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Abstract

In this paper, we approximate a fixed point of the semigroup ¢ = {T; : s € S} of
Lipschitzian mappings from a nonempty compact convex subset C of a smooth
Banach space E into C with a uniform Lipschitzian condition and with respect to a
finite family of sequences {;,}i; -2, of left strong regular invariant means defined
on an appropriate invariant subspace of /°°(S). Our result extends the main results
announced by several others.
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1 Introduction
Let E be a real Banach space with the topological dual E*, and let C be a nonempty closed
and convex subset of E. Recall that a mapping T of C into itself is said to be

(1) Lipschitzian with Lipschitz constant [ > 0 if

ITx - Tyl <llx-yl, VxyeC.
(2) nonexpansive if
1Tx - Tyl < llx—yl, Vx,yeC.

(3) asymptotically nonexpansive if there exists a sequence {/,} of positive numbers such

that lim,,_,» /,, =1 and
|T7x - T"y|| < lllx—yl, VxyeC.

A semigroup S is called left reversible if any two closed right ideals of S have non-void
intersection, i.e., aS N bS # ) for a,b € S. In this case, (S, <) is a directed set when the
binary relation < on S is defined by a < b if and only if aS D bS for a,b € S.

Notation Throughout the rest of this paper, S will always denote a left reversible semi-
group with an identity e.
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In [1], Lau et al. studied iterative schemes for approximating a fixed point of the semi-
group ¢ = {T'(s) : s € S} of nonexpansive mappings on a nonempty compact convex sub-
set C of a smooth (and strictly convex) Banach space and introduced the following itera-
tion process. Let x; =x € C and

Kl = Oy + (1 - arl)T,unxnr n>1, (1)

where {11,,};°; is a sequence of left strong regular invariant means defined on an appropri-
ate invariant subspace of [*°(S).

@ ={T(s) : s € S} is called a representation of S as a Lipschitzian mapping on C with
Lipschitz constant {I(s) : s € S} if T(s) is a Lipschitzian with Lipschitz constant I(s) for
each s € S, T(st) = T(s)T(t) for each t,s € S and T'(e) = I. ¢ is called an asymptotically
nonexpansive semigroup on C if ¢ is a representation of S as a Lipschitzian mapping on C
with Lipschitz constant {I(s); s € s} and lim, I(s) < 1.

In 2008, Saeidi proved the following theorem.

Theorem 1.1 [2] Let S be a left reversible semigroup and ¢ = {T : s € S} be a representation
of S as a Lipschitzian mapping from a nonempty compact convex subset C of a smooth
Banach space E into C, with uniform Lipschitzian constant lim; K(s) <1, and let f be an
a-contraction on C for some 0 < a < 1. Let X be a left invariant ¢-stable subspace of L*°(p)
containing 1, let {|1,};°; be a sequence of left strong regular invariant means defined on X
such that lim,_, o |41 — tnll = 0, and let {c,}52, be a sequence defined by

¢n = sup (1T, % = Tyl = Il =yll), m=1.
x,yeC

Let {0t }521, {Bn}o2, and {y,}32, be sequences in (0,1) such that

C) ap+Bu+yn=1n>1,
Cy) lim, oty =0,
3) Doy On = 00,

C4) 0 <liminf, o B, <limsup,_, . B <1,

Q

(
(
(
(
(

Cs) limsup,_,,, 2 <0.

If {x,}52, is a sequence generated by x, € C and
Xn+l = ar(f(xn) + ,ann + Vn T;Lnxn: n= 1:

then the sequence {x,};°, converges strongly to some z € Fix(¢), the set of common fixed
points of ¢, which is the unique solution of the variational inequality

((f =Dz, J(y-2)) <0, VyeFix(p).

Equivalently, one has z = Pfz, where P is the unique sunny nonexpansive retraction of C
onto F(¢).

