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Abstract

Hahn (Rocky Mt. J. Math. 37:1593-1622, 2007) established three differential equations
according to P(g), £(g), and Q(g), which allows us to obtain the values of the
formulas for

Yo cismem, Y &0&maGn),

H+m+n=N

etc. Finally, by using the above equations, we derive the algebraic curves.
MSC: 11A67
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1 Introduction
Let N denote the sets of positive integers. In number theory, divisor functions are defined

as

oN)=) &  oN)=aN)=) d,

dIN dIN

o5(n) = Z(—l)d‘ldﬂ 64(n) = Z(_l)(n/d)—lds

din dln

for N, s,d € N. The convolution sum is special one of divisor functions begun by Ramanu-
jan’s effort and expanded by many authors; e.g., see [1]. For example,

n-1 1
Z o(m)o(n—m) = 5 (503(11) +(1- 6n)a(n)) 1)

m=1

is the result of Ramanujan and also Huard, Ou, Spearman, and Williams [1, (3.10)]. We can

see
n-1 "
Z mo (m)o (n—m) = % (503(n) + (1 - 6m)a (n)), (2)
m=1
n-1
Z o(m)os(n—m) = ﬁ (2105(11) + (10 - 30n)o3(n) - U(I’l)) (3)
m=1
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in [1, (3.11), (3.12)], respectively. Moreover, there are

Z o(m)o(n—2m) = i (203(;4) +(1-3n)o (n) + 803 (g) +(1-6n)o (g)) (4)

m<n/2

in [1, (4.4)] and

mg;zas(m)o(n -2m) = ﬁ <05(n) —o(n) + 2005 (g) + (10 - 30m)03 <g)>,
(5)
m<zn/2‘7(m)03(n —2m) = ﬁ (505(;4) + (10 — 15m)03(n) + 1605 (g) . ( g ))

in [1, Theorem 6]. In addition, Lahiri [2] gave the value of the sum

Yoo omp oy m) - op,(my)  (r=3),

my+--+mp=n

where the sum is over all positive integers m, ..., m, satisfying my; + -+ + m, = n, a; €
N U {0}, and &; € N. In this paper we substitute 6y, (;) for o, (m;) and obtain the formu-
las as Lahiri’s evaluation. So, we refer to Hahn’s paper [3]. Officially, we look into Hanh’s

definition of three functions for |g| < 1,

Plg)=1+8) &(mq", (6)
n=1
El@)=1+24) &(n)q", )
n=1
Qg =1-16) &3(mq". (8)
n=1

Three functions (6), (7), and (8) satisfy the following differential equations:

qu(q) _P*q)- Q@

dq 4 ’ ©
d& & -
q d(q) _¢@Plq) Q(q), (10)
q 2
d
1“5 0 P - £ ) )

The paper is organized as follows. In Section 2, we obtain the values of the formulas for

Y. 5(ms ),

l+m+n=N
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etc. and insist on the following. Let

N-1
fN el D> 5D&mEn), Y 5(ms(N —m),

l+m+n=N m=1

4

-1

Y. 6msm),

l+m+n=N

6 (m)o3(N — m),

)

4

-1

> 6(06(m(n), Y mé(m)6(N—m)t.

=1

3

l+m+n=N

If N is an odd integer and n € N U {0}, then there exist u,a, b, c,d, e,g € Z satisfying

f(N) = [ﬂUg(N) + (BN + ¢)o3(N) + (dN2 +eN +g)a(N)]

witha+b+c+d+e+g=0 (see Theorem 2.9).
In Section 2, we derive the convolution sums of the restricted divisor functions. In Sec-
tion 3, we obtain the algebraic curves by using the convolution sums in Section 2.

