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Abstract

In this work, we consider the existence of positive solutions of higher-order nonlinear
neutral differential equations. In the special case, our results include some well-known
results. In order to obtain new sufficient conditions for the existence of a positive
solution, we use Schauder’s fixed point theorem.
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1 Introduction
The purpose of this article is to study higher-order neutral nonlinear differential equations

of the form
[rO[x®) - Puo)x(t - )] "] + (1" Q@) ((t - 0)) = 0, 1)
[rO[x(6) - Pu(e)x(t - )]" "] + (-1)” / ’ Q6. §)f (x(t—€))dé =0 )
and

b (n-1)q7 d
[r(t)[x(t)— / Pz(t,é)x(t—é)dé] ]+(—1>" / Qe (x(t-£)dE =0,  (3)

where n > 2 is an integer, t >0,0 >0, d>c>0,b>a >0, r, P; € C([ty,0),(0,0)),
P € C([to, 00) x [a,b], (0,00)), Q1 € C([to, 20), (0,00)), Q2 € C([£0,00) X [¢,d],(0,00)), f €
C(R,R), f is a nondecreasing function with xf(x) > 0, x # 0.

The motivation for the present work was the recent work of Culakova et al. [1] in which
the second-order neutral nonlinear differential equation of the form

[r@)[x(t) - P@O)x(t - 7)]'] + Q@)f (x(t - 0)) =0 (4)

was considered. Note that when # = 2 in (1), we obtain (4). Thus, our results contain the
results established in [1] for (1). The results for (2) and (3) are completely new.

Existence of nonoscillatory or positive solutions of higher-order neutral differential
equations was investigated in [2-5], but in this work our results contain not only exis-
tence of solutions but also behavior of solutions. For books, we refer the reader to [6-11].

Let p1 = max{r,o}. By a solution of (1) we understand a function x € C([#; — p1,00), R),
for some # > ty, such that x(¢) — P;(t)x(¢ — 7) is n — 1 times continuously differentiable,
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r(t)(x(t) — Py(t)x(t — 7))V is continuously differentiable on [t;,00) and (1) is satisfied
for ¢ > t;. Similarly, let p, = max{t,d}. By a solution of (2) we understand a function
x € C([t; — pa,00),R), for some £; > £y, such that x(¢) — Py (£)x(¢t — 7) is # — 1 times contin-
wously differentiable, 7(¢)(x(£) — Py (t)x(t — 7))V is continuously differentiable on [¢;, 00)
and (2) is satisfied for ¢ > ¢;. Finally, let p3 = max{b, d}. By a solution of (3) we understand
a function x € C([t; — p3, 20), R), for some #; > £y, such that x(¢) — f: Py(t,&)x(t — €) dE is
n —1 times continuously differentiable, »(¢) [x(¢) — fab Py(t, &)x(t — £) d&]"D is continuously
differentiable on [f;, 00) and (3) is satisfied for ¢ > £.

The following fixed point theorem will be used in proofs.

Theorem 1 (Schauder’s fixed point theorem [9]) Let A be a closed, convex and nonempty
subset of a Banach space Q. Let S : A — A be a continuous mapping such that SA is a
relatively compact subset of 2. Then S has at least one fixed point in A. That is, there exists
x € A such that Sx = x.

2 Main results
Theorem 2 Let

/ Q1(2) dt = co. (5)

Assume that 0 < ky < ko and there exists y > 0 such that

,’i—lexp((kz—ku ' Ql(t)dt)ZL 6)
2

to—y

eXP(—kz / Qi(s) d8> +eXp(k2 / 7 Ql(s)ds)
i to-y
1 o8} (S _ t)n—z 00 U—o
<oz | S [ e (en(k [ o) ) duas
<Pi(t) < exp(—/q /t Qi(s) ds) + exp(lq /tr Qils) ds) 7)
-t to-y

1 o8} (S _ t)n—2 00 U—o
) (n—2)!/, r(s) /S Q1(u)f<exp<—k2 /lo—y Ql(z)dz))duds,

t >t >ty + max{r,o}.