In 2007, Zhang et al. [3] introduced the following composite iteration scheme:

Yn = ,ann + (1 - ﬁn)Ttnxm

Xn+l = Oplh + (1 - Oln)ym

()
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where {T'(¢) : £ > 0} is a nonexpansive semigroup from C to C, u is an arbitrary (but fixed)
element in C, {«,} C (0,1) and {8,} C [0,1], {t,} C R*, and proved some strong conver-
gence theorems of an explicit composite iteration scheme for nonexpansive mappings in
the framework of a reflexive Banach space with a uniformly Géateaux differentiable norm,
uniformly smooth Banach space and uniformly convex Banach space with a weakly con-
tinuous normalized duality mapping.

Motivated and inspired by Zhang et al. [3] and Saeidi [2], Katchang and Kumam proved

the following theorem.

Theorem 1.2 [4] Let S be a left reversible semigroup, and let ¢ = {T; : s € S} be a repre-
sentation of S as a Lipschitzian mapping from a nonempty compact convex subset C of a
smooth Banach space E into C, with uniform Lipschitzian constant lim; K(s) <1, and let f
be an a-contraction on C for some 0 < a < 1. Let X be a left invariant ¢-stable subspace of
L>(p) containing1, let {1, }32, be a sequence of left strong regular invariant means defined

on X such that limy,_, o | [tns1 — ull = 0, and let {c,};2, be a sequence defined by

¢n = sup (1T, x = Tyl = Il =yll), m=1.
x,yeC

Let {a, 521, {Bulicts {vntoo, and {8,);2, be sequences in (0,1) such that

C
Gy
C3) 351 0t = 00,

(C) ant+Butyn=1n=1,

(C2)

(Cs)

(C4) 0 <liminfy_ o0 By <limsup,_, ., Bn <1,
(Cs)

(Cs)

lim,_ o @, =0,

Cs) limsup,_,,, 2 <0,
Ce

lim,,_, » 8, = 0.

If {x,}32, is a sequence generated by x, € C and

Yn = Spy + (1- 8n)T;/,nxm 3)

Xntl = anf(xn) + Buxn + VuVn» N = 1,

then the sequence {x,}°, converges strongly to some z € Fix(¢), which is the unique solution

of the variational inequality
(f-DzJ(y-2)) <0, VyeF(p).

Equivalently, one has z = Pfz, where P is the unique sunny nonexpansive retraction of C
onto F(¢).

Recently, many authors studied fixed point results for a nonlinear semigroup mapping,
for example, [5-8].

In this paper, motivated and inspired by Qianglian ez al. [9], Lau et al. [1], Zhang et al.
[3], Saeidi [2], Katchang and Kumam [4], Sunthrayuth and Kumam [10, 11] and Wattanaw-

itoon and Kumam [12], we introduce the composite explicit viscosity iterative schemes as
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follows:

Xn+l = anf(yl,n) + ,ann +Vn T//.Lnyl,n’
Yin = ‘Si,nyHl,n + (I - (Si,n)TpL,',nyHl,n: i=1,2,...,m, (4)

Ym+ln = Xn

for an asymptotically nonexpansive semigroup ¢ = {T; : s € S} on a compact convex sub-
set C of a smooth Banach space E with respect to a finite family of left regular sequences
{Win}i oy of invariant means defined on an appropriate invariant subspace of [°°(S). We
prove, under certain appropriate assumptions on the sequences {&,}:°;, {Bn}ic1, {Vulics
and {8,}/ 2, that {x,}7°, and {y,}/"; ;= defined by (4) converge strongly to z € Fix(¢p),

which is the unique solution of the variational inequality

((f-DzJ(y-2) <0, VyeFix(g).

Our result improves and extends many previous results (e.g, [1, 2, 4, 13-15] and many
others).

2 Preliminaries
Let E* be the topological dual of a real Banach space E. The value of j € E* at x € E will be
denoted by (x,j) or j(x). With each x € E, we associate the set

Jx) = {j € E*: (x,)) = llx)1* = lljlI*}.

Using the Hahn-Banach theorem, it is immediately clear that J(x) # ¢ for each x € E. The
multi-valued mapping J from E into E* is said to be the (normalized) duality mapping.
A Banach space E is said to be smooth if the duality mapping J is single-valued. As is well
known, the duality mapping is norm to weak-star continuous when E is smooth, see [16].