2 Convolutionsum )", ... 6 (o (m)a(n)
Theorem 2.1 Let N (> 3) be any positive integer. Then we have

Z & ()6 (m)é (n) = 4{05(N)+6(1 N)63(N) + (8N* 12N +3)6 (N) }.

l+m+n=N

Proof Multiplying P(g) on both sides in (9), we obtain

dP@) |

P (q) =4P(q) - q =
q

P(q)Q(q). (12)

Employing the definition of P(g) and Q(g), we can rewrite (12) as

o0 3 o0 o0
(1 8y 5(n)q"> -4 (1 +8)" &(n)q”) q<8 > mﬂm)q”“)
n=1

n=1 m=1
o0 o0
+ (1 +8) " 6(n)q”) (1 -16 Z&g(m)qm)
n=1 m=1
Thus, we have
oo N-1L-1
5123 Y Y 6(N-L)F (L -6 (Dg"

N=3 L=2 [=1

00 oo N-1

=-16 ) {5(N)+63(N) - 2NG (N)}g" 192> > "5 (D5 (N - g™
N=1 N=2 [=1
oo N-1 oo N-1

—128) Y 55N - D" +256 Y > 15NN - Dg".

N=2 [=1 N=2 [=1
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Then we refer to

4 "5 (m)5(n—m) = ~G3(n) + (21 - 1)5 (n)

m<n

n [3, (4.4)],

16 Z o (m)o3(n — m) = —o5(n) + 2(n —1)03(n) + o (n)

n [3, (4.9)] and by direct calculation we get
N-1 NV
Y l6(EN -1) = ZG(Z)G (N -1

=1

This completes the proof of the theorem. O
Corollary 2.2 We obtain

In|Q(q)| = 82 n) o =300

where Q(q) =1-16 ) 2, 63(n)g" as (8).

Proof By separating the variables in (11), we can have

1dOx)  [1E(x) -Pw®)
_ = d
o QW) /0 x *

Thus,

~1n|Q(q)| / SZ (36 (n) - 5 (n))x"" dx.

0
We note that 36 (1) — & (n) is positive because

36(n)-6(n) = 2(0(71) - 0(71/2))
according to

64(n) = o5(n) — 2"Loy(n/2) and  64(n) = o,(n) — 20,(n/2)

in [3, (1.12), (1.13)]. Therefore, we can exchange the summation and the integral. This
completes the proof of the corollary. d

We introduce the following Lemma 2.3 to deduce Theorem 2.6.

Lemma 2.3 Let N (> 2) be any positive integer. Then we have
() Y01 6(m)6(N —m)= (Gs(N) +403(5) -G (N)).
(b) ZZ 15("4)03(1\[ m) = —75(G5(N) + 253(N) - 36 (N)).
(c) Zm 1 m6(m)6 (N —m) = 37—4(03(N) + 403(%) -G6(N)).
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Proof
(a) The proof is the same as Remark in [3, p.13]. Also, Hahn showed that

-36 363(n), if n is odd,
362&(m)&(n—m): o (n) + 303(n) ifniso

o —36(n) —563(n) + 403(n/2), if miseven

in [3, Theorem 4.2] derived by the identity £2(g) = z*(1 + x)2, which is the same result (a).

(b) The convolution sum can be written as

N m N-m
&(m)&g(N—m):;{J(m)—ZG(E)}{03(N—W1)—16(73< > )}

i hglo

7 N-1 N-1 N—m
= 2 o(m)oz(N —m) — 16 ;a(m)a;;( ) )

1

_22 ( )03(1\[ m)+3220<’;) (N;m)

Then we obtain

= N-m

Zo(m)og( > ) = > o(N-20)03(0),

m=1 t<N/2

N-1

Za(%)og(N—m) = 3" o(os(N -20),

m=1 t<N/2

Lo (5)n(*5%) - Zrom (3
ol = )os = o(t)os| — -t ).

m=1 ( 2 2 t§2 2

Therefore, we have proved (b) by using (3) and (5).
(c) We obtain the proof by direct calculation of the index m. O

Corollary2.4 Let N =2q+1be an odd prime in Lemma 2.3 and let Ti(n) = Y ;_ k' (i > 1).
Then we have

@) Yol 6(m)6(2q +1—m) =2Ts(q).
(b) Y29 6(m)63(2q +1—m) = -2(¢* + q + 1) T»(q).
(© Y29 méb(m)6 (2q +1—-m) = NTy(q).

