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Abstract

In this paper, we establish a Dancer-type unilateral global bifurcation theorem for the
one-dimensional p-Laplacian with a singular weight which may not be in L'. As the
applications of this theorem, we prove the existence of nodal solutions for
p-Laplacian with fy € [0,+00] or f4 € [0,+00], where £(5)/(|s|P~%s) approaches fy and s
as s approaches 0 and oo, respectively.
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1 Introduction
In this paper, we shall establish a unilateral global bifurcation theorem for the following

one-dimensional p-Laplacian problem

u(0) = u(1) =0, (@)

i—(fpp(u/))’ =m(x)f(u), a.e xc(0,1),
where @,(s) = |s|Ps, 1 < p < +00, A is a positive parameter, m(x) and f € C(R,R) satisfy
the following assumptions:
(A1) m(x) € A, m(x) > 0 and m(x) # 0 on any subinterval of (0,1), where

1
A= {m(x) € L%OC(O,I)’/ AP71A = )P lm(x) dx < +oo};
0

(A2) f(s)s>0 fors#0.
Let . denote the closure of the set of nontrivial solutions to problem (1.1), and let A
denote the kth eigenvalue which is obtained in [1, Theorem 2.1] of the following problem
—(pp()) = rm(x)pp(u), ae.xe(0,1), 12)
u(0) = u(1) = 0. '

Let fo := lim,_, 0 f(s)/¢,(s). By an argument similar to Rabinowitz’s unilateral global bifur-
cation theory [2, Theorem 1.27], Kajikiya et al. [3] established the following result.

Theorem 1.1 Assume that (A1)-(A2) hold and fy € (0,+00). Then, for each k € N, there
exist two unbounded sub-continua Cki in & bifurcating from (Ai/fo, 0). Furthermore, C,f N
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(R x {0}) = {(Ai/fo, 0)} and if (A, u) € Ci \ {(Ai/fo, 0)} (Ci \ {(Ax/f0,0)}), then u is a (k —1)-
nodal solution in (0,1) satisfying u'(0) > 0 (#/(0) < 0), respectively.

However, as pointed out by Dancer [4, 5], Lopez-Gdmez [6] and Shi and Wang [7], the
original statement of Theorem 1.27 of [2] is stronger than what one can actually prove so
far. In [4], Dancer gave a corrected version of the unilateral global bifurcation theorem for
alinear operator which has been extended to the one-dimensional p-Laplacian problem by
Dai and Ma [8]. The first purpose of the present work is to repair the proof of Theorem 1.1
by the methods which we used in [8].

Let foo := limy_, 100 f(5)/¢p(s). Based on Theorem 1.1, Kajikiya et al. [3] studied the ex-
istence of positive solutions as well as sign-changing solutions of problem (1.1) with
fo € (0,+00) and f = 0. Later, they [9] again considered the case of f; € (0,+00) and
foo = +00. Another aim of this paper is to investigate the existence of nodal solutions for
problem (1.1) with all of the following six cases:

(1) fo € (0,+00) and f € (0, +00);

(2) fo =0 and fx € (0, +00);

(3) fo =+o0and f € (0, +00);

(4) fo=0andfy = +00;

(5) fo =00 and fi = +00;

(6) fo=0andfy =0.

When p = 2, m(x) € C[0,1], Ma and Thompson [10] considered the interval of 1, in
which there exist nodal solutions of problem (1.1) under some suitable assumptions on f.
In [11], Ma extended the above results to the case of m € C(0,1) satisfying 0 < fol x(1 -
x)m(x) dx < +o0o. For p # 2, Del Pino et al. [12] investigated the existence of solutions for
problem (1.1) with m =1 using the Leray-Schauder degree by the deformation along p. By
the upper and lower solutions method, fixed point index theory on cones and the shooting
method, the authors of [13-16] studied the existence of positive solutions or sign-changing
solutions for problem (1.1) under some suitable assumptions on m and f. In [17, 18], Lee
and Sim studied the existence of positive solutions as well as sign-changing solutions for
problem (1.1) when m € L1(0,1). Recently, Dai [19] studied the existence of nodal solutions
for problem (1.1) when m € C[0,1] and fy ¢ (0, +00) or f, ¢ (0, +00). In this paper, we
extend the corresponding results of [19] to the case of m satisfying (Al). Clearly, the above
six cases for problem (1.1) have not been studied by now.