Let B(S) be the Banach space of all bounded real-valued functions defined on S with
supremum norm. For each s € S, we define the left and right translation operators I(s)f
and r(s)f on B(S) by

(l(s)f)(t) =f(st), and (r(s)f)(t) = f(¢s),

for each s € S and f € B(S), respectively. Let X be a subspace of B(S) containing 1 and let
X* be its topological dual. An element p of X* is said to be a mean on X if |||l = u(1) = 1.
Let u € X*. Then we define r(s)*u, [(s)* 1 € X* by (r(s)*w)f = n(r@s)f), ((s)*w)f = n(l(s)f)
for each f € X and s € S. It is easy to see that if ;1 is a mean on X, then r(s)*u and /(s)*u are
also. We often write y,(f(¢)) instead of u(f) for u € X* and f € X. Let X be left invariant
(resp. right invariant), i.e., I(s)(X) C X (resp. r(s)(X) C X) for each s € S. A mean p on X is
said to be left invariant (resp. right invariant) if /(s)* i = u (resp. r(s)*u = ) for each s € §
and f € X. X is said to be left (resp. right) amenable if X has a left (resp. right) invariant
mean. The semigroup S is amenable (i.e., S is both left and right amenable) when S is
a commutative semigroup or a solvable group. However, the free group (or semigroup)

on two generators is not left amenable. If a semigroup S is left amenable, then S is left
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reversible, but the converse is not true see [17], [18, p.335]. A net {i,} of means on X is
said to be strongly left regular if

lim [ ()" ptec = | =0,

for each s € S, where I(s)* is the adjoint operator of /;.
Let ¢ = {T'(s) : s € S} be a representation of S as a Lipschitzian mapping on C with Lip-
schitz constant {I(s) : s € S}. By Fix(¢) we denote the set of common fixed points of ¢,

ie.,

Fix(¢) = ﬂ{x eC:T(s)x= x}

seS

We denote by C, the set of almost periodic elements in C, i.e., all x € C such that {T'(s)x :
s € S} is relatively compact in the norm topology of E. Let X be a subspace of B(S) such
that the functions (i) s = (T'(s)x,«*) and (ii) s — || T(s)x — y|| on S are in X for all x,y € C
and x* € E*. We will call a subspace X of B(S) satisfying (i) and (ii) ¢-stable. We know that
if X is a subspace of B(S) containing 1 and the function s — (T'(s)x,x*) on S is in X for all
x € C and x* € E*, then there exists a unique point x¢ € E such that u(T'(-)x,x*) = (xo,x")
for a mean p on X, x € C and x* € E. We denote such a point xy € E by T,,x. See [19] for
more details.

Lemma 2.1 [20] Let S be a semigroup and C be a nonempty closed convex subset of a
reflexive Banach space E. Let ¢ = {T; : t € S} be a nonexpansive semigroup on H such that
{Tix: t € S} is bounded for some x € C, let X be a subspace of B(S) such that 1 € X and the
mapping t — (Tyx,y*) is an element of X for each x € C and y* € E*, and | is a mean on X.
If we write T, x instead of [ Tixdu(t), then the following hold:
(i) Ty is a nonexpansive mapping from C into C.
(ii) T,x = x for each x € Fix(p).
(iii) Tyxeco{Twx:te S} foreachx e C.

Lemma 2.2 [21] Let ¢ = {T(s) : s € S} be a representation of S as a Lipschitzian mapping
from a nonempty weakly compact convex subset C of a Banach space E into C, with uniform
Lipschitzian constant limy I(s) < 1 on the Lipschitz constant of mappings. Let X be a left
invariant and ¢-stable subspace of B(S), and let {,,};°, be an asymptotically left invariant
sequence of means on X. If z € C, and liminf,_, » | T,

point of ¢.