Proof From Lemma 2.3(a), (b), and (c), we obtain

2q
;6 m)6(2q+1-m) = —2{(2q+1)3 —(2q+1)},
2q 1
> " 6(m)63(2q +1—m) :—4—8{(2q+1)5 +2(2¢ +1)* - 3(2¢ + 1)},

Zma 62q+1-m)= 2221{(2q+1)3—(2q+1)}.

This completes the proof of the corollary. d
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Table 1 Examples for Z 1 o(m)o(2g+1-m)

and 2T2(q) (1 <g < 11)

q 1 2 3 4 5 6 7 8 9 10 11
ij:] (MG R2g+1-m) 2 10 28 62 110 182 292 408 570 800 1,012
2T5(q) 2 10 28 60 110 182 280 408 570 770 1,012

Example 2.5 The first eleven values of Z
Table 1.

_10(m)6(2q +1—m) and 2T5(q) are listed in

Theorem 2.6 Let N (> 3) be any positive integer. Then we have

2

l+m+n=N

6 ()6 (m)o (n) = % {65(N) +463(N) +6(N) - 6(2N —1)6 (N)

+ 6(N—l)(03(N) + 403(§)) }

Proof Multiplying £(g) in (10), we obtain

dE(q)

(@ -q g

EXQP(g) = E(q)Q(q) +2€

So, we have
<1 + 24 Z o (n)q”

)

+ 2(1 + 242&(n)q”

n=1

m=1

(e e}
1424 &(n)q"

n=1 m=1

m=1

Therefore

2 o0
) (1 + 826(m)q’”
1-16 Z o3(m)q”

) q (24 Z mé (m)q™!

)
)
)

oo N-1 L-
4,608 ZZZ (N -L)6(L -1 (g

N=3 L=2 [=1

-8 Z {6 (N) +263(N) +36(N) - 6N6 (N) |4

N=1

-384

Mz

I

4

-1

—-576 oo (

A1 M

AN
R

Lastly, we use Lemma 2.3.

-1
6(1)6 (N - Dg" - 384
1

oo N-1
> 66N -DgY

N=2 [=1

oo N-1
5(N=Dg" +1,152) > 166 (N - Dg.
N=2 [=1
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Theorem 2.7 Let N (> 3) be any positive integer. Then we have

> 6(06(m)6(n) = 1;2{05(1\1) 805(%)—203(N)—803(§>+6(N)}.

l+m+n=N

Proof Let us consider

l+m+n=N
2
Y60 Y smem
=1 m+n=N-I
N-2

=1
N-1

- &(1)%{03(1\1- D)+ 403<N_

=1

l) —6(N—1)} (13)

by Lemma 2.3(a). Then (13) becomes

> a(l)o(m)o(n)——{Zo(l)og(N D=2 o(l)os(N -21)

l+m+n=N I<N/2

+4 ) o3(t)o(N-26)-8 ) a(t)ag(g —t)

t<N/2 t<N/2

by 6(n) = o(n) - 20 (5). a
Remark 2.8 Let N =2g + 1 be an odd prime in Theorem 2.7. Then we have

Z (D6 (m)6(n) = Th(q) - Ta(q).

l+m+n=2q+1
Proof 1t is obvious. O
Importantly, we propose the following theorem.

Theorem 2.9 Let

fel D sWsmsn), Y 6(mé (N -m),
l+m+n=N m=1
N-1
Y 6DEmE(m), Y 6 (mds(N —m),
l+m+n=N m=1
N-1
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Table 2 Formulas for f(N) with odd N

f(N)
Y lemenn G DG (ME () 2 (o5(N) +6(1 = N)os(N) + BN? = 12N + 3)o ()
S & (MG N -m) L (o3(N) - o (N)
N EmEsIN-m)  —(os(N) +203(N) - 30 (\)
Sl memEIN-m) Loz - o)
Lminen GG MG () e (05(N) + (6N - 2)03(N) + (7 - 12N)or (N))
Lemann GG MG () 5 (a5(N) - 203(N) + o' (N))

If N is an odd integer and n € N U {0}, then there exist u,a, b, c,d,e,g € Z satisfying

f(N) = %[aog(N) + (BN +c)o3(N) + (AN + eN + g)o (N)]
witha+b+c+d+e+g=0.
Proof 1t is satisfied by Theorem 2.1, Lemma 2.3, Theorem 2.6, and Theorem 2.7. O

The expressions are shown in Table 2.