Then (1) has a positive solution which tends to zero.

Proof Let Q be the set of all continuous and bounded functions on [ty, c0) with the sup

norm. Then €2 is a Banach space. Define a subset A of Q by
A={xe Q) <xt) < v ().t >t ),

where v;(£) and v, (¢) are nonnegative functions such that

vl<t>=exp<—k2 / @(s)ds), Vz(t)=eXp<—k1 / Ql(s)ds>, b2t (8)
to-y to-y

Page 2 of 10


http://www.journalofinequalitiesandapplications.com/content/2013/1/573

Candan Journal of Inequalities and Applications 2013, 2013:573 Page 3 of 10
http://www.journalofinequalitiesandapplications.com/content/2013/1/573

It is clear that A is a bounded, closed and convex subset of 2. We define the operator
S:A— Qas

(s0) = | PO =) = Gl [ S5 [ Quulf e o) duds, =1
(Sx)(t1) + va(t) —valtr), to<t=<t.

We show that S satisfies the assumptions of Schauder’s fixed point theorem.
First, S maps A into A. For £ > t; and x € A, using (7) and (8), we have

(Sx)(t) < Py(t)va(t —7) — ! / (S / Qu(u)f (ni(u - o)) duds

(n-20J,
= Pi(t)exp (—lq a Qis) ds)
to-y
1 t)n 2
(n-2)! /t. r(s) / Quw)f <eXp( kZ/ Qi(2) dZ)) duds

< (2)

and

0 (o _ $)1-2 00
(Sx)(t) = Py(t)vi(t—1) — " i 2 /t (s r(i)) /S Quw)f (va(u — o)) duds

-t

= Pi(t)exp (—kz Qi(s) dS)

to-y

o0 n-2
o S| e <exp( 3 / Q1(Z)dz))duds

> vi(8).

For t € [tg, 1] and x € A, we obtain
(Sx)(8) = (Sx)(&1) + va(2) — va(tr) < v2(2)
and in order to show (Sx)(¢) > v;(¢), consider
H(t) = va(t) — va(t1) = vi(t) + vi(t1).
By making use of (6), it follows that

H'(t) = vy () - vi(8) = ~ka Qi (O)v2(2) + ko Q)W (2)

= Qu(Ova(t)| —k1 + kavi(2) exp(kl Qu(s) d5>:|
y

to—

= Qu®)va(t)| —ki + ky exp <(k1 - kz)/ Qu(s) dS>j|
L to-y

r i1
) —k1+/<2exp((k1—k2) f ' Ql(s)ds)} <0, t<t<t.
to-y
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Since H(t;) = 0 and H'(¢) < 0 for ¢t € [t, t1], we conclude that
H(8) =vo(8) = va(t) —vi()) + ni(t)) = 0, B0 <t =<t
Then t € [ty, 1] and for any x € A,
(Sx)(8) = (Sx)(81) + va(8) = va(t1) = vi(tr) +va(8) = v2(t1) = ni(2), o <t =<t

Hence, S maps A into A.
Second, we show that S is continuous. Let {x;} be a convergent sequence of functions in
A such that x;(t) — x(¢) as i — o00. Since A is closed, we have x € A. It is obvious that for

t € [tg,t1] and x € A, S is continuous. For ¢t > #;,

|(Sx:)(2) - (Sx)(0)|

< Pi(@)|xilt - 1) = x(t - 1)

o0 _ £\n-2 00
(n—lz)!/ : r(ts)) / Q[f (xi(u - 0)) = f (x(u - 0)) | du ds

< Py(8)|xi(t = 7) —x(t - T)|

1 00 (S _ t)"_2 %)
¥ (Vl - 2)‘ »/t r(s) /S Ql(u)lf(xl(u - 0)) _f(x(u - 0)) | duds.