z-z|| =0, then z is a common fixed

Un

Lemma 2.3 [2] Let ¢ = {T(s) : s € S} be a representation of S as a Lipschitzian mapping
from a nonempty weakly compact convex subset C of a Banach space E into C, with uniform
Lipschitzian constant limg (s) <1 on the Lipschitz constant of mappings. Let X be a left
invariant subspace of B(S) containing 1 such that the mapping s — (T (s)x,x*) on S is in X
forallx € C and x* € E*, and {u,,}32, is an asymptotically left invariant sequence of means
on X. Then

lim sup< sup (| Ty = Tyl — Il —y||)) <o.

n—oo “xyeC
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Let D be a subset of B, where B is a subset of a Banach space E, and let P be a retraction
of B onto D, that is, Px = x for each x € D. Then P is said to be sunny [22] if for each x € B
and ¢t > 0 with Px + t(x — Px) € B, P(Px + t(x — Px)) = Px. A subset D of B is said to be
a sunny nonexpansive retract of B if there exists a sunny nonexpansive retraction P of B
into D.

Lemma 2.4 [1] Let ¢ = {T(s) : s € S} be a representation of S as a Lipschitzian mapping
from a nonempty compact convex subset C of a smooth Banach space E into C, with uniform
Lipschitzian constant limg I(s) < 1 on the Lipschitz constant of mappings. Let X be a left
invariant and ¢-stable subspace of B(S) containing 1 and p be a left invariant mean on X.
Then Fix(¢) is a sunny nonexpansive retract of C, and the sunny nonexpansive retraction
of C onto Fix(¢) is unique.

Lemma 2.5 [16] Let C be a nonempty convex subset of a smooth Banach space E, let D be a
nonempty subset of C, and let P: C — D be a retraction. Then the following are equivalent:
(a) P is sunny nonexpansive.
(b) (x—Px,J(y—Px)) <0 forallx € CandyeD.
(©) {x—y,J(Px—Py)) > ||Px—Py|? forallx,y € C.

Lemma 2.6 [3] Let {x,}32, and {y,}o2, be bounded sequences in a Banach space X, and
let {o, )52, be a sequence in [0,1] such that 0 < liminf,_, o o, <limsup,,_, ., o, < 1. Suppose
Xyl = Xy + (1 — ay)yy for all integers n > 0 and

lim sup([lyms1 = Yull = %ne1 = %al) < 0.

n— 00

Then ]imnaoo ”yn _xn” =0.

Lemma 2.7 [19] Let E be a real smooth Banach space and ] be the duality mapping. Then
e+ 917 < el +2(9, ] (x +)),  Vxy € E.
Lemma 2.8 [23] Let {a,}2, be a sequence of nonnegative real numbers such that
an < (1-by)a, +b,c,, n>0,
where {b,}o50, and {c,}oc, are sequences of real numbers satisfying the following conditions:
(i) {bn}iil C (O: 1), Zii() brz =00,
(i) either limsup,_, ¢, <0 0r Y 2 1bucy| < 0.

Then lim,—, o a,, = 0.

Lemma 2.9 [16] Let (X, d) be a metric space. A subset C of X is compact if and only if every
sequence in C contains a convergent subsequence with limit in C.

3 The main result
In this section, we establish a strong convergence theorem for finding a common fixed
point of an asymptotically nonexpansive semigroup in a smooth Banach space.
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Theorem 3.1 Let ¢ = {T(s) : s € S} be a representation of S as a Lipschitzian mapping from
a nonempty compact convex subset C of a smooth Banach space E into C, with uniform Lip-
schitzian constant limg [(s) <1 on the Lipschitz constant of mappings, such that Fix(¢) # 0,
and let f be a contraction of C into itself with constant a € (0,1). Let X be a left invariant
and @-stable subspace of B(S) containing 1 and the function t — (Tyx,y) is an element of
X foreach x € C andy € H, and let {u; )1, >, be a finite family of left regular sequences

i=1,n=1
of invariant means on X such that fori =1,2,...,m,lim,_ o [[1Lins1 — Winll = 0. Let {0t} 521,

{Bu)i2, and (v}, be sequences in (0,1) satisfying conditions (Cy)-(Cy), and let {8,,}?2’1’3:1
be a sequence in (0,1) satisfying the condition

(Cy) limyo008in=1,i=1,2,...,m.

