as follows. (See also [3, Definition 5.2].)

Definition 1.1 Let X € S§” be a solution to SARE (1a)-(1b), ® = A + BF and ¥ = C + DF,
where F = —~Q(X)!S(X)". The matrix X is called a stabilizing solution for R if the spec-
trum of the associated operator £, with respect to X defined by

LW)=0"TW+WD+¥ W¥, WeS", (4)
is contained in the open left half plane, i.e., 6 (L.) C C_.

Note that if C = D = 0 in (1la)-(1b), then it is easily seen from Definition 1.1 that the
matrix X € 8" is a stabilizing solution to SARE (1a)-(1b) or, equivalently, CARE (2) if and
only if o(®) C C_. Therefore, Definition 1.1 is a natural generalization of the definition of
a stabilizing solution to CARE (2) in classical linear control theory. Moreover, a necessary
and sufficient condition for the existence of the stabilizing solution to a more general SARE
is derived in Theorem 7.2 of [3]. See also [1, Theorem 10]. In this case, it is also shown that
if SARE (1a)-(1b) has a stabilizing solution X € dom(R), then it is necessarily a maximal
solution and thus unique [1, 3].
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The standard CARE (2) and DARE (3) are widely studied and play very important roles
in both classical LQ and H,, control problems for deterministic linear systems [5-7]. In
the past four decades, an extensive amount of numerical methods were studied and de-
veloped for solving the CARE and DARE (see [8-10] and the references therein). There
are two major methodologies among these numerical methods or algorithms. One is the
so-called Schur method or invariant subspace method, which was first proposed by Laub
[11]. According to this methodology, the unique and non-negative definite stabilizing so-
lution of the CARE (or DARE) can be obtained by computing the stable invariant subspace
(or deflating subspace) of the associated Hamiltonian matrix (or symplectic matrix pen-
cil). Some variants of the invariant subspace method, which preserve the structure of the
Hamiltonian matrix (or symplectic matrix pencil) by special orthogonal transformations
in the whole computational process, are considered by Mehrmann and his coauthors [12—
18]. The other methodology comes from the iterative method, for example, it is referred to
as Newton’s method [6], matrix sign function method [19], disk function method [20], and
structured doubling algorithms [21, 22] and references therein. So far there has been no
sources in applying the invariant subspace methods for solving SARE (1a)-(1b), since the
structures of associated Hamiltonian matrix or symplectic matrix pencil are not available.
Only the iterative methods, e.g., Newton’s method [3] and the interior-point algorithm
presented in [1], can be applied to computing the numerical solutions of SARE (1a)-(1b).
Recently, normwise residual bounds were proposed for assessing the accuracy of a com-
puted solution to SARE (1a)-(1b) [23].

Due to the effect of roundoff errors or the measurement errors of experimental data,
small perturbations are often incorporated in the coefficient matrices of SARE (1a)-(1b),
and hence we obtain the perturbed SARE

AR + XA+ ETXC— (XB+ XD +3)(R+ DTXD) " (FTX + DTXC +57)
+H =0, (52)
R+D'XD >0, (5b)

main question is under what conditions perturbed SARE (5a)-(5b) still has a stabilizing
solution X € S”. Moreover, how sensitive is the stabilizing solution X € dom(R) of original
SARE (1a)-(1b) with respect to small changes in the coefficient matrices? This is related to
the conditioning of SARE (1a)-(1b). Therefore, we will try to answer these questions for
SARE (1a)-(1b) in this paper. For CARE (2) and DARE (3), the normwise non-local and
local perturbation bounds have been widely studied in the literature. See, e.g., [24—26].
Also, computable residual bounds were derived for measuring the accuracy of a computed
solution to CARE (2) and DARE (3), respectively [27, 28]. To our best knowledge, these
issues have not been taken into account for constrained SARE (1a)-(1b) in the literature.

To facilitate our discussion, we use || - || r to denote the Frobenius norm and || - || to denote
the operator norm induced by the Frobenius norm. For A = (4;,...,4,) = (a;) € R"*" and
B € R?*4, the Kronecker product of A and B is defined by A ® B = (a;;B) € R"*"4, and the
operator vec(A) is denoted by vec(A) = (4],...,A])". It is known that

vec(ABC) = (C" ® A) vec(B), vec(A ") = Py vec(A),
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where A € R™", B e R"*¢, C € R**f, and P,,, is the Kronecker permutation matrix

which maps vec(A) into vec(A ") for a rectangle matrix A, ie.,

n,m

Pn,m = E Ei,j,nxm ® Ej,i,mxn;
ij=1

where the # x m matrix E;j,«,» has 1 as its (i,j) entry and 0’s elsewhere.

This paper is organized as follows. In Section 2, a perturbation equation is derived from
SAREs (1a)-(1b) and (5a)-(5b) without dropping any higher-order terms. By using Brouwer
fixed point theorem, we obtain a perturbation bound for the stabilizing solution of SARE
(5a)-(5b) in Section 3. In order to guarantee the existence of the stabilizing solution of
perturbed SARE (5a)-(5b), some stability analysis of the operator L, is established in Sec-
tion 4. A theoretical formula of the normwise condition number of the stabilizing solution
to SARE (1a)-(1b) is derived in Section 5. Finally, in Section 6, a numerical example is given
to illustrate the sharpness and tightness of our perturbation bounds, and Section 7 con-
cludes the paper.

