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Abstract
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1 Introduction

The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh [1],
and subsequently several authors have discussed various aspects of the theory and appli-
cations of fuzzy sets such as topological spaces, similarity relations and fuzzy orderings,
fuzzy mathematical programming etc. Later on, various types of sequence spaces of fuzzy
numbers have been constructed by several authors such as Matloka [2], Nanda [3], Nu-
ray and Savas [4], Mursaleen and Basarir [5], Malkowsky et al. [6], Tripathy and Chandra
[7], Tripathy and Borgogain [8] and so on. Later on, the fuzzy sequence space got mo-
mentum after the introduction of new convergence methods and theories in the process
as well as the requirement. Some of them are statistical convergence, lacunary statistical
convergence etc.

Nuray and Savas [4] introduced the idea of statistical convergence of fuzzy numbers
and Nuray [9] introduced the related concept of convergence with the help of a lacunary
sequence. Using their ideas, many authors such as Kwon and Shim [10], Bilgin [11], Altin
et al. [12], Esi [13], Tripathy and Baruah [14, 15], Tripathy and Dutta [16, 17] and others

constructed different types of sequence spaces.

2 Definitions and preliminaries
Definition 2.1 A fuzzy number X is a mapping X : R — [0, 1] associating each real num-
ber ¢ with its grade of membership X(t).

Definition 2.2 If there exists ¢ € R such that X(¢) =1, then the fuzzy number X is called
normal.
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Definition 2.3 A fuzzy number X is said to be convex if X(£) > X(s) A X(r) = min{X(s),
X(r)}, wheres<t<r.

Definition 2.4 A fuzzy number X is said to be upper semi-continuous if for each ¢ > 0,
X7Y([0,a + ¢)) for all @ € [0,1] is open in the usual topology of R.

L(R) denotes the set of all upper semi-continuous, normal, convex fuzzy numbers such
that [X]* = {t € R: X(¢) > 0} is compact, where {t € R : X(¢) > 0} denotes the closure of the
set {t € R: X(¢) > 0} in the usual topology of R.

Definition 2.5 The set L(R) forms a linear space under addition and scalar multiplication
in terms of a-level sets as defined below:

[X+Y]*=[X]*+[Y]* and [MAX]*=A[X]* foreachO<a <],
where X“ is given as

t:X(t)>a ifae(0,1],
t:X#) >0 ifa=0.

X% =

For each « € [0,1], the set X* is a closed, bounded and nonempty interval of R.
Let D denote the set of all closed and bounded intervals A = [a1,a5] on the real line R.
For A,B € D, (D,d) is a complete metric space where the metric d is defined as

d(A, B) = max{|a; — by|, |ay — by |}

for any A = [a3,a;] and B = [by, by].
It is easy to verify that d : L(R) x L(R) — R, defined by

dX,Y) = sup d(X“,Y"‘),

0<a<l
is a metric on L(R).

Definition 2.6 Let X = (Xj) be a sequence of fuzzy numbers. Then the sequence X = (Xj)
is said to be A”-convergent to the fuzzy number Xy, denoted as limy_, oo A" X} = Xy, if for
every ¢ > 0, there exists a positive integer ko such that A(A" X}, X,) < & for all k > ko.

Definition 2.7 The sequence X = ((X)?2,) of fuzzy numbers is said to be A™-statistically
convergent to the fuzzy number £ if for every € > 0,

.1 =( am
nli)rgo;ka n:d(A" X, &) = s}| =0.
In this case, we write X; — £(SF(A™)) and S¥(A™) denotes the set of all A™-statistically
convergent sequences of fuzzy numbers.
By a lacunary sequence we mean an increasing sequence of integers 6 = (k) such that
ko = 0 and &, = k, — k,_; — 00 as r — 0o. Throughout this paper, the intervals determined

by 6 will be denoted by I, = (k,_1, k,] and g, = k’:;l )
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Definition 2.8 Let 0 be a lacunary sequence. A lacunary refinement of 6 = (k,) is a lacu-
nary sequence 6’ = (k) satisfying {k,} C {k]}.