If {wn)2) and {y;n)2 o) are sequences generated by x, € C and

Xn+l = ar(f(yl,n) + ,ann + Vn Tm,,,yLm
yi,n = 8[,Vlyi+1,n + (I - ‘Si,n) T[J.l',,,yiJrl,n! l = 1; 2: oo, m, (5)

Ym+1n = Xn»

then {x,}3°, and {y,»,,,};fl,,f: | converge strongly to z € Fix(¢), which is the unique solution of

the variational inequality
(f-DzJ(y-2)) <0, VyeFix(p). (6)

Equivalently, z = Pf(z), where P denotes the unique sunny nonexpansive retraction of C

onto Fix(¢).

Proof From Lemma 2.1 and the definition of {y;,};"; ,-,, for every z € Fix(¢), we have
lyin —zll = ||8l',nyi+l,n +(1- (Si,n)T;L,',y,yHl,n - Z”
=< 81’,14 ||yi+1,n - Z” + (1 - 81’,;1)” T;L,,nym,n - Tﬂi,nZ”

= 8inllyirn — 2l + 1 = 8) |1Yiern — 2l

= ||yi+1,n -z
Therefore, we have
lyLn =zl < lyan =2zl < - < Ymn — 2l < [Ix0 — 2]l (7)

We shall divide the proof into several steps.

Step 1. Let {£,}3, be a sequence in C. Then

nlingo||TM tw = Ty tull =0, i=12,...,m.

i+l “N

Proof of Step 1. This assertion is proved in [24, 25].
Step 2. limy,— o0 || X441 — %] = 0.
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Proof of Step 2. From the definition of {y;,};"; ,°;, we have

1Yine1 = Yinll
= || Simryicmet + A= 8ine1) Ty Yistimed
= SinYisin = U= 8i) Ty, Yisrn|
= || 8imarYis it = SimerVisi + SimerVisin
+ (1= 8is1) Tpuypy Yivrnst = SinYivtn — U= 850) Ty, Yivin ||
< it Yirme1 = Yirrull + 18101 = Sim | Yir 1l
+ (1= 80D 1 Ty Visrer | + L= 80| Ty, Vil
< i1 = Yirrull + 18ime1 = Sisrul Yiv1nl

+ (L= 8ine) 1 Ty Vist st | + = 8i) 1 Ty, Vi1l

which implies that

”yi,n+l —Yin ”

m
< [[%ps1 = xall + Z('S‘,nﬂ - 5j,n| ||yj+1,n||
j=i

+(1- 8i,n+1) Il T;L,;,,ﬂ)ﬁ'ﬂ,ﬂﬂ +1- Si,n) Il T;Li,,,yiﬂ,n ”)
Define
Xn+l = (1 - /Sn)zn + lgnxn; n>1.

Observe that from the definition of z,,, we obtain

Xn+2 — ﬁn+1xn+1 Xn+l — ,ann

Zusl —Zn = -
i " 1- IBVH-I 1- Isn
_ an+lf(y1,n+l) t Vuel Tp.],mlyl,nﬂ B anf()/l,n) t Vu T;J_L,,yl,n
1- :3n+1 1- ﬁn
il
= s (f(yl n+1) /41 a1, n+1) (f()’l n) /41 I, n)
1 :Bn+1
+ Ty Vinet = Ty Y1ne
It follows that
|Zns1 = zall
Oln+l
— 1 13n+1 Hf(yl "’*1 l’~1 w11, ”*1) ”
1 :Bn “f(yl n) — m WY “

+ ||y1,n+1 _yl,n” + ” T;q),,g)’l,n - T;Ll,nyl,n”'

(8)

)

(10)

Page 8 of 18
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Substituting (8) into (10), we obtain