2 Perturbation equation
Assume that X € §” is the unique stabilizing solution to SARE (1a)-(1b) and XeS"isa
symmetric solution of perturbed SARE (5a)-(5b), that is,

R(X):=A"X+XA+C'XC-E(X)+H=0, (6)
R(X):=ATX +XA+C ' XC-EX)+H=0, @)
where the two operator & : S” — §” and E : §” — S" are given by
E(X) =SX0QX)'SX)T,
EX) =SX)AX)S®,
and two affine linear operators S:8"— &", Q: 8" — 8™ are defined by
S(X)=XB+C'XD+35,
3(%) - R+ D'XD
forall X € S”. Let

AX=X-X.

The purpose of this section is to derive a perturbation equation of AX from SAREs (1a)-
(1b) and (5a)-(5b). For the sake of perturbation analysis, we adopt the following notations:

AA=A—A, AB=B-B, AC=C-C, AD=D-D,
)

~

AS=S5-S§ AR=R-R, AH=H-H

and
8Q=AR+D"XAD+ AD"XD + AD"XAD,

8S=AS+C"XAD+AC"XD+ ACTXAD + XAB.

Page 4 of 22
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Moreover, let

F=-0x)'S(X)", F=-0x)'SxX)7,
V=C+DF, U=C+DE, 11)
(]

o =A +BF,
and by the definition of W, we define
K:=XW. 12)

Note that g(X) =S(X) +8S and @(X) = Q(X) + 8Q. Substituting (11) into (8), we observe
that

]

(X) = -S(X)F,
E(X) = (S(xX) + AXB + CTAXD)(O(X) + DT AXD) ™ (13)
x (800 + AXB+CTAXD)".

Thus far, we have not specified the relation between R (X) and 75()? ). Such a tedious task
can be turned into a breeze by repeatedly applying the matrix identities [29]

J+W)t=1-ug+u7+, VI +Uv) =+ vU)V. (14)

To begin with, assume that AR and AD are sufficiently small so that O(X) is invertible.
We see that the product
(8(X) + AXB + CTAXD)(O(X) + DT axD)™
= (g(X) + AXB + GTAXﬁ)
x [I- 300D AXD(1+ OX) DT AXD) ] O(x)™
= —FT+ AXB(1+ O(X)' DT AXD) " O(x) ™

+UTAXD(I + O(X)'DT AXD) Q00
It follows that

EX) = -SX)E-F'B"AX-F'D"AXC - UT AXDF — AXBE
+(UTAXD + AXB)(1 + O00)'DT axD) " ()
x (DT AXT + BT AX)
since ETS(X)T = S(X)F. Next, from (11) we can see that

PTAX+AXDP=ATAX + AXA +F BT AX + AXBE,

UTAXYU =CTAXC+F'DTAXC + UTAXDE.
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Applying (15), we obtain the linear equation
RX)-RX) =D AX + AXD + UTAXT — E— hy(AX) =0, (16)
where

E:=—(AATX + XAA + CTXC - CTXC + S(X)F - SX)F + AH),
ha(AX) := BTAXD(I+ O(X) ' DT AXD) " O(X) DT AXT
+ AXB(I+ O(X)'DT AXD) ' O(0) BT AX
+ AXB(1+ O(X)'DT AXD) ' O(X) ' DT AXT
+UTAXD(I + ) 'DTAXD) ' O(X) BT AX.
It follows from (16) that

OTAX + AXD + UTAXY = E + Ip(AX). 17)

Equipped with this fact, we now are going to derive a perturbation equation in terms of
AX by using AA, AB, AC, AD, AS, AR, §S, and §Q. It should be noted that

¥ = (AC+C) - (AD+D)(Q(X) +8Q) " (S(X) +85) "

=V + AV,
with

AV := AC- ADQ(X)'S(X)" - ADQ(X)'6ST - DQ(X)™'8S"
+(AD +D)Q(X)8QQX) (I + Q) 6Q) T (S(X)T +8ST) (18)

and

$ = (AA+A)— (AB+B)(Q(X) +35Q) ™ (S(X) +85)

=d+AD,
with

AD = AA - ABOX)'S(X)T — ABOQ(X) 88T - BO(X)18ST
+(AB+B)QX)8QQX) ™ (I + Q(X)'8Q) " (SX)T +8ST). (19)

It then is natural to express the left-hand side of (17) by A® and AW such that
OTAX + AXD + UTAXT = ®TAX + AXD + U AXWY — /i (AX),
with

m(AX):=~(APTAX + AXAD + W AXAY + AUTAXWY + AUTAXAW).