Definition 2.9 The sequence X = (Xi) of fuzzy numbers is said to be lacunary A”-

statistically convergent to the fuzzy number £ if for every ¢ > 0,

lim — kel :d(A"Xi,&) > e}| =0.

r—0o0 hr

In this case, we write X; — £(S5(A™)), and S5(A™) denotes the set of all lacunary

A™-statistically convergent sequences of fuzzy numbers.

Definition 2.10 A metric d on L(R) is said to be translation invariant if d(X + Z, Y + Z) =
d(X,Y) forall X,Y,Z e L(R).

Lemma 2.1 (Mursaleen and Basarir [5]) If d is a translation invariant metric on L(R),
then

(i) d(X +Y,0) <d(X,0) +d(Y,0),

(i) d(AX,0) < |r|d(X,0), || > 1.

Lemma 2.2 (Maddox [18]) Let ax, by for all k be sequences of complex numbers, and let
(pk) be a bounded sequence of positive real numbers, then

|ag + bilP* < C(|ax P + |belP*)
and
|AP% < max(1, [A]"),
where C = max(1,2"71), H = sup py and X is any complex number.

Lemma 2.3 (Maddox [18]) Let ay > 0, by > 0 for all k be sequences of complex numbers
and 1 < py < sup pi < 00, then

L
M

(Zk:|ak +bklpk>ﬂlﬂ < (Zk: Iaklpk>ﬂ14 + (Zk: |bk|l’k>

where M = max(1, H), H = sup py.

3 Main results
Now, we introduce the space N} (Ag), f) as follows:

N; (ADf) = {X = (Xi) : X¢ € L(R) such that lim hi > (F(d(A" X 8)))* = o},

r—00
kel,

where 0 = (k,) is a lacunary sequence, f is any modulus function and p = (px) is any se-

quence of strictly positive real numbers.
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Now we define alacunary strongly A’-summable sequence of fuzzy numbers as follows.
The sequence X = (Xi) is said to be lacunary strongly Af)-summable to the fuzzy num-
ber & € L(R) if for every ¢ > 0,

,lggo—Z(f (A"X,€)))* = 0.

" kel,

In this case, we write X; — g(NF(Am .f))- Thus the class NZ (A (mp),f) denotes the set of all
lacunary strongly A -summable sequences of fuzzy numbers.
For suitable choices of m, f and py, some of the known sequence spaces, which are ob-
tained from the space N(f (Ag) .f), are as follows.
(i) Letf(x)=x, m =0 and py = p for all k € N, the sequence space Nér(A%,f)
represents the space Ny studied by Kwon and Shim [10].
(i) Letf(x) =x, m=1and py =1 forall k € N, the sequence space N(,F(A’(Z),f) denotes
the space Ny(A) investigated by Bilgin [11].
(iii) Let f(x) = «, the sequence space NGF(A(’;),f) denotes the space NQ(A;H) studied by
Altin et al. [12].
(iv) Letf(x) =x and px =1 for all k € N, the sequence space NOF(A’(Z),f) reduces to the
space Nyp(A™, F) investigated by Esi [13].
Thus, the study of the sequence space Nt (A(mp), f) gives a unified approach to many of the
earlier known spaces.

Theorem 3.1 Let (px) be a bounded sequence of positive real numbers. Then the class
Ng(Ag),f) is a linear space over R.

Proof Using Lemma 2.1, Lemma 2.2, the subadditivity property of a modulus function f
and the result f(Ax) < (1+[|A]])f (%), it is easy to show that Ng(A%,f) is a linear space over
the real field R. O

Theorem 3.2 Let (pi) be a bounded sequence of positive real numbers such that inf py > 0.
Then the sequence space Nt (AT () .f) is a complete metric space with respect to the metric

HGY) =) f(dX, X)) +Sup< S (@ A’"Xk,MYk)))’”k>M,
i=1 " kel

where M = max{1, sup pi}.