3 Algebraic curves derived from convolution sums
To obtain the result of this section, we need a general theory and it is this that we describe.

Suppose that the two polynomials

filx) =cox + -+ cpax + ¢y

fox) =dox™ + -+ dpy1x + dyy
have common zero, say xo. Then each of the equations
fi) =afi@) = = 2" fi(x) =0 = o(x) = afo (%) = - = 2" o)

is of the form p(x) = 0, where p is a polynomial of degree at most m + n — 1, and as each of
these equations is satisfied when x = xy, the determinant of the coefficients must vanish.

This (m + n) x (m + n) determinant is the resultant R(f;,f;) of f; and g; and

Co Cy
Co Cy
R ), = ’
(h.fo) do ... ... dy
do ... ... dy

where the omitted elements are zero, and the diagonal of R(f},f>) contains m occurrences
of ¢y and n of d,, [4, p.206]. We can obtain Table 3 from the results of Section 2.
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Table 3 Formulas for ay ~ a3

x=p

an; o(m)a(x— m)
Zm 1 mo (m)o (x —m)
Sl o mosn-m)
Zm<x/2 o (m)o(x—2m)

Y mexs2 03(M)o (x = 2m)

D mexs2 0 (M)o3(x = 2m)

73 (503(n) + (1 -6n)0 ()
(503(n) + (1 =60 (n)

515(2105(n) + (10 - 30n)a3(n)
—-o(n)

L Qa3(n) + (1 -3n)o (n)
+803(n/2) + (1 - 6n)o (n/2))

515(05(n) - o (n) + 2005(n/2)

+ (10 =30n)o3(n/2))
535 (505(n) + (10 - 15n)03(n)
+ 1605(n/2) - 0 (n/2))

64{05 +6(]_ ) (ﬂ)
+Bn2-12n+3)6(n)
L (03(n) +403(3) - 6 (n)
*%8<”5<>+253<) 36 (n)
£:(03(n) +403(3) - 6 (n)
%{&uww) &(n)
-62n-16(n)
+6(n = 1)(o3(n) +403(3)}
192(05() 805(5) - 203(n)
-803(5) +6(n)

}
)

H-Dp+1)6p-6)
$p(p =+ 1)(5p-6)
5P - P+

x (21p> =30p? +31p-30)
3=+ 1)2p-3)
k5= Dpp+ D(P? +1)
#P-Dp+ 1P -3p7 +3p-3)
2+ 1)p-12(p?-5p+10)

sz(p—np(pw

Corollary 3.1 Let

n-1

ai(n) := Z o(m)o(n—m),

m=1

n-1

az(n) := Z o(m)os(n —m), ag(n) =
m=1

n-1

m=1

m<n/2

ar(n) := Z mo (m)o (n — m),

Z o(m)o(n—-2m),

as(n) := Z o3(m)o(n—2m), as(n) := Z o(m)os(n —2m),

m<n/2

a;(n) := Z

l+m+s=n

n-1

as(n):= Y 6(m)és(n—m),

m=1

an(n) =

o (D)a (m)a (s),

5‘(1)6‘(}’7!)5’(5), ap(n) =

l+m+s=n

m<n/2

n-1

m=1

n-1

m=1

l+m+s=n

ag(n) =Y &(m)6(n—m),

ap(n) := Z mao (m)o (n — m),

> 56 m6(s).

There exists a polynomial T(x,y) € Z[x,y] such that T(a;(p),a;(p)) = 0 with i,j € {1,2,
.,12} where p is an odd prime. We abbreviate a,(n) to a) and it is also applied to the
other values. Then we get Table 4.