Page 6 of 22


http://www.journalofinequalitiesandapplications.com/content/2013/1/580

Chiang et al. Journal of Inequalities and Applications 2013, 2013:580
http://www.journalofinequalitiesandapplications.com/content/2013/1/580

Observe further that

CTXC-C"XC=CTXAC+AC"XC + ACTXAC,
S(X)E - SX)F = ~(S(X) + 85)(Q(X) +5Q) " (S(X) + 85) |
+SM)QX)TS(X)"
= FT6ST +8SF - 3S(I+ Q(X)8Q) " Q(X)'8ST
~FT8Q(I+ Q(X)'8Q) " X)'sST
~8SQ(X)18Q(I + Q(X)'8Q) ' F

+ FT8QF — FT8Q(I + Q(X)™6Q) " Q(X) '8 QF.
Upon substituting (10) into 8SF and F ' §QF, we have

8SF = ASF + C"XADF + AC"XDF + AC"XADF + XABF,

F'SQF =F"ARF + F'D"XADF + FTAD"XDF + FT AD" XADF,

so that the structure of E in (17) can be partitioned into linear equations

Ey:=—(K'ADF+F'AD'K +K"AC+AC'K +F'ARF+F'AS" + ASF + AH),

Ey:=—[AATX +XAA+ ACTXAC + FTAB"X + XABF

+FTAD"XAC + ACTXADF + FTAD"XADF

— (FT5Q+8S)(I+ Q) 8R) " QU0 (8QF +85T)],

that is, E = E; + E,.

Lemma 2.1 Let X be the stabilizing solution of SARE (1a)-(1b) and X bea symmetric solu-

tion of perturbed SARE (5a)-(5b). If AX = X — X, then AX satisfies the equation

OTAX + AXD + WTAXY = E; + Ey + I (AX) + hy(AX),
where

Ei=—(KTADF +FTAD'K +K"AC+AC'K + F' ARF
+FTAST + ASF + AH),
Ey=-[AATX + XAA + ACTXAC + FTABTX + XABF

+FTAD"XAC + ACTXADF + FT AD"XADF

— (FT5Q+8S)(I+ Q(X)8R) Q) (8QF +85T)],

m(AX) = —(APTAX + AXAD + WTAXAY + AUTAXY + AUTAXAY),

hy(AX) = U T AXDQD' AXY + AXBQBTAX

+ AXBQDTAXT + UTAXDQBTAX,

(20)

(21a)

(21b)

(21¢)

Page 7 of 22
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where Q = (I + O(X)'D" AXD) ' O(X)\, the matrices AA, AB, and so on are given by
(9)-(12).

Note that E; and E; are not dependent on AX, /;(AX) is a linear function of AX, and
hy(AX) is a function of AX with degree at most 2. Assume that the linear operator £, of
(4) is invertible. It is easy to see that the perturbed equation (20) is true if and only if

AX = LJ'Ey + L7Ey + L7 (AX) + L7 hy(AX). (22)

Thus far, we have not specified the condition for the existence of the solution AX in (22).
In the subsequent discussion, we shall limit our attention to identifying the condition of
the existence of a fixed point of (23), that is, to determine an upper bound on the size
of AX.

3 Perturbation bounds
Letf:S" — S” be a continuous mapping defined by

fOY) =L Ey + LBy + L7 (Y) + L7 hy(Y)  for Y e S™. (23)

We see that any fixed point of the mapping f is a solution to the perturbed equation (22).

Our approach in this section is to present an upper bound for the existence of some fixed

points AX. It starts with the discussion that the mapping f given by (23) satisfies
lrax, =8

FLE B+ £ A0+ £ a(AX)

I I

Define linear operators M : R™" — S", A : R — 8" T : 8" — S"and H : R —

S” by
MAC =L (KTAC + ACTK), (24a)
NAD=L;'(K"ADF + FTAD'K), (24b)
TAR=L;'(FTARF), (24¢)
HAS = L(FTAST + ASF), (24d)

and the scalars w, u, v, 7, n by

o= L3t w=IMI, v=INIL e =ITL n=IH (25)

From (21a) we then have
|£'Ex |, < I ACIE + I ADIs + T AS|lz + nll ARIr + 0| AH] = &1 (26)

We now move into more specific details pertaining to the discussion of the fixed point
of the continuous mapping f. Before doing so, we need to describe an important prop-
erty of the norm of the product of two matrices and repeatedly employ it in the following
discussion. For the proof, the reader is referred to [30, Theorem 3.9].


http://www.journalofinequalitiesandapplications.com/content/2013/1/580

Chiang et al. Journal of Inequalities and Applications 2013, 2013:580 Page 9 of 22
http://www.journalofinequalitiesandapplications.com/content/2013/1/580

Lemma 3.1 Let A and B be two matrices in R"", Then ||AB||r < ||A|l2||Bllr and ||AB||r <
lAlENIB2-

It immediately follows that the matrices §Q and §S, defined by (10), satisfy

I8Qlle < IIAR||F + 2IXDll2 | AD||g + | X|I2| AD| = 8,
[18SllF < 1AS|lg + I XCl2| AD||F + I XDI2 | AC (27)

+ [[XN2ADIEIACF + | X121l ABllF = 65.
Assume that the scalar §, satisfies
1-[QC0™|,8, > 0. (28)

Then || £;'E, || is bounded by

2

L5 Ex || < 201 X112 (I AAllE + IFll2 I ABIIE) + @l XIl2(IAC]E + IFll2 [ ADI|g)

O Q) o (IF 126, + 8)°
1000 s (29)

I

From (21b) we see that
Im(AX)|; < (UAD[F+2(W 2| AW]|E + AW [F) | AX ]|,
and also from (18) and (19) we have