Proof It is easy to verify that / gives a metric on Nt (A().f). To show completeness, let us
assume that (X“) is a Cauchy sequence in N} (A" (o f), where X = (X})2, € NF(A’” .f) for
each u € N. So, for given ¢ > 0, there exists %y € N such that

g(X”,XV) <e forallu,v> ug,

S

Zf(E(X;‘,X" +sup( Z(f A'”XZ,A"’XZ)))”) <e forallu,v> u,.

i=1 hy kel,
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This means that

Zf(E(X;‘,X}’)) <e forallu,v>u, (3.1)
i=1
as well as
hi Z(f@(AW’X}:, AmX,':)))pk <¢& forall u,v> uyand forall r. (3.2)
" kel,

Since f is a modulus function, so equation (3.1) gives E(Xi”,X}’) < & for all u,v > uy, for
some &; such that € >¢; >0 and foreachi=1,2,...,m, i.e.,

(Xl”) is a Cauchy sequence in L(R) foreachi=1,2,...,m. (3.3)

Similarly, as f is a modulus function, so by choosing suitable ¢; > 0, equation (3.2) gives

A(A" X}, A" X)) < &y for all u,v > ug and for each &, ie.,
(A’”Xk") is a Cauchy sequence in L(R) for each k € N. (3.4)

Using equation (3.3) and equation (3.4), it can be easily shown that (X}) is a Cauchy
sequence in L(R). But L(R) is complete, so the sequence (X}) converges to X = (X;) in
L(R) as u — oo.

Keeping u fixed and letting v — 0o in equation (3.1) and equation (3.2), we get

Zf(E(Xf‘,Xi)) <e forall u>u,

i=1

and

hi Z(f(E(A’"Xk”, A"X;)))* <& forall u > ugand forallr, (3.5)

r kel,

g(X*,X) <e forall u> u.

Next we show that the limit point X € N} (A{).f), for which the proof is as follows.
Since X* = (X)) € Ng(Ag),f) for u € N, so for each u, there exist L € L(R) and r, € N
such that

hi Z(f(ﬁ(A”‘Xk”,L”)))pk <e forallr>r,. (3.6)

" kel,

Similarly, for each v, there exist L € L(R) and r, € N such that

1 d(A"X, L)) <e forallr>r,. (3.7)
7 k

r kel,
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Now let u,v > ug and ry = max(r,, r,). Then from equation (3.2), equation (3.6), equation
(3.7) and using Lemma 2.2, we have

—Z(f d(L L") ”k<c Z(f d(L*, A"X})))™*

" kel, " kel,
+Coo Z(f (A™XE, A™XY)))P-
" kel,
+Coo Z(f (A™Xy,L7)))*
r kel
< 3Cg forall u,v> ugand for all r > ry. (3.8)

Now using the fact that the modulus function is monotone and for a suitable choice of
e3> 0, we get

E(L”,L") <e3 forall u,v > uy,

i.e., (L*) is a Cauchy sequence in L(R). Since L(R) is complete, so there exists & € L(R)
such that L* — & as u — oo. Keeping u fixed and letting v — oo in equation (3.8), we get

— Z(f L” k <3Ce for u > ug and for r > ry. (3.9)

" kel,

Hence, from equation (3.5), equation (3.6) and equation (3.9), we have

—Z(f (A™X;,€)) Pk<c Z(f (d(A" X, A" X))

r kel, r kel,
F O Y (@ L))
r kel,
+ C Z(f L”°
r kel

<2Ce+3C%c=¢ foralr>ry,

which implies X ™ de A(A" X, )Pk — 0 as r — 00, ie., X = (Xi) € N(f(A%,f) and
hence the sequence space N 4 (Ag), f) is a complete metric space. d

Theorem 3.3 Let 6 = (k) be a lacunary sequence and X = (Xi) be a sequence of fuzzy
numbers. Then:

(i) Xe— g(Ng(Ag),f)) implies Xi — £(SE(A™)).

(ii) Iff is a bounded modulus function and Xy — &(SE(A™)), then X — S(N(,F(Ag),f)).

Proof Easy, so omitted. O

Theorem 3.4 Let 0 = (k,) be a lacunary sequence, and let X = (Xi) be a sequence of fuzzy
numbers. Then:

(i) WE(A™,f) C NE(A™,f) if and only if liminf, g, > 1.