The main results of the present paper are the following two theorems.

Theorem 1.2 Let (A1)-(A2) hold and fy € (0, +00). Then from each (A/fy,0) it bifurcates

an unbounded continuum Cy of solutions to problem (1.1), with exactly k — 1 simple zeros.

Theorem 1.3 Let (A1)-(A2) hold and fy, f € (0, +00). If & € (Ai/foor Miclfo) U (il fo, Akl foo)s
then problem (1.1) has at least two solutions uj. and u;_ such that uy has exactly k —1 simple
zeros in (0,1) and is positive near 0, and u; has exactly k — 1 simple zeros in (0,1) and is
negative near 0.

The rest of this paper is arranged as follows. In Section 2, we establish the unilateral
global bifurcation theory for problem (1.1). In Section 3, we prove the existence of nodal

solutions for problem (1.1) with any one of the above six cases.
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2 Unilateral global bifurcation
Let E be the Banach space C}[0,1] with the norm ||| = ||u|lcc + [|# |00, Where [0 =
maxeo,] |#|. Consider the following auxiliary problem

{(q)p(u’))/ =h, aexe(0,1), 1)

u(0)=u(1)=0

for a given i € L1(0,1). By a solution of problem (2.1), we understand a function u € E with
¢p(u') absolutely continuous which satisfies problem (2.1). Problem (2.1) is equivalently

written as
) = Gyh)= [ (a(h) o sh(r)dr) s,

where 4 : L1(0,1) — R is a continuous function satisfying

1 s
[¢p1<a(h)+/ h(t)dr)ds:o.
0 0

It is well known that G, : L'(0,1) — E is continuous and maps equi-integrable sets of
L'(0,1) into relatively compacts of E. One may refer to Lee and Sim [17] and Manésevich
and Mawhin [20] for details.

Lemma 2.3 of [3] shows that m(x)f(v) € L}(0,1) for any v € E and f satisfying (A2).
Hence, for (A, u) € R x E, we can define

Ty (u) = Gp(—kfom(x)(pp(u)) and F(A,u)= G(—Am(x)f(u)).

Lemma 2.4 of [3] has shown that T and F are completely continuous from R x E to E. So
I— T, is a completely continuous vector field in C'10,1]. Thus the Leray-Schauder degree
dis(I — T, B,(0),0) is well defined for an arbitrary r-ball B,(0) and A # A, k € N.

Lemma 2.1 ([3, Theorem 3.2]) Assume that (A1) holds and let {A;}ren be the sequence of
eigenvalues of problem (1.2). Let ). be a constant with A # A for all k € N. Then, for arbitrary
r>0,

deg(I - T;,B,(0),0) = (-1),
where B is the number of eigenvalues Ay of problem (1.2) less than A.

Using Lemma 2.1 and the famous global interval bifurcation theorem due to Schmitt
and Thompson [21], the authors of [3] established the following result.

Lemma 2.2 ([3, Lemma 4.4]) Assume that (Al)-(A2) hold and fy € (0,+00). Then (Ax/fy,0)
is a bifurcation point of ¥ and the associated bifurcation branch Cy in R x E whose closure
contains (Ai/fo,0) is either unbounded or contains a pair (A;/fo,0) with j # k.

Next, we shall prove that the first choice of the alternative of Lemma 2.2 is the only
possibility. Let S denote the set of functions in £ which have exactly k — 1 interior nodal
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zeros in (0,1) and are positive near x = 0, and set S; = —S;, and Sx = S; U S} It is clear that
S¢ and S; are disjoint and open in E. Finally, let CD?f =R x S,jf and & =R x S under the
product topology.

Lemma 2.3 Under the assumptions of Lemma 2.2, the last alternative of Lemma 2.2 is
impossible if Ci C (P U {(Ax/fo,0)}).

Proof Suppose on the contrary that if there exists (A, #,) = (A;/fo,0) when m — +o0
with (A, tn) € Cr, y 7 0 and j # k. Let f(s) = fop,(s) + £(s) with £(s)/@,(s) = 0 as s — 0.
Set v, := Uy, /||ty ||, then v, should be a solution of the problem

v=G, <—Amm(x)fo¢p (v(x)) § () )

()P

Let

E(u) = max [£(s)

0<ls|<u

’

then € is nondecreasing with respect to # and

£(u)

—=0. 2.2
uig)l+ up-1 ( )

It follows from (2.2) that

£ _ E(u) _EQull) _ ECIu)

leell?= = Mol = Qlulle=t = Jlufp!