IA®|F < IAAIF +IFI21ABlF + ([BRX)™ ], + | QO T, I ABIIF)S

1) MI2(IBll2 + 1 ABILE)(IF |2 + | QX) " 1128,)8,
+
1= 1QX) |28,

[AW | < [ACIF + [Fl2lADF + (| DOQX) |, + | QX) |, 1 ADII£) 8,
. 1QC) 2 (1Dll2 + I ADIE)(IEll2 + QGO 1288, _

= do, (30)

1= 190026, =0 ey
It follows that
1L m(AX)| ; < 08| AXF, (32)
where the positive scalar § is defined by
8 =280 +2Ydy + 585 with W], =y (33)

Also, from (28) and Lemma 3.1 we know that O(X) = O(X) + 8Q = O(X)"1( + Q(X)"15Q)
and || Q(X)18Q|F < |Q(X) ™28, < 1. This implies that @(X) is nonsingular,
1B13] S|, = 1B+ ABI3[ (Q00) +5Q) ',
= B+ ABJ3| (I + Q(X)'5Q) " Q)Y

_ 1) Mla(IBll2 + [ ABJ¢)?
B 1-[1QX) " l28,

= V3. (34)
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Similarly, we have

1) I2(lDl2 + | ADI|¢)* _

D3| 200
1015 2007, = =17, 5500,

Assume that
1-ypllAX]|r>0.

It then follows from Lemma 3.1 and (21c) that

(19 I2 DIl + I1BI12)* 1 QX) I [ AX |2
1— |IDIRIQX) 2l AX ¢

Im(an]) <

and from (9), (11) and (31) that

IBll2 < IIBll2 + | ABIl> = ap,
IDll2 < IDll5 + | ADIly = ap,

(Wl < Wl + [AY]F < W2+ 8y = .

Upon substituting (34), (35) and (38) into (37), we see that

w(?yp + 2¥aap + yp) | AX|12

Ly (AX
e (ax], = 1= 1l AXI

Finally, by (26), (29) and (32), we arrive at the statement

wa|| AX |1}
[FAX)], < &+ @8 AXp + —N22TE
1-ypllAX]|E
where
(XEI;Z]/D+2¢O[BO(D+)/B, E=E1+ &

Consider the quadratic equation
(¥p — @8yp + wa)EX — (1 — w8 + eyp)€ + & = 0.
It is true that if

§<—,
w

LY
o< (1-wd)

¥p — w8Yp + 2wa + \/(yD —w8yp + 20wa)% — yA(1 — ws)?

then the positive scalar &, denoted by

2e

&

- (1-wé +eyp) + \/(l—u)é +&yp)? —4(yp — wdyp + wa)e

(35)

(36)

(38)

(39)

(40)

(41)

(42a)

(42b)

(43)

Page 10 of 22
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is a solution to (41). Let S{. be a compact subset of S” given by
St ={AX eS": | AX||F <&}
It can be seen that in (39)
If(ax)|, <& ifAXeS,.
It then follows from the Brouwer fixed-point theorem (see [31]) that the continuous map-
ping f has a fixed point AX, € §; , that is, condition (22) automatically holds.

Observe also that if AX € Sg*, then

1-ypllAX|F = (1-ypés) (by (43))

2¢e 1-wé—c¢
>1- VD CTO0TED g (g0
l-wé+eyp 1-wd+eyp
1- w8 -
(by (42a))
1-wé+eyp
2(1 - wd)wa

= > 0.
(1-wd +eyp)yp — wdyp + 2wa) —

This implies that assumption (36) is true, if assumption (42a)-(42b) is true.

4 Stability analysis

We have shown that the mapping f given by (23) has a Hermitian fixed point AX,. This
further implies that perturbed SARE (1a)-(1b) has a Hermitian solution X=X+AX,. In
this section, we want to discuss the stability of the solution X, i.e., show that the solution X
is the unique maximal solution to SARE (1a)-(1b). Let Y and I1 be two operators defined
by

T(W)=d"TW + W, Ow)=v"ww, WwWeds",

with the notations ® and W given in Definition 1.1. It follows that the operator £, defined
by (4) can also be written as

L(W)=Y(W)+II(W), WeS" (44)

We then have the following important result addressing the condition for a linear operator
to be stable. To see a few necessary and sufficient conditions on the stability, we refer to
the results and proofs given in [3].

Theorem 4.1 The linear operator L. =Y + I1 given by (44) is stable, i.e., o (L) C C_, if
and only if 6 (®) C C_ and det(Y + tI1) #0 for all T € [0,1].

When small perturbations Z;,Z; € R”*” are taken into consideration, the perturbed
operator of £, can be expressed by

L(W) = Y(W) + TI(W), (45)
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where T(W) = (® + Z)TW + W(® + Z;) and TI(W) = (¥ + Z,) T W(V + Z,) for all W € S™.
Define the quantity

o) = | (r+om)|
for 6 € [0,1] and

£C = 1 Z , Z ’
AL = ,min max{|Z,1Z:I}

where the set Z = {(Z1,Z,) € R x R | det(Y +6T1) = 0 for some 6 € [0,1]}. It should
be noted that if o (®) ¢ C_, ¥ = 0 and Z, = 0, then

B(Le) < (D), (46)
where the value B(®) is defined by [27]

B(®) = min{||21|| | max Rer(®+2)=0,Z € R"X”]. (47)
<j<n

Here, 1;(® + Z;) (j =1,..., n) denote the eigenvalues of ® + Z;.
The connection between B(L.) and the maximum of the scalar function ¢(9) on [0,1]
can be established in the following form.