(i) NE(A™,f) € WE(A™,f) if and only if limsup, g, < 00,
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where
wE(a™ {(Xk) —Zf (A" X, &) —>0asn—>oo]

and

Ng(A™.f) = {(Xk) : hi Zf(E(A”’Xk,E)) —0asr— oo}.

r kel,

Proof (i) Assume that liminf, g, > 1. Then there exists § > 0 such that g, > 1 + § for suffi-
ciently large r.
Let Xx — £(WE(A™,f)). Then

—Ef A”‘Xk, —>0 as 1 — 00.

Consider
1 kr _ 1 kr-1 _
™ Zf ("X €)) = = > f(d(A" X €)) = o= D _f(d(A"Xi£))
hy kel, " k=1 " k=1

v

’;—j(ki (.

=1

>

r-1

- k;: ( krl_l Zf(E(Aka»E))).

=1

>~

Since h, = k, — k,_1, we have

k, k;, qr 1 1 §+1

— = = =1+ <l+-=—

Bk —k g -1 a1 55
and

kr—l _ kr—l _ 1 < 1

hr kr - kr—l qr — - 8

Since X € WF(A™,f). So both the terms - Z d(A" X, €)) and k}—4 "lf(d(A’”Xk,
&)) converge to 0 as r — oo and hence lr Zk,el, (d(Aka,é)) converges to 0 as r — 00,
ie, X € NJ(A™ f) and hence WE(A™,f) C NE(A™,f).

Conversely, let X — £(WE(A™,f)) imply X; — S(N(,F(Am,f)) but liminf, g, = 1.

Since 6 is a lacunary sequence, we can select a subsequence (k,(;) of 6 satisfying

k(i 1 k)
r—(l)<1+7 and -~0° >], where r(j) > r(j — 1) + 2.
Kr(j)—1 j Kkr(j-1)
Define
APX; z ifke],@ for somej=1,2,...,
0 otherwise.

Page 7 of 13
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Now we prove that the sequence X for which A™ X, which is defined as above, is strongly
A™-summable but not lacunary strongly A”-summable. Since

)—f(l) for r = r(j)

ke],(]

and

—Zf A Xk, =0 forr#r(),

" kel,

which implies X; - O(NZ (A™,f)), but if # is sufficiently large integer and j is the unique
integer with k)1 < n < ky(j41)-1, then, since n — oo implies j — oo, we have

ki k +h
- E I Aka, < 0 17 ) —>0 as 1 — 00,

kr(i) k(-1 1

ie, Xy — O(WE(A™,f)). This shows that WE(A™, f) ¢ NE(A™,f), which leads to a con-
tradiction. Therefore it proves that liminfg, > 1.

(ii) (Sufficiency) Suppose limsup, g, < 0co. Then there exists a constant A > 0 such that
g, <A forallr € N. Let Xy — &(NJ(A™,f)). So lim,_, o 7+ W 2 ker S d(A" X}, €)) = 0.

Let ¢ > 0. Then we can find R > 0 and K > 0 such that

suph Y f(d(A7X§)) <6

r=R rely
and

—Zf (A"Xy,€)) <K forallj=1,2,....

r i€l

Then if # is any integer with k,_; < n < k,, where r > R, then we can write

LY ) < 3 )
_ kl_l (;f(E(A”’Xk,E)) . ;f(E(A’”Xk,s)) .
+Zf (A™ Xy, & ) where I, = (k,_1, k]
k’j h% @(amx08)
kr_ Zf (A" Xy, €)
kp—kg_1 1

Page 8 of 13
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b b ] Zf (A"X4,8)

r 1

k; "
§kr_1(sup —Zf A X, € )

1<i<R h

o K —ke (sup hl Xi:f(E(A’”Xk,g))>

kr—l i>R

ko elq - K&
kr—l 7 kr—l

KX
<
k, r-1

<K

k
+eq, <K i + Aeg,

kr—l

which implies % S f(d(A™ X, &) — 0 as n — oo and it follows that X; — £(WF(A™,

).
(Necessity) Suppose that Xi — &(WZ(A™f)) implies Xy — &WNF(A™,f)) but
limsup, g, = 00
Since 0 is any lacunary sequence, we can select a subsequence (k) of 6 satisfying g, > j
and define a bounded difference sequence X = (Xj) by

ATX, = 1 if kv, <k <2k, , for somej=12,...,
0 otherwise.