Proof We illustrate the proof for the first T'(x(p), y(p)) = 0 in Table 4. In Table 3 we consider
Yo 10(m)a(x m) and Zm 1 mo (m)o (x — m) with an odd prime x put by 2¢ + 1. As

Za oc(2q+1-m) =

2q

(IOq3 + 9q2 - q),

Zma(m)a(2q+1 m) = — (20q +28¢° + 74" - q),

m=1
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Table 4 Formulas of T(x(p),y(p)) =0

(x,y)

T(x,y)

(a1,a2)
(an,a3)

(a1,a4)
(ay,as)

(a1,3d6)
(ay,a7)

(ay,ag)
(a1, a9)

(a1,a10)
(ar,a11)

(ay,a12)
(a2,a3)

(a2,a4)
(az,as)
(a2,d6)
(a2,a7)
(a2,ag)
(a2,a9)
(a2,a10)

(az,a11)

(a2,a12)

(a3,a4)

(as,as)

(a3, as)

(a3,a7)

(a3, as)

(a3, ag)

-3a} +6a} +5aia; + 12a1a3 - 20a3
16803 + 162,358a$ - 143,77Sa$ + 83,349a$ -750a1a3 - 1,045,050a$a3
+283,500a3a3 + 82503 + 2,221,875a1a3 - 1,562 500a3
-5a3 +32a; + 320104 480a%ay - 44a3 +2,400a,a; - 4OOOa4
-61a? +194a; - 180af + 720] +6,100a1as - 28,000a?as + 18,000d3ds
+ 67 10005 +1,525,000a1a2 - 12,500,000a3
—4150 +40801 36001 + 14405 +2, 656a ag + 304a de
- 3,600a$a6 3 652a6 +38 ooom a2 -200,000a3
22,032a% +3402d" + 243a; - 3,264a,a7 - 217,152a%a;
-32, 400° Ja + 5 98407 4762 ,000a1a2 - 800 OOOa7
-al +2a3 + 1Oa1ag 30a%ag + 11a3 + 150a; a3 — 25003
-111a? +258a3 - 81a} + 18a? ~1,110a1 a9 + 3,940a% ag
-900a3de + 1,221a3 + 22,750a1 a3 + 25,000a3
3a? - 1243 +12a} + 72a1a10 - %4aZag + 1324,
+2,400a1 a3, - 5,000a3,
1054} + a3 - 10,224a%ay; + 2,400a3ay1 + 580842, +350,000a1a?, - 2,400,000a3,
-9a1 +18a; - 1,440aiay, + 3,600a3a1, +1,936a7, + 124,000a1 a3, - 1,600,000a7,
10,0803 + 16,307,5365:3 - 36,244,800a5 + 28,005,264a5 ~ 2,700,053
- 23,500 9800203 -37,184,400a305 — 12,375a3 - 14,849,1250,03
+208935 0000203 +23,536,500a3 + 22,500,000a,d3 - 187,500,000a%
~15a3 +128a3 - 180,04 — 768a3as + 3303 — 944a,07 + 2,736a; — 24,000d;
61a3 - 120d3 + 14403 + 7,320a3as - 18,000a3as + 236,375, a2
- 165,0000§a§ + 1,006,500a§ + 22,500,000a2a§ - 187,500,000a¢
-415a3 +1,344a3 - 1 344512 + 384a2 498a,0s + 51920305 - 6 5280206
+91 306 +21,81 60206 68,800a3aZ + 35,392aZ - 480,000a, a2 - 800,000}
55,080a3 + 7 29Oa2 + 24302 2 0400207 =121 1400207
-16 9560207 ~1,870a3 + 127,401a,a3 - 747,000a3a3
+261,968a5 - 2,160,000a,a3 - 1,600,000a5
4a3 +36a3as + 83a-a3 + 33a3 - 750ag
444a3 - 24004 + 4803 - 4,440a3a9 + 2,880a3d0 + 11,877 a,a3
+5,800a3a3 - 4,884a3 - 60,000a,a3 - 100,000
2a% +3a3a10 - 40a3a10 - 30a2a3, + 300a3a?, - 33a3,
- 1,000a2a$0 + 1,250a§‘0

-315a5 + a3 + 766802011 +30,228a3a11 - 1 0890H 110,101a20?,
-916 ZOOazaH +554,54403, +10,800,0000,43,
- 43,200, OOOa1 1