Theorem 4.2 [23] Suppose that the linear operator L. given by (44) is stable, and let

£, = max £(0), v =Y. (48)
6¢€l0,1]
Then
Z_l
B(Lc) =

= (1//+1)+,/(¢+1)2+£c_1’

We now apply Theorem 4.2 to (46) and obtain that

-1
B(®) = B(L) > Le

(1p+1)+,/(1p+1)2+£;1'

Hence, if a perturbation matrix Z; € R"*" satisfies

K—l
12111 < < ,
Y+ + /(Y +1)2+ 1
then (47) implies that the matrix ® + Z; must be c-stable.
We now turn to a key stability test of the operator L, the striking tool of our stability

analysis.

Theorem 4.3 [23] Suppose that the linear operator L, is stable, and let the scalars £, and
Y be defined as in (48). If the perturbation matrices Zy,Z, € R"™" satisfy

et

(1//+1)+,/(1p+1)2+€gl’

max{[1Z1]l, 12211} < (49)

Page 12 of 22
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then ® + Z, is c-stable and the perturbed linear operator ZC defined by (45) is also stable,
ie., O(Zc) cC..

Upon substituting X for X in S (X) and @(X) of (11), we shall have

OX)=R+D"XD=0(X)+8Q+D"'AXD= O(X) + AR, (50)
SX)=S+C"XD+XB=8(X)+85+AXB+CTAXD

=S(X) + AS. (51)

Also, corresponding to X, the perturbed W3 and ®3 of W and ®, respectively, can be
expressed in terms of the formulae

d3 = (AA+A)— (AB+B)(T + AS) (A + AR) " := ® + A®,
Wy =(AC+C) = (AD+D)(T + AR (A + AS)T := W + AW,
with
AD:= AA- ABOX)'S(X)" - ABO(X)'AST - BOQ(X)1AST
+(AB+B)QX) T ARQ(X) (I + Q) AR) T (S(X)T + AST),
AW := AC - ADQX)IS(X)T - ADQ(X)TAST —DO(X)TAST

+(AD + D)QX) ' ARQX) (I + Q(X)-IAR)’1 (SCOT +AST).
Let ¢ := ||Cll2 + | AC]|;. Since | AX||F < &, it follows from (38), (50) and (51) that

IAR|F <8, + a3, = c,,

IAS||F < 85 + (ap + acap)é, := cs.
Thus | A®||r and || A¥||r are bounded by the inequalities

all Q) lla(cs + ¢ [IF|l2)
[AD||r < ||AA|lg + |Fl2|1AB|F + B s(cs + ¢ ||Fll2 ,

1-¢ QX))

apll QR0 lla(es + ¢/ IIFl2)
1-c | Q)2

[AV]F < ACIF + IEl201 AD| F +

Here, the above upper bounds are obtained by simplifying those given by (30) and (31).
Let

f=1Fl  y=|Qx)™
ac=IIClla + |ACllr, & =max{||AA|lg AC]IE}, (53)

2’

& = max{||AB||, | AD||¢}, ¢3 = max{ag, ap},

where «p and op are defined by (38) and © is defined to be the right-hand side of (49),
that is,

ot

©= (1ﬁ+1)+,/(1//+1)2+651'

(54)

Page 13 of 22
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We then have

Y 83(8s + 8,f) + v 3o + acap + ahf)E.
1-68,f — ahfE, ’

max{|A® |, |AV|F} <& +fE +

It follows that if the condition

Y &3(8s + 8,f) + y alap + acap + apf)E,

<O
1_5rf_0‘éf‘§*

O+f+

or, equivalently,

£, < (® -4 —f)A=6,f) —ya(8s + 8,f)
TU(O =& —fL)adf + yislas +acap + adf)

holds, then corresponding to Theorem 4.3, the perturbed linear operator L, with respect
to X is stable. In other words, the matrix X € 8" must be the unique stabilizing (and max-
imal) solution to perturbed SARE (5a)-(5b).

We now have all the materials needed for the existence of a stabilizing solution of (5a)-

(5Db).

Theorem 4.4 (Perturbation bound) Let X be the stabilizing solution of (1a)-(1b). Let w, §,,
85, 8, Yp, 0, ap, &, &, f, ¥, &c, L1, §25 £3, ® be the scalars defined by (25), (27), (33), (35),
(38), (40), (53) and (54), respectively. Define

2e
- (1-wé +eyp) + \/(1 — w8 +eyp)? —4(yp — wSyp + a)a)e.

&

If the perturbed quantities of the coefficients of (5a)-(5b) are sufficiently small, for example,
& K1, such that

1- Q005> 0,
1-wé>0,

1-— ws)?
(1-wd) _e>0,

YD — @WOoYp + ZwdX + YD — @WOYp + 20U )° — Y, — W
Syp +2 ( Syp +2wa)? — Y31 — ws)?