1Zns1 = Znll = [1%ne1 — %l
(o773
= = ”f(yl:"’rl) = Ty Yinn ”
1- ﬂn+1
+ = ”f(yl n) =Ty yln”
1 _ ,3;1 4 1Ln/ L
m
1 Tougn i = Tyl + (18501 = Sl 1901l
j=1
+(1- 5i,n+1) I T/Ai,n+1yi+1,n+1 | +1- 5i,n) l T/J.i,nyhl,n ”) (11)

It follows from Step 1, conditions (C,) and (C;) that

limsup(||zns1 — zall = 1%ne1 = %4l1) < O.

n—0o0
Applying Lemma 2.6 to (9), we get
lim ||x, —z,] = 0.
n—00
Consequently,
lim [|%,,11 — %, = lim (1 = B,) [l — 2|l = 0.
n—00 n—0oo
Step 3. We claim that w({x,}:°,) C Fix(¢), where
o0

o(l,)2,) = {x € C oI5 C fealiy, lim e, — e = 0},

Proof of Step 3. From Lemma 2.9, we get w({x,,}>2,) # 4.
Let x € w({x,}52,). Then there exists a subsequence 16 b of {x,}52, such that

lim [l — x| = 0. 12)
j—o0

Observe that

”xn - T;Ll,,,xn ”

IA

”xn — Xn+l ” + ”xnﬂ - Tul,nxn”

”xn _xn+1|| + ”an (f(YI,n) - T;l.l,nxn) + ,Bn(xn - Tul,,,xn)
+ V"(Tm,nylyn - Tm,nxﬂ)H

%7 = Xuaa |l + oty “f()/l,n) = Ty, %n ” + Bullon = Ty, %l

IA

+ ¥ull T#Lnyl,n - T,ul,,,xn”
< % = Xpall + oty Hf(yl,n) - Tm,nxn ” + Bullx, — Tu.l,nxn”

+ ¥Yn ”_yl,n —Xn ”

Page9of 18
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< % = Xpall + oty Hf()/l,n) - Tm,nxn ” + Bullx, — Tu.l,y,xn”

m
Y D Yin = Yistal

i=1

= ||%y — xpa |l + oy Hf()ﬁ,n) - T,ul,,,xn ” + Bullxn - T/J.Lnan
m
t Vu Z(l - 8i,n)||yi+l,n - T//.i_nyhl,n Il

i=1

Therefore, we have

(1 - ,Bn)”xn - TlLLnx}’l ”

< [Jxn = Xnsall + Hf()/l,n) - Tlll,nx” ”

m
Y D=8 yiern = Ty Yistll- (13)
i=1

From condition (Cy,), it follows that
liminf(1 - B,) > 0. (14)
n— 00
By conditions (C,) and (Cj), Step 2, (13) and (14), we have
lim [, — T}y, %4l = 0. (15)
H—0Q 7
Indeed, observe that

limsup ||x - T,

| < timsup(Jla = s, I + 12, = Ty,
Jj—o00

41,n;
j— 00

#0150, = Ty ).

Thus, due to (15), Lemma 2.2 and Lemma 2.3, we get x € Fix(¢p).

Step 4. {x,}:°; converges strongly to z = Pf(z).

Proof of Step 4. From Lemma 2.4 there exists a unique sunny nonexpansive retraction
P of C onto Fix(p). Since f is a contraction of C into itself, therefore Pf is a contraction.
Then the Banach contraction guarantees that Pf has a unique fixed point z. By Lemma 2.5,

z is the unique solution of the variational inequality

(f =Dz J(y-2)) <0, VyeFix(p). (16)
Let us show that

lim sup((f -z, J(x, - z)> <O0.

n—0o0

Indeed, we can choose a subsequence {x,, } of {x,} such that

lim sup((f -z, J(x, - z)> = klggo((f - Dz, ] (%, — z)). 17)

n—0oQ0
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Since C is compact, we may assume, with no loss of generality, that {x,, } converges

strongly to some y € C. By Step 3, y € Fix(¢). Because the duality mapping / is norm to
weak-star continuous from (16) and (17), we have

lim sup((f - Dz, J(x, — z)) <0. (18)

n—00

Using Lemma 2.1, Lemma 2.7 and relation (7), we have

s = 2]