+

Since |f(x;(t — 0)) —f(x(t —0))| = 0 as i — oo, by making use of the Lebesgue dominated

convergence theorem, we see that
lim | (Sx:)(¢) = (Sx)(®) | =0
t—00

and therefore S is continuous.

Third, we show that SA is relatively compact. In order to prove that SA is relatively
compact, it suffices to show that the family of functions {Sx : x € A} is uniformly bounded
and equicontinuous on [y, 00). Since uniform boundedness of {Sx : x € A} is obvious, we
need only to show equicontinuity. For x € A and any € > 0, we take T > t; large enough
such that (Sx)(T) < % Forx € A and T, > T; > T, we have

€ €

|(Sx)(T2) — (Sx)(T1)| < [(Sx)(T2)| + | (Sx)(T)| < Ft5=€
Note that
X'=Y"'=X=-YV)X""+ XY + -+ XY"2 4 YY)
<nX-Y)X"1, X>Y>O0. 9)

Forx e Aand t; < Ty < T, < T, by using (9) we obtain

|(Sx)(T2) — (Sx)(T1)|
< |PU(T2)x(Ts - 7) = Py (T)x(T1 - 7))
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1 T2 (s=Ty)"~ 2
* (n-2)! /;1 7(s) / Ql(u)f x(u (7)) duds

1 ®(s— Tl)”—2 —(s— Tz)n—z 00
T n-2) /Tz () / Quw)f (x(u — o)) duds

< |P(T2)x(Tr - 7) - Pl(Tl)x(Tl—T)|

/ Quu)f (e - o))du}(Tz—Tl)

+ max {———
T1<S<T2{ (n—2)! r(s)

1 S— T1 n 3
T n-3)! /T r(s) / Qw)f (x(u - 0)) duds(T> = T).

Thus there exits § > 0 such that
[(Sx)(T2) — (Sx)(T1)| <€ if0<Tp—T; <8

Finally, for x € A and £y < T} < T» < 11, there exits § > 0 such that
|(Sx)(T2) = (Sx)(T1)| = |va(T1) = va(T2)| <€ ifO< T - Ty <6.

Therefore SA is relatively compact. In view of Schauder’s fixed point theorem, we can
conclude that there exists x € A such that Sx = x. That is, x is a positive solution of (1)

which tends to zero. The proof is complete. d

Theorem 3 Let

| @tar-ca, (10)
to
where Q,(t) = fcd Qo (t, &) d&. Assume that 0 < ky < ko and there exists y > 0 such that

ki o |
k—z CXP( kz - /(1) /t‘o_y Qz(t) dt) > 1, (11)

exp (—kz / t Qs(s) ds> +exp <k2 o Q(s) ds>
-t to-y
1 o] (S t)n 2
X (n_2)|'/t 7' / / QZ u, S)_f(exp( klf Q2 Z)dZ)) ds duds
<Pi(t) < exp(—/q / Q(s) ds) +exp (k1 / . Qs (s) ds)
00 n-2
x (ni2)'/t' (S r ) / / Q2 u, $f<eXp( kZ/ Q2 dZ)) ds duds,

t >t >ty + max{t,d}.

Then (2) has a positive solution which tends to zero.
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Proof Let Q be the set of all continuous and bounded functions on [ty, c0) with the sup

norm. Then €2 is a Banach space. Define a subset A of Q by
A={xe Q) <xt) <v(0),t = to},

where v;(¢) and v, (¢) are nonnegative functions such that

vi(t) =exp<—k2/ Qz(S)dS) va(t) =exp<—k1/ Qz(s)d5>, t>to.
to-y to-y

It is clear that A is a bounded, closed and convex subset of 2. We define the operator

S:A — Q as follows:

Pr(e)x(t 1) — g [ S [ [ Qulu €)f (x(u — £)) dE duds, ¢ > 1,
(Sx)(t1) + v2(t) —va(t), to <t =<t