(©-0-f0)A-8f) -y +8:f)
(© =41 = fO)adf +yi3(ap + acap + ahf)

£&.>0,

then perturbed SARE (5a)-(5b) has the unique stabilizing solution X, and

IX- Xl _ &

< . (55)
X1l X1

5 Condition number of the SARE
In the study of a computational problem, a fundamental issue is to determine the condition

number of a problem to be the ratio of the relative change in the solution to the relative
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change in the argument. Applying the theory of condition number given by Rice [32], we
define the condition number c(X) of the stabilizing solution X of SARE (1a)-(1b) by

. IAX] ¢
X)=1 , 56
) s-lg)l* ng Ké (56)
where the set of perturbed matrices €25 is defined by
Qs = Qs(ka,k, KCy KDy Ky KRy KH)
= {(AA,AB,AC,AD, AS) e R™" x R x R x R™™ x R,
(AR, AH) € 8" x 8" |0 <6, <6}, (57)

with

’ )

b ’ 7 )
Ko KB Kc Kp Ks Kr KH

’

F

5 H(AA AB AC AD AS AR AH)
p = _— . — —

and ka4, kB, kKc, KD, Ks, KR, Ki, k are positive parameters. Then (56) gives the absolute
condition number cyps(X) if

(ka, kB, KC) KDy ks, Kpy ki, k) = (1,1,1,1,1,1,1,1)
and gives the relative condition number ¢ (X) if

(kas KBy Kcs KDy ks, krs K, k) = (ILANLE IBIE I ClLes IDNES IS IRILES IH £, X 1| E).
It follows from (22) and (24a)-(24d) that

AX =PAA+QAB+ MAC+NAD+HAS+TAR+LAH +0(3;),
where the linear operators P : R — §” and Q : R"*” — S are defined by

PAA=L(XAA+AATX), (58a)

QAB= L. (XABF + FT AB'X). (58b)

In order to derive the explicit expression for the condition number ¢(X) of the stabilizing
solution X of (1a)-(1b), we require a theorem concerning the form of the optimal solution.
This theorem can be regarded as a theoretical extension of the results discussed in [25,
33]. Most strategies have been established earlier by using much heavier machinery. Since
this theorem is most relevant to our stability analysis, we briefly outline a direct proof with
ideas from [34] to make this presentation more self-contained.

Theorem 5.1 Let £ : R x R"*" — R*K be g linear operator and

L(Z,Z5)" = L(Z1,Z7) (59)
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forall Z; e R™" and Z, € R"™*™. Then the optimal solution (Z1, Z.) to the problem

\\(Zlvnégl))ﬁl»":l”E(ZbZZ) I (60)

exists for some Zy, € R"™" and Z,, = £Z,, € R™ ™. Furthermore, if the linear operator
L(0,Z,) is a positive operator with respect to any Z, € C"*™, that is, for all Z, € C"™*", we

have
£0,2)) =0 ifZ > 0.

Then there exists an optimal solution (Z1,, Za,) € R™" x R"™* ™ to problem (60) such that

Zy, is symmetric.

Proof Since L is a linear operator on a finite dimensional space, it is clear that the optimal
solution of (60) exists. Assume that (Z,, Z5,) solves this optimization problem. Let 0,y =
|1L(Z14, Zox) || Fand L € RK*x(*+m?) he the matrix representation of the operator £ such that

| vee(Z)
vec(E(Zl,Zz)) =L |:VeC(Zz):| . (61)
By (59) and (61), we have
T T
vec(Z1.) ITL vee(Zy,) | _ | vee(Zi) ITL vee(Zy) | _ o2 62)
vec(Zay) vec(Zay) vec(Z,,) vec(Z5,) max

Note that

2
=0, onlyifZ,=0,2 =—Z,,.

1
5 (Zou + Z3,)
F

€= |1 Z3 |17 +

It follows that if Z, # —Z,,, by (62), we see that ﬁ(Zh, %(ZZ* +Z,,)) is another optimal
solution for (60). This proves the first part of the theorem.

For the second part, if there exists a symmetric optimal solution, then it completes
the proof. Otherwise, from the first part, we know that there exists an optimal solution
(Z1» Zoy) With Z1, = 0, Zy, = —Z,, € R and ||(Z1., Z2.)|lF = 1 to (60). Let i = v/=1. We

have the following matrix decomposition:

0o - 0o -
Zo, = QT diag e k0, ) o
w1 0 [or 0

where 0, is a zero matrix with size r x r, Q is an m x m orthogonal matrix, and w; > 0 for
1<j<k. Let

ZmQTdiag (|0 ° |1 910 )0
0 w 0  wx

Page 16 of 22


http://www.journalofinequalitiesandapplications.com/content/2013/1/580

Chiang et al. Journal of Inequalities and Applications 2013, 2013:580 Page 17 of 22
http://www.journalofinequalitiesandapplications.com/content/2013/1/580

be a real symmetric matrix. Since —Zz, <iZy < 22*, it is true that
L£(0,Z2.) = £(0,iZ3.) > £(0,~Z.) = —L(0, Z5.).