Let ¢ > 0 be given. Then we have if r = r(j), then

ray <22,

_ 2ke1 = K1 Krj-1
f(d(A"X;,0)) = f(1) =
hy Z k) = kr-1 k) = kr(-1

and if r # r(j), then

0;

which implies that X; — O(NZ (A", f)).

For the above sequence and for k =1,2,..., k),
Ky
1 ()
0 k=1

_ _ 1
(d(A" X, 1)) = @(krw = 2k (1) = (

2 )f(l) > (1— 3)/(1),
qr(j) ]

and for k =1,2,...,2k)-1,

2/(,(]
S (1)
> f(d(a"Xi 1)) = f( )=
Zk’ (L
It proves that X = (X;) ¢ (WF(A™,f)) and hence the result follows immediately. a

Theorem 3.5 Let 0 = (k) be a lacunary sequence and X = (Xi) be a sequence of fuzzy
numbers. Then:

Page9of 13


http://www.journalofinequalitiesandapplications.com/content/2013/1/559

Srivastava and Mohanta Journal of Inequalities and Applications 2013, 2013:559 Page 10 0of 13
http://www.journalofinequalitiesandapplications.com/content/2013/1/559

(i) SE(A™) < SE(A™) if and only if limsup, q, < 0o.
(ii) SF(A™) C SE(A™) ifand only if liminf, g, > 1.

Proof The proof can be established following the technique used in Theorem 3.4. O

Theorem 3.6 If0' = (k)) is a lacunary refinement of 0 = (k,) and X — S( ,(A™)), then
Xi — £(S5(A™)).

Theorem 3.7 Let 8 = (I;) be a lacunary refinement of the lacunary sequence 0 = (k;). Let
I = (ki kil and J; = (I, 1], = 1,2,3, ..., be the corresponding intervals of 6 and B, respec-
tively, and h; = k; — ki1 and g; = |, — l;_1, respectively. If there exists § > 0 such that

% >3 forevery]; C I
then Xy — £(SE(A™)) implies X — S(Sg(A”‘)).

Proof Let ¢ > 0 be given, Xy — £(S5(A™)) and for every J, we can find I; such that J; C I,
then we have

h 1
—HkGI/ d(A" X, €)= ¢} = Eh—\{ke], A(A"X,,6) > )|

h 1 .

<~ |{kel:d(A"Xu8) ze}| (@s] )
g hi
11

< ——|{kel:d(A"X;,§) = €},
8 h;

which implies that X — g(sg(Arn))_ 0

Theorem 3.8 Let 8 = (I;) and 6 = (k;) be two lacunary sequences. Let I; = (k;_1, k;] and J; =
(lis, i), i=1,2,3,..., be the corresponding intervals of 6 and B, respectively, and I;; = I; N ],
,j=1,2,3,...,and h; = k; — k;_y and g; = l; — l;_1. If there exists § > O such that

7|

W >0 foreveryi,j=1,2,3,... provided l;; # ¥,

then Xy — &(S§(A™)) implies Xy — &(SH(A™)).

Proof Let « = B UO. Then « is a lacunary refinement of both the lacunary sequences
and 6. The interval sequence of « is {I;; = I; N J; : I;; # ¢}.

Let ¢ > 0 be given, Xj — S(Sg(AW’)), and for every I;;, we can find I; such that I;; C I; and
I;; # 9. Then we have

1 b 1 _
(ke ly:A(a7XiE) Z e} = oo |{k e gy d(AX8) = ¢}
[ 1] b
hi 1 —
<mh—|{keli:d(A X&) >¢e}| (asl; € 1)
11 —
Sh—|{keli:d(A X, €) =

which implies that X; — &(S5(A™)).
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Since « is a lacunary refinement of 8, so by Theorem 3.6 it follows that X; — &(SE(A™))
implies Xy — & (Sg (A™)) and hence the result follows. O

Theorem 3.9 Let B = (I;) and 0 = (k;) be two lacunary sequences. Let I; = (ki_1,k;), J; =
(lis, 1], i=1,2,3,...,and Iy =I; N ]}, i,j = 1,2,3,.... If there exists § > O such that
|75

—>—>§ foreveryi 1,2,3,. rovided I;; # 0,
Ui+ g) S Y i) = P j7

then Xy — &(S5(A™)) if and only if Xy — £(S5(A™)).