(Sx)(2) = {

Since the remaining part of the proof is similar to those in the proof of Theorem 2, it is

omitted. Thus the theorem is proved. g

Theorem 4 Suppose that (10) and (11) hold. In addition, assume that

exp <—k2 / t Qs(s) ds) +exp (kz - Q(s) ds>
t-a to-y
1 % (s—gy2 oo pd -t
x (n—2)! /L: 7(s) /s. /; Qa(u, S)f(exp<_k1 V/q)_y Q2(2) dZ)) dé duds

~ t ~ t—b _
< By(t) < exp (—kl / 20 ds) +exp (kl / R (6) ds) 12)
t— to-y

1 oo (S— t)n—z oo pd u-¢ _
x (n-2)! /L: 7(s) /s. /c. Qa(u, §)f(exp<—/<2 /to_y Qa(2) dZ)) dé& duds,

t >t >ty + max{b,d},

where P, (t) = f“b Py(t,&)dE. Then (3) has a positive solution which tends to zero.

Proof Let Q2 be the set of all continuous and bounded functions on [ty, c0) with the sup

norm. Then €2 is a Banach space. Define a subset A of Q2 by
A={xre Q) <x(t) <w(t),t >t}

where v;(£) and v, (¢) are nonnegative functions such that

vl<t>=exp<—k2 / Qz(S)dS>, vZ<t>=exp(—k1 f Qz<s)ds), 2t (13)
to-y to-y
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It is clear that A is a bounded, closed and convex subset of 2. We define the operator
S:A— Qas

J2 Pot,E)x(t — £)d — o [ S [ [ Qulat, £)f (ol — £)) dé du s,
Sx)(=1 t=tn,
(Sx)(t1) +va(t) —va(t1), to <t=t.

We show that S satisfies the assumptions of Schauder’s fixed point theorem.
First of all, S maps A into A. For t > t; and x € A, using (12), (13), the decreasing nature
of v, and v;, we have

b
(S9(0) < / Po(t,E)valt - £) dt -

(n-2)!
[ ot
< Dy(t)exp (—k1 mtj Qa(s) ds) - ﬁ
[ oo [ )

< w(2)

and

b 1
(Sx)(2) Z/ Py(t,&)i(t - §)dE - =2

00( _t)n—Z oo pd
X/t Sr(s) / / Qo £)f (valu ~ &)) dE duds

t—

> By(t)exp <—k2 3a(9) ds) . ﬁ

to-y

oo _ #\1-2 (o] d u—t ;
x/t (s r(ts)) /S /C Qz(u,f)f<exp<—k1 _/t.o_y Qz(z)dz)>d§duds

> vi(t).

For t € [ty, t1] and x € A, we obtain

(Sx)(2) = (Sx)(81) + v2(8) — va(t1) < v ()
and to show (Sx)(¢) > v, (¢), consider

H(t) = v2(t) = va(ta) = n1(2) + ni(ta).
By making use of (11), it follows that

H'(2) = vy(t) —vi(2)

= —kléz(t)l/z(t) + kZQZ(t)Vl(t)
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= Qu(t)na(t) |:_k1 + kv (£) exp <k1 Qa(s) dSﬂ

to-y
~ o
< Qa(t)va(2) |:—k1 +ky CXP((kl - kz)/ Qa(s) dS):| <0, to<t=t.
to-y

Since H(t;) = 0 and H'(t) < 0 for t € [ty, 1], we conclude that

H(t) = va(t) = va(t1) = vi(6) + ni(t) =0, fo <t =<h.
Then t € [ty,t1] and for any x € A,

(Sx)(£) = (Sx)(t1) + va(t) = va(t1) = vi(tr) + va() = va(t) = ni(E), to <t <t
Hence, S maps A into A.