Using the fact that [|iZs,[lr = [ Zo. ||, we see that [[(0, Zou) 7 = (0,iZs4) 1 = 10, Zou) |l = 1
and

[1£0. 220 = [£0,iZ2) | = [ £0. 220 -

If Wi = W, = —W, then | Wi || > || Wal|r, which implies that (0,22*) is a symmetric opti-
mal solution to (60) (see [25, Lemma A.1]). This completes the proof. O

With the existence theory established above, it is interesting to note that the condition
number ¢(X) defined by (56) can be written as

L IPAA+ QAB+ MAC + NAD + HAS + TAR + L' AH ||
— lim sup

X
c(X) i su 5

1 . [PAA + QAB+ MAC+NAD+HAS + TAR+ L' AH| ¢ 63)
X .

K 8,50 8p

Note that the second equality in (63) is only an application of linearity of the norm. (For

the proof, see Lemma A.1.) Observe further that the inverse operator £! of (4) satisfies
(o))" = £H (W)
since [LJ(W)]T = L(WT) for all W e C"*". It follows that

[TAR]" = TART, [PAA]T = PAA, [QOAB]" = QAB,

[MAC]T = MAC, INAD]" = NAD, [HAS]T = HAS.

Also, it is known that the inverse operator £_! is positive [3, Corollary 3.8]. It follows that
T is also a positive operator. Now, applying Theorem 5.1 to the operator PAA + QAB +
MAC + NAD + HAS + TAR + L AH in (63), we obtain the equality

c(X)

lkcaPAA +kgQAB + kc MAC + kpNAD + ksHAS + kp T AR + ki L7 AH || 7
max )
& (A4, AB, AC, AD, AS, AR, AH)||¢

1
- K
where the extended set 2 is defined by

Q= {(AA, AB,AC,AD, AS, AR, AH) € R™" x R™™ 5 R™" x R"™"

X R x R x R™™ | | (AA, AB, AC, AD, AS, AR, AH)| . > 0}.

On the other hand, observe that the matrix representation of the operation £, in (4) can
be written in terms of L, = I ® ® + ®T ® [ + ¥ ® V. Corresponding to (24a)-(24d) and
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(58a)-(58b), we let

M =L(I®K" + (K" ®1)P,,),

N =L (FT®K" + (K" ®F")Py,,.),

T,=L'(FT®F),

H =L (FT ®I+(I®F)Py,),

P=L7'(I®X+(XQ®IP,,),

Q=L (FT®X+(X®F")Py,)
and

U= (KAPcr KBch KCMCl KDNCl KSHC7 KR Tc’ KHL;1)~
It follows that

1 U vec(V)ll2 _ Ill2

¢(X) = — max =
( K vea | vec(V)ll2 K

Based on the above discussion, we have the following result.

Theorem 5.2 The condition number c(X) given by (56) has the explicit expression @
In particular, we have the relative condition number
AllgP., ||B MNCNEMe | DN N |SIEHe |RI|E Ty | H || FL
s < MUAIEPe 1B Qe I ClleMe IDINe, IS Ho IRIETe VLDl

X1l

6 Numerical experiment

In this section we want to demonstrate the sharpness of perturbation bound (55) and
its relationship with the relative condition number (64). Based on Newton’s iteration [3],
anumerical example, done with 2 x 2 coefficient matrices, is illustrated. The numerical al-
gorithm is described in Algorithm 1. The corresponding stopping criterion is determined
when the value of the Normalized Residual (NRes)

oo 1P - SO 15 )
IPEOI+ IS QOIS T

is less than or equal to a prescribed tolerance.

Example 1 Given a parameter r = 107", for some m > 0, let the matrices A, B, C, D be
defined by

-4
Ao 0 , B 1 0 ’ c-1, Do 1 0 ’
0 -1 0 —/r 0 0

and the matrices S, R, H be defined by

5210’ R:SO,H
0 0 0 r

Il
|
o o
R
%)
- O
[T
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~ ~ o~~~ ~ ~

Algorithm 1: SARE [X] = SARE(A, B,C,D,R, S, H)
Input: Matrices A,CeR™ BDSeR™ HeS" ReS™
Output: Matrix X € S”
begin N
Choose Xy € R"*";
fori<1,...do
?‘k = —(E + 5T)?kb)71(§1—)?k6 +§T); 5k = Z + Eﬁk; ‘-AI;/( = E + 5?/(;
R(X;) as defined by (7);
Updating Xint by solving
5;;(1@1 + Xin1 ®r + ‘T’;(T)?kuqfk = 5;)~Q< + XDy + {Ijijv(k{r’k - R(X);
end

end

Table 1 Relative errors and perturbation bounds

j  Relative error "f(—‘ﬁ’__

5 628x107 574 x 107
6 634x10° 522 x 107
7 1.14x10° 842 % 107°
8 161 x107 742 x 1077
9 105x 1078 558 x 1078

It is easily seen that the unique stabilizing and maximal solution is

-1 0
X:[o (\/5—1)/2}

Let the perturbed coefficient matrices AA, AB, AC, AD, AS, AR and AH be generated us-
ing the MATLAB command randn with the weighted coefficient 107. That is, the matrices
AA, AB, AC, AD, AS, AR and AH are generated in forms of randn(2) x 107, respectively.
Since AR and AH are required to be symmetric, we need to fine-tune the perturbed ma-
trices AR and AH by redefining AR and AH as AR + AR" and AH + AHT, respectively.
Now, let (4,B,C,D,S,R, H) = (A + AA,B+ AB,C + AC,D + AD,S + AS,R+ AR, H + AH),
which are coefficient matrices of SARE (5a)-(5b).