902 + 36002012 - 12102012 30, 60002012 +5 808012
+720,000a, a3, - 4,800,000,

-6,625a3 + 64,00003 +20,140a3a4 - 612,000a3a4 — 11,872d3
+1,492,080a30a3 - 1,040,816a3 - 2,721,600a30;
+4,723,920af - 10,668,672a3

-a3 +8d3 - 1440‘3‘ +1,152a3 + 52asas + 56a3as
+4,8%a3as - 120,960a§a5 +224a% - 22 7360305 +144 5760305
+5,080 3200305 181,328a3 - 735 2640305 -106,686 720(1305
+50,985,936a¢ +1,120,210,560a3 a2 — 4,704,884 352(15

-341,375a +4,749,0003 — 18,000 000a3 +7,200,000a3 + 1,037,780a34s
=21 ,435,400a§a6 +133,848 0000306 -1 51,200,000(7‘3‘06 -611,744a2
+ 43,392,4000306 587,858 400(;3(;6 +1,270,080 ooo(;3a6
-43483,216a3 + 1,153,638,720a3a3 - 5,334,336 00003%
-669,437,136a¢ + 1 1,202,105,600a3a¢ - 9,409,768,704a;

1,155,060,00003 + 104,034,375ag‘ + 3,037,500a§ - 27,379,200a307
- 4,160,682 0000307 - 566,676, 0000307 - 85,050,000a%a; + 25,553,920a3
+6,748,222,080a303 - 20,313,741 6000307 +952,560, OOOa3a7 3624,210,68803
+20,040,791 04003(17 5,334,336 0000307 +176,788,2244}
+14,936,140 8000307 - 16,728,477 69607

-125a% +1 OOOa3 +650a3ag -6 7500308 + 28008 +5,820a303
-5 978a8 +56 7000308 7 69508 - 166 698@8
-52,125a% +360,75003 +421,875a3 + 225,000a3 - 271,050d34d9

+2,621450a2as + 3,667,500a3ds + 4,725,000a5as + 116,760a3 + 4,007,030a3a3
- 780,750a3a3 + 39,690,000a3 a3 + 2,270,618a3 - 43,218,900a3a3 + 166,698,000a3a3
+9,146,115a¢ + 350,065,800a3a4 + 294,055,272d3
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Table 4 (Continued)

(x,y) T(x,y)

(a3,a10) 1,875a3 - 30,000a3 + 120,000a3 + 22,500a3a10 - 311,950a3a10
+1,440,000a3a10 + 16,800a, + 37,800a3a3, + 2,826,000a%a?,
-955,472a3, - 2,613,600a3a3, + 12,946,608a7, - 56,010,52843,

(a3,a17) 5315625a% + 6,250a§ ~133,844,400a3a11 + 358,344,000a3a1 1
-1575 OOOa3am +12,192,768a3, +1,542,181,760a3a3, +607,773,600a3a7,
+158,760 000030” - 5851,104,000a3, - 41,822,645,760a3a3, - 8,001,504,000a3 3,
+213,353,968, 896aH +201 ,637,900,800030‘]‘] -2,032,510,040,064a3,

(as,ar2) -28, 125113 +225 OOOa3 170 00003012 +12,420 00003(112
-18,900 ooo(;gau + 250 8802, + 33,272,960a3a?, — 205,380,000a3 a2,
+635,040,000a307, - 228,392,192a3, + 287,539,200a343, — 10,668,672,000a3 a3,
+581 6,344,3200‘]‘2 +89,61 6,844,800a3a$2 -301,112,598,52843,

(as,a5) ~13a7 + 176a4 720a% +1,152a; + 2600405 — 4,880a3ds + 14,400a3ds
+1,62502 + 52 0000405 64 000a5

(as,a6) -25a7 + 168a4 576a4 +1 152a4 +50a4d6 - 200d3de — 576306
- 2506 + 5440406 51 206

(as,a7) 6,156a; + 5,589 + 1 944a4 228asa; - 10980a2a; - 9,072a3a7
+ 9507 +8 5440407 2 04807