Next, we show that S is continuous. Let {x;} be a convergent sequence of functions in

A such that x;(¢) — x(£) as i — 00. Since A is closed, we have x € A. It is obvious that for

t € [to,t1] and x € A, S is continuous. For t > £,

|(Sx) (@) - (Sx)(0)|

b
< / Pot, )|t — &) — x(t — )| de

1 00 (o _ )12 poo pd
* (m=2)! / - r(ts)) / / Qal, S)lf(xi(u =§) ~flrlu - £) | ak i ds
Since |f(x;(t—§))—f(x(t—§))| = 0 as i — oo and & € [c,d], by making use of the Lebesgue

dominated convergence theorem, we see that
Jim [[(sx)(0) ~ (sx)(6)| = 0.

Thus S is continuous.

Finally, we show that SA is relatively compact. In order to prove that SA is relatively
compact, it suffices to show that the family of functions {Sx : x € A} is uniformly bounded
and equicontinuous on [£y, 00). Since uniform boundedness of {Sx : x € A} is obvious, we
need only to show equicontinuity. For x € A and any € > 0, we take T > t; large enough
such that (Sx)(7) < 5. Forx € A and T, > T > T, we have

[(SE)(T) = (SHUT)| < (ST + [(S(T)| = 5 +5 = €.

Forxe Aand t; < Ty < T, < T, by using (9) we obtain
|(Sx)(T>) — (Sx)(T7)|

b
< / |Py(Ty, €)x(Ty - €) - Po(T1, E)x(T1 - )| dé

1 /T2 (s— Tp)"2

TR TH A

oo pd
/ / Qu(u, &)f (x(u — §)) dE ducds
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1 /'Oo (s—T)" 2= (s—To)"2

TR r(s)

o pd
/ / Qo (u, §)f (x(u — §)) d§ duds

b
< / |Py(Ty, €)x(Ty - £) - Py(T1, €)x(T; - £)| di

1 Sn—2

max { ———
T sssXTz { (m—2)! r(s)

00 _ n-3 e8] d
1 / (s—T1) / /Qz(u,é)f(x(u—f))dfdudS(TZ_Tl)'

MR T A

+

[e%) d
/ / Qz(u,sy(x(u—a)dsdu}(n—Tl)

Thus there exits § > 0 such that
[(Sx)(T>) - (Sx)(T1)| <€ if0< Ty~ Ty <.

Forx € A and ty < T; < T, < t;, there exits § > 0 such that
|(Sx)(T2) = (Sx)(T1)| = |va(Ty) = va(T2)| <€ ifO< T =Ty <6.

Therefore SA is relatively compact. In view of Schauder’s fixed point theorem, we can
conclude that there exists x € A such that Sx = x. That is, x is a positive solution of (1)

which tends to zero. The proof is complete. d

Example 1 Consider the neutral differential equation

3\ 1@7
|:et/2|:x(t)—P1(t)x(t—§>:| ]—qx(t—1)=0, t=>to, (14)

where g € (0, 00) and

exp(qlky(t +y — T — to) — ki(y — 0 — to)]) exp((~gk — %)t)
ki (kg + )2

exp(—kyqt) +

exp(glki(t+y -1 —to) —ka(y —o —to)])
ko

< Pi(t) <exp(-kiqr) +

y exp((—gks — 3)t)
(kaq + 3)?

Note that for & = %, ky=1l,g=1land ty=y = %, we have

Ky to 2 1
— ko — k tdt) =— —
kzexp(m q>/to_yol<) ) 3exp(3f0

13

2
ldt) =5.8194>1

and

Y, 5 (5 b ety s Lew( ), eag
exp| — | + —ex exp(-1) + —expl — |, t>8.
Pl ) Tag®P\ 7 )=/ =exp 9 P\ 76

If P (t) fulfils the last inequality above, a straightforward verification yields that the con-
ditions of Theorem 2 are satisfied and therefore (14) has a positive solution which tends

to zero.
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