Firstly, we would like to evaluate the accuracy of the perturbation bound with the fixed
parameter r = 1072, i.e., m = 2, and different weighted coefficients, 107, for j = 5,...,9. It
can be seen from Table 1 that the values of the relative errors are closely bounded by our
perturbation bounds of (55). In other words, (55) does provide a sharp upper bound of
the relative errors of the stabilizing solution X.

Secondly, we want to investigate how ill-conditioned matrices affect the quantities of
perturbation bounds. In this sense, the weighted coefficients are fixed to be 1071, i.e.,
j = 15. The relationships among relative errors, perturbation bounds, and relative con-
dition numbers are shown in Table 2. Due to the singularity of the matrix R caused by
parameter 7, the accuracy of the perturbation bounds is highly affected by the singularity.
When the value of m increases, the perturbation bound is still tight to the relative error.
Also, it can be seen that the number of accurate digits of the perturbation bounds is re-
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Table 2 Relative errors, perturbation bounds and relative condition numbers

m  Relative error "f{—’ﬁF Crel(X)

1 594 x 1071° 164 x 107 584 x 10!
2 528x107 947 x 107 556 x 102
3 475%x 1078 785%x 10713 556 %103
4 458x 10712 740 x 10712 556 x 10*
5 485x 107" 726 x 107" 556 x 10°
6  456x 10710 722 %1070 557 x 100
7 469x 107 861 x10° 557 x 10

duced proportionally to the increase of the quantities of the relative condition numbers.
In other words, if the accurate digits of the perturbation bound are added to the digits
in the relative condition numbers, this number is almost equal to 16. (While using IEEE
double-precision, the machine precision is around 2.2 x 10716.) This implies that the de-
rived perturbation bound of (55) is fairly sharp.

7 Conclusion

While doing numerical computation, it is important in practice to have an accurate
method for estimating the relative error and the condition number of the given problems.
In this paper, we focus on providing a tight perturbation bound of the stabilizing solu-
tion to SARE (1a)-(1b) under small changes in the coefficient matrices. Also, some suffi-
cient conditions are presented for the existence of the stabilizing solution to the perturbed
SARE. The corresponding condition number of the stabilizing solution is provided in this
work. We highlight and compare the practical performance of the derived perturbation
bound and condition number through a numerical example. Numerical results show that
our perturbation bound is very sensitive to the condition number of the stabilizing solu-
tion. As a consequence, they provide good measurement tools for the sensitivity analysis
of SARE (1a)-(1b).

Appendix
We provide here a proof of the condition given by (63).

Lemma A.1 Let P, Q, M, N, H, T, L. be the operators defined by (58a)-(58b), (24a)-
(24d) and (4), and let Qs, 5, be defined by (57). Then the following equality holds:

IPAA + QAB+ MAC + NAD + HAS + TAR + L' AH|
P
0% g )

[PAA + QAB+ MAC+NAD+HAS + TAR+ L' AH| ¢
ax .
8p>0 Sy

(65)

Proof Forany § >0, 0 <3, <6, we see that

[PAA + QAB+ MAC + NAD+HAS + TAR+ L AH||¢
b
8 IPAA+ QAB+ MAC+NAD +HAS + TAR+ L' AH| ¢

o 8y

IPAA + QAB+ MAC + NAD + HAS + TAR + L2 AH | f
85

< max
§5>0
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where §; = ||(M M E,M M,M AH)HF It follows that

IPAA+ QAB+ MAC + NAD + HAS + TAR + L' AH ||

lim sup
5—0* Qa 1)
PAA + QAB+ MAC+ NAD+HAS + TAR+ L' AH| ¢
= 5 ' (66)
p> »

On the other hand, for any fixed § > 0, choose any perturbation matrices
(AAI) ABI; ACI; ADl’ ASI, Aer A1—[1) € QB
and therefore

H(AAI ABI ACI ADI ASI AR, AH1>

It is true that (5 AA}, 5~ ABy, 3~ ACy, 5 ADy, - ASy, - ARy, 5~ AH)) € Q5 and this
P1 P1 P1 P1 P1 P1 P1
gives the fact that

lim. s IPAA + QAB+ MAC + NAD + HAS + TAR+ L1 AH ||f
0% 95p s

||7) AA1+Q AB1+M ACI +./\/ AD1+H ASl+T AR1+E 1 AH1||F
>
- 6
||7DAA1 + QABl + MACl +./\[AD1 + HASI + TARl + L;IAHl)”p
5 .

p1

PAA + QAB+ MAC+ NAD +HAS + TAR+ L' AH| ¢
§—0*F Qs )

IPAA + QAB+ MAC + NAD + HAS + TAR + L' AH| ¢
= 5 ' (©7)
> P

Comparison of (66) and (67) gives (65). O
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