(as,as) ~4a3 +32d3 + 8asas — 96a3dg + 5a3 + 96a4a3 - 32a3

(as,a9) -84a2 +816a; - 1,296d; +1,152a; - 168d4ag + 2,432a3dq
- 2,880a3a9 + 10503 + 2,848a4a3 + 512d3

(as,a10) 3a3 - 4843 +192d} + 18asa10 - 112a2a10 + 1502, + 38404010 12843,

(as,a11) 175d3 + 8a; — 900a3a11 + 816a3ay + 125(1” +5920a4a7, - 6,144a3,

(as,a15) -9aj +72a; - 7205012 + 720@?@2 +25a%, + 1 31204012 -2 048012

(s, d) -125a2 + 24,0004 - 1,800 000a5 +7, 200 00002 - 20d50s + 2 6000506
- 432,000a2as - 7,200 0000506 + 06 +200asa? - 158,400a2a2
+2,880,000a3a2 - 16a3 +4,320asa; - 576,000a2a3 + 144a¢
+57,600asa¢ - 2,304a2

(as,a7) 10,732,500a2 + 15,946,875a¢ + 6,075,000a2 - 15,900asa7 - 4,972,500a2a;
-10,827,000a2a; - 8,100,000aay + 26503 + 183,960asa2 - 12,355,200a%a2
+4,320,000a3a2 - 2,016a3 + 17,280asa3 - 1,152,000a2a3 + 3,328a%
+153,600a5a% - 8,192a3

(as,as) 2,000a3 - 500a2ag + 40asa3 — a3 - 36a,

(as,as) 1,500a +450,000a2 +400aZas +450,000aas + 35asa2 + 180,000a2a3
+4a3 +36,000a2a3 + 3,600asag + 14403

(as,ar0) 60,000a¢ + 25a2ayg - 3,000a§a$0 - a3y +24at, - 144a§0

(as,an) 809,375d% +25 OOOa5 -11,100aay; + 561,000a3a;; - 300,000d¢ar,
+ 3701]1 - 760050H -1353 600050M +1,440,000a3a?, - 528043,
-51 ,840050 3,456,000a5a$1 +186 6240‘1‘1 +4,147,200a5a7, - 1,990,656a7,

(as,ar2) 2812505 250005012 —505012 + 180, OOOasaw2
- 4a%2 -144 000050?2 +57,600a5a7, - 9,21 6a?2

(as,a7) 44, 38806 12 87906 +3 88806 -1 6440607 + 7560607 + 7,7760207
-25920a¢a; + 68507 6 8400607 -101 0880607 +69, 1200607
- 67297 +43,77605a3 - 92,1 600607 +61 4400607 -16,384a3

(ae, ag) —406 + 6406 + 8agag — ]7606(13 + 508 + 160608 + 24a8
+ 432a6ag + 72a§ - 144ag

(ae,ao) —406 + 4806 + 24006 + 25606 8aedo + 1440609 + 9600609
+1 2800609 + 509 +72060% + 2880609 +2,560a2a3
- 24a9 -1 3440609 +2 5600609 + 38409 +1 2800609 + 256a9

(as,a0) 3206 + 25606 +6asa10 — 6806010 +1 53606010 + 5010
- 8806010 +2 62406010 48010 +1 34406010 + 384010 38461]O

(ag,ar1) 4 02506 + 1606 20 70006011 + 124, 512a6am - 96006011
+2,875a2, - 13,000a5a%, + 705,888a2a?, +23,040aa?; - 99 936aH
+546,048a5a3, - 276 4800601 +1,327, 104011 +1,658,880asa?, - 3,981,312a7,

(as,a12) —906 W44a6 7206012 +1 44006012 -2 88006012 + 250]2 - 18406012
+5472a2a%, +23,040a2a?, - 1,632a3, - 6,912a6a3, - 92,160a2a3,
+36,864a7, + 184,320asd, - 14745643,

(a7,as) -80a2 + 51203 + 480a7ds - 4,512d3as + 9,360a7a3 — 3,240a3
+ 3,888a7a§ -1.215a5 - 486ag