—0 as|ul— 0. (2.3)

By (2.3) and the continuity and compactness of G, we obtain that for some convenient
subsequence v,, — vy as m — +00. Now v, verifies the equation

~(¢0 (%)) = 2m(@),(vo)

and |lvo|l = 1. Hence vy € S; which is an open set in E, and as a consequence for some m
large enough, v,, € S}, and this is a contradiction. 0

Proof of Theorem 1.2 Taking into account Lemma 2.2 and Lemma 2.3, we only need to
prove that Cx C (P U {(Ak/f5,0)}). By an argument similar to that of Lemma 2.3, we can
show that there exists a neighborhood & of (A /fy, 0) such that & NCy C (P U {(Ak/f5,0)}).
Suppose Cx ¢ (O U {(Ax/fo,0)}). Then there exists (A, u) € Cx N (R x 9Sk) such that
(A, u) # (Aklfo,0), u & Sk, and (A, u,) = (A, u) with (A, u,) € Cr N (R x Si). Since u € 35k,
by Lemma 4.1 of [3], u = 0. Let w,, := u,,/||u,||, then w,, should be a solution of the problem

e @4

w=G, (—Ay,m(x)fo(pp (w(x)) M)

By (2.3), (2.4) and the continuity and compactness of G,, we obtain that for some conve-

nient subsequence w, — wy # 0 as 1 — +00. Now wy verifies the equation

~(0p(Wy)) = Mom(x)@,(wo)
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and ||wo || = 1. Hence Afy = A; for some j # k. Therefore, (A, u,) = (A;/fo,0) with (A, u,) €
Ci N (R x Sg). This contradicts Lemma 2.3. a

Proof of Theorem 1.1 Applying a similar method to prove [8, Theorem 3.2] with obvious
changes (we only need to replace g(¢, u; 1) with & (&) in the proof of Lemmas 3.1, 3.2 and 3.4
of [8]), we can obtain the result of Theorem 1.1. O

3 Nodal solutions
In this section, we use Theorem 1.1 to prove the existence of nodal solutions for problem
(1.1) with all of the six cases introduced at the start.

Proof of Theorem 1.3 Applying Theorem 1.1 to problem (1.1), we have that there are two
distinct unbounded continua C; and C;, consisting of the bifurcation branch C; emanating
from (Ax/fo,0), such that

G ({0} U (R x Sp)).

To complete the proof of this theorem, it will be enough to show that C} joins (A¢/fo,0)
to (Ax/foos +00). Let (A, 1) € C} satisfy Ay, + |4, || — +00. We note that A, >0 forallm e N
since (0, 0) is the only solution of problem (1.1) for A = 0 and C; N ({0} x E) = @.

We divide the rest of the proof into two steps.

Step 1. We show that there exists a constant M such that A, € (0, M] for n € N large
enough.

On the contrary, we suppose that lim,,_, ;o A, = +00. On the other hand, we note that

~(@p () = hym(X)fy (X)), a.e.x € (0,1),
u(0) = u(1) =0,

where

Slun) ;
Falx) = { oty L0070,

0 ifun=0.

The signum condition implies that there exists a positive constant ¢ such thatﬁ,(x) >0
for any x € [0,1]. By Theorem 2.1 of [1], we get u, must change its sign more than k — 1
times in (0,1) for # large enough, and this contradicts the fact that u, € C}.

Step 2. We show that C} joins (A«/fp,0) to (Ak/foo, +00).

It follows from Step 1 that ||, || — +00. Let n € C(R) such that f(s) = foo@,(s) +1(s). Then
limyg - 400 7(8)/@p(s) = 0. Let (1) = maxo<s<u |1(s)|. Then 7 is nondecreasing and

I
1m =
U—>+00 (pp(u)

0. (3.1)

We divide the equation

—(pp(u;,)) = Lum(X)foo0p (1) + Aum(x)n(u,), a.e.x € (0,1),
u(0)=u(1)=0
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by |lu,| and set v, = u,/||u,|. Since v, are bounded in E, after taking a subsequence if
necessary, we have that v, — v for some v € E. Moreover, from (3.1) and the fact that 7 is
nondecreasing, we have that

n(un(x))

n—>+00 ||ty ||P~L ’

since

@) _ () _ il

L o 771 o (171 L

By the continuity and compactness of F, it follows that

~(p()) = Aam(x)fospp(¥), ae.te€(0,1),
u(0) = u(1) =0,

where A = lim A,, again choosing a subsequence and relabeling it if necessary.
n—+00