Definition 3.1 Let 8 = (/;) and 6 = (k,) be two lacunary sequences. Let J; = (/i_1,/],
I; = (ki_1,k;], i =1,2,.... There exist a sequence X and a fuzzy number L such that X; —
S(Sg(Am)) and X - £(SE(A™)) if and only if there exist (s,), (¢,) € N and § > 0 which sat-
isfy the following conditions:

() J, N1, # ¢

( ) hmr%oo l‘isr: o0;

(iif) US";I” >4, r=1,2,.
r

Proof Letthere exist a sequence X = (Xj) and a fuzzy number & such that Xj — S(Sg(A’”))
and X; » S(Sg(A’”)). Then we can find a subsequence (¢,) C N, ¢ > 0 and § > 0 such that

1
<|] |>|{k€]trd(Aka’g)EFJHZS’ r=12,....
tr
For each t,, there exist a positive integer s, and a whole number u, such that
Jorj NI, #¢ foreveryj=0,1,2,...,r=12,....

Then we can write

5 < (ulj)\{kez,, A(A7 X0 E) = 6|
H <UJS,+,>mt (A"Xp§) = ]

) (L) k€ )5y N1, (A" Xk, §) = e}

= 5§<|I |> > k€l NI, :d(A" X §) > e}
tr

J=0,ur

<|1 I) > k€T 0Ly, 1 d(A" X, §) > £}
tr

O<j<ur

(” > > k€N, :d(A" X, §) > &}
lr

Jj=0,ur

(1) XMk damne) = o)

O<j<uy
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1 _
(L) S enant e =l

J=0,uy

> (l{ﬁl)(ul |)|{k€]Sr+i:6_i(Aka’s)ZSH' (3.10)
ty Srtj

O<j<uy

Since X; — &(S5(A™)), so for sufficiently large s, + j, we have

1 - 5
<|]S +1|>|{k €]5r+j:d(Aka,s)ZS}|<§, (3'11)

It can be seen that 20<j<u,( VG;*T‘) < 1. Hence, by using equation (3.11) in equation (3.10),
we get

8

IA

(Ul_|)|{k €L, d(A"XE) = )|
ty

IA

: d )
(@) DIkl :d(A"Xi§) 2 e} + 3.

Jj=0,uy

This implies that (ﬁ) Z;‘:o,u, Itk € Js,.j N1y, CA(A" X, E) > g} > %, which implies that at
least one of the following two inequalities holds:

1 - 8
(m)Hk €J, NL, :d(A"X;,6) > e}| = 2 (3.12)

or

(L) ({k € Jopsu, N 11, : d(A" X1, §) = e} = (3.13)

8
Iz, | 4
Suppose that equation (3.12) holds. Since |{k € J;, N I;, cd(A"X,E) > g)| < |Js, N 1.|, so

using equation (3.12), we conclude that % < %

For such s,, £, chosen in the proof of (iii), from equation (3.12), we have

, which proves (iii).

8 1 _

- < <—)}{k €J, NL, :d(A"X;,§) > e

4 2z, |

s 1 =
< <|]’|)( >|{ke]s,ﬂlt,:d(Aka,.§)ze}l. (3.14)
1z, ) \ Vs, |

Since (Ifsl_l)Hk €, NI, :d(A" X, ) > }| — 0 as r — o0, from equation (3.14) we have
:2’: — 00 as r — 00, which implies that condition (ii) is satisfied.

Conversely, let for the two lacunary sequences 8 = (/;) and 6 = (k;) there exist sequences
(sr), (¢,) € N and 8 > 0 which satisfy the above three conditions. Define

ATX, = 1 ifkej, NI,
0 otherwise.

Then, forany 0 <e <1, ifj#s, foranyr=1,2,3,..., ﬁer],:E(Aka,a) > ¢} =0and

if j = s, for some r, ]%|{k € 2 d(A™X,0) > )| = Vol < il 9 35 r — 0. Hence

— |]5r| - Usr|
X = 0(S5(A™)).
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But (Z)I{k € I, : d(A"X;,0) = ¢}] = % > § for r = 1,2,..., which implies X; -

0(SE(A™). O
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