(a7,d0) -2,48003 + 14 59207 +6,91 2a7 +8,192a5 - 14,880a74dg + 139 3920709

+129 0240709 +30 7200709 +378 000a7a9 +505 4400709 +46 0800709
+100,440a3 — 147,744a703 + 34,5600303 — 27,9454 + 12,960a;a4 + 1,944a3
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Table 4 (Continued)

(x,y)

(@7,a10)

(@z,an)

(az,a12)

(@9, a12)
(ar0,a11)

(@10,a12)
(ar1,a12)

T(x,y)

25a2 - 32003 + 1,024a% + 300a7a10 -2 010a7 10 +9216a3a0 + 174600707,
+22 32Oa7a1O 8, 1OOaTO +9,288a7a3, - 3 645010 486a§O

4,655a% + 1645 - 134,064a2a11 +241,812a5a11 — 720a%ay1 +1,034,208a7a7,

+2, 320 650a7aT L+12 9600701 . ,994,544a$1 +1,787,508a7a3,
-2,735,937d7, + 524,880a;d}, - 944,784a3,

-5a% +32a5 - 2400%012 + 1,836a§a]2 - 480da1, +4,320a7a3,
+29,322a%a?, +2,880a30%, - 19,440d3, + 8,316a7a3, - 8,640d2ad3,
-23,085a%, + 12,9600, 4%, - 7,77643,

3a3 +9ag + 10a3as + 11asa3 + 4a3

6as + adayo - 4a3,

2,3
- 116,640a5a3,

35a4 +2a3 - 48azan + 144a3ar + 16a3, - 32asa?, - 1,536a3,
9a3 - 16aga?, - 256a3,
32a3 +3d3ai0 - 1 o4aga$o -12a3, + 48a§‘o - 48a%o

-1,365a4 + 809 +1,872a3a11 +7,584a3ar; +480agar; - 624a?,

-1,280a907, + 103 392a9a$1 +11 520@0%1 +66,816a3, - 27,648a9a3,
+138 240090M - 684,288a7, +829 440090” +1,990,656a3,

9a3 + 180d4ai» - 16asa?, + 1,440a3a3, + 192a3,
+ 5,760a§a?2 +1 w,szoaga;g +9216a3,

1050]0 + 2010 + 36010011 +1 752010011 3GH

-10 512010011 + 5760H +27 648010011

9010 amaw2 72010012 1 536012

-81at, +7 776aH + 108a1 12 - 12,960a%,a1> + 5%a? a2, + 8,640a3,a?,
-420ay1a3, - 2,880a%,a3, - 1,22541, +480ay af, - 3243,

2900100%]
27,6484,

the polynomials

f(X) =10X3 + 9X% — X — 3a;(2q + 1),

fo(X) =20X* +28X3 + 7X* — X — 6a,(2q + 1)

have common zero, namely, X = g. We deduce that for each odd prime p (= 2q + 1),

10 9
0 10
0 0
0 0

20 28
0 20
0 0

and this simplifies to give R(f;,f>) = 108,000(-343 + 6a} + 5aiay + 12a;a3 —

-1
9
10
0
7
28
20

-3m 0 0 0
-1  -3a 0 0
9 -1 3a 0
10 9 -1 -3a;|=0
-1 —6a, 0 0
7 -1 —6ay 0
28 7 -1 —6ay

2043) = 0, so

we can find the irreducible polynomial T'(a, a,) = —3a} + 6aj + 5ata, +12a1a3 — 2043 = 0.

Other results in Table 4 can also be obtained by using the resultant. O

Remark 3.2 The plane curves T'(x,y) = 0 in Corollary 3.1 all have zero-genus since x, y are

polynomials of p, which leads to a morphism from the projective line P! to plane curves

T(x,y) = 0. Then it follows easily from the Riemann-Hurwitz theorem (e.g, see Corollary 1

on page 91 of [5]).

Example 3.3 We suggest Figure 1, Figure 2 and Figure 3 for results of Z;; = T'(a;,a;) and

T(ﬂl’,ﬂj) =0.
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10

Figure 1 Z;; and T(aq,a2) =0.

10

-1

Figure2 Z;3 and T(a;,a3) =0.
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Figure 3 Z; 4 and T(ay,a4) =0.
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