It is clear that ||[v| =1and v € C_,‘() C C} since C} is closed in R x E. Therefore, Moo = M
so that A = At/fs. Therefore, C{ joins (Ax/fo, 0) to (Ax/foos +00). O

Theorem 3.1 Let (Al) and (A2) hold. If fo = 0 and fy € (0,+00), then for any X €
(Ak/foos +00), problem (1.1) has at least two solutions u; and u; such that u; has exactly
k — 1 simple zeros in (0,1) and is positive near 0, and u; has exactly k — 1 simple zeros in
(0,1) and is negative near 0.

Proof If (A, u) is any solution of problem (1.1) with ||u|| # 0, dividing problem (1.1) by

2(p-1)

lullss " and setting w = u/||u||%, yields

i—(wp(w'))/ = am(x)( Huﬁ.;‘;,l)) in (0,1), 52
w(0) =w(1) = 0.
Define f : R — R by
= Il fwiwliz) i w70,
f(w)_{o ifw=0.
Clearly, problem (3.2) is equivalent to
{—(gap(w'))/ = wm(f(w) in (0,1), 53
w(0) = w(1) = 0.

It is obvious that (A, 0) is always the solution of problem (3.3). On the other hand, we have
that

% = lim fw) ’ [w]2E-Df (w/||w]|?) ; f(u)

w—0 (pp(w) T 0 (pp(w) T U400 (pp(u)

= fo.

Similarly, we can also show thatfOo =fo.
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Now, applying Theorem 5.1 of [3] and the inversion w — w/||w||%, = u, we can achieve
the conclusion. O

The following result is a direct corollary of Theorem 2.4 of [9].

Theorem 3.2 Let (Al) and (A2) hold. If fo = 0 and fy, = +00, then for any A € (0, +00),
problem (1.1) has two solutions u; and u; such that u; has exactly k — 1 simple zeros in
(0,1) and is positive near 0, and u;, has exactly k — 1 simple zeros in (0,1) and is negative
near 0.

Theorem 3.3 Let (Al) and (A2) hold. If fo = +00 and fs € (0,+00), then for any A €
(0, 11/fo0), problem (1.1) has two solutions u; and u; such that u} has exactly k — 1 sim-
ple zeros in (0,1) and is positive near 0, and u; has exactly k — 1 simple zeros in (0,1) and
is negative near 0.

Proof By an argument similar to Theorem 3.1 and the conclusion of [9, Theorem 2.1], we
can obtain the conclusion. O

Next, we shall need the following topological lemma.

Lemma 3.1 (see [22]) Let X be a Banach space and let C, be a family of closed connected
subsets of X. Assume that:
(i) thereexistz, € Cy,,n=1,2,...,and z* € X such that z,, — z*;
(ii) ru = sup{llx[l|lx € Cy,} = +00;
(iii) for every R >0, (\U,;2] Cu) N By is a relatively compact set of X, where

Br = {x € X||lxll <R}.

Using Theorem 1.1, Lemma 3.1 and a similar method to prove [19, Theorems 2.7 and
2.8] with obvious changes, we may obtain the following two theorems.

Theorem 3.4 Let (Al) and (A2) hold. If fo = +00 and fs = +00, then there exists 1+ > 0
such that for any i € (0,A"), problem (1.1) has two solutions uy | and uy , such that they have
exactly k —1 simple zeros in (0, 1) and are positive near 0. Similarly, there exists A~ > 0 such
that for any ) € (0,17), problem (1.1) has two solutions u; | and u;, such that they have
exactly k — 1 simple zeros in (0,1) and are negative near 0.

Theorem 3.5 Let (Al) and (A2) hold. If fy = 0 and fi, = 0, then there exists A} > 0 such
that for any ). € (1, +00), problem (1.1) has two solutions u; | and uy , such that they have
exactly k -1 simple zeros in (0,1) and are positive near 0. Similarly, there exists A, > 0 such
that for any ) € (A, +00), problem (1.1) has two solutions u;_, and u;_, such that they have
exactly k — 1 simple zeros in (0,1) and are negative near 0.
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