= len(FOrn) = 2) + Buls = 2) + V(T 10 - 2|

< 1Buen =2) + v T2 = D] + 204l 010) = 2. (01 = 2)

< [Bulln — 2l + Yull Ty, 0 = 2] + 200f 1) ~ (D, Tna — )
+20,(f (2) = 2,] (%1 — 2))

< [Balln = 21 + vallyrn = 2] + 2e5tllyrn = 211 [T ot = 2]
+20(f (2) = 2,] (11 — 2))
< [Bull =2l + vl — 2U]” + 20|, — 2l |1 — 2]
+20,(f (2) — 2,] (¥ns1 — 2))

< (1= ) 1% = 21 + aper (11 — 21 + 01 — 211%)

2))

+ 20[,,<f(2) J (i1 —

’

and consequently,

1-o,a

”xn+l _2”2
)2
=< %II —z|? + (f(z) 2] (%1 —z))
< (1 - M) Iy 2
1-o,0
+ 20[;1(1 — Oln) < 1 (f(z) z,](xml Z)> m ”xn _ 2”2)

Then we have

”xn+l - 2”2 = (1 - bn)”xn - 2”2 + bncn: (19)
where b, = —20‘1’1(;23”) and

c - L (f(2) = 2,] (%1 — 2)) + o %, — z|*

n - ’ n+ 2(1 ) n .

It follows from conditions (C,), (C3) and (18) that

an = 00, limsupc, <O0.

n—00
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http://www.journalofinequalitiesandapplications.com/content/2013/1/555

Piri and Kumam Journal of Inequalities and Applications 2013, 2013:555 Page 12 0f 18
http://www.journalofinequalitiesandapplications.com/content/2013/1/555

Therefore, applying Lemma 2.8 to (19), we have that {x,};°, converges strongly to z = Pf(z)
and since for i =1,2,...,m, ||yi, — 2|l < ||x, — z||, therefore {yn}:z’l’,ffl converges strongly to
z = Pf(z). This completes the proof. d

4 Applications
Let {gu;},_o be a family of real numbers. Then {g,;} is said to be the strongly regular

summation method [26, 27] if {g,;} satisfies the following conditions:

S1) €120,

S2) Z;fo gnj = 1for every n,

Ss) lim,_.o0 gy = O for every j,
84) llmn—>oo Z]o:o |gn,j+1 _gn,jl =0.

Corollary 4.1 Let C be a compact convex subset of a smooth Banach space E, and let f be a
contraction of C into itselfwith constant o € (0,1). Let T be an asymptotically nonexpansive
mapping of C into itself with Lipschitz constants {k(j)}, and for i =1,2,...,m, let {gin} -0
be a finite family of strongly regular summation methods such that

[e¢] [e¢] oo
Jim D 18 —Zimjl =0 and "> gi,(k() - 1) < 0.
j=0 n=0 j=0

Let {0ty }21, {Bn}o2, and {yn}o2, be sequences in (0,1) satisfying conditions (C;)-(Cs), and
let {8;}i%, oy be a sequence in (0,1) satisfying condition (Cy). If {x,}52, and (i} <) are

sequences generated by x; € C and

)
Xn+l = anf(yl,n) + ﬁnxn + Vn Zg(l,n),j T(i)yl,n:

j=0

o0
Yin = SinYivrn + L — i) Zg(i,n),j TGy i=12,...,m,
=0

Ym+ln = Xn»

then {x,};2) and (yin}i) o converge strongly to z € Fix(T), which is the unique solution of

the variational inequality
(f-Dz,J(y-2)) <0, VyeFix(T).

Equivalently, z = Pf(z), where P denotes the unique sunny nonexpansive retraction of C
onto Fix(T).

Proof Denote by Z, = (Z, +) the semigroup of nonnegative integers. It is obvious that ¢ =
{T/ :j € Z} is an asymptotically nonexpansive semigroup on C. For every n € Z, and f €
1*°(Z,), define

Winf = Y &amif G)-

j=0
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Hence Wi,n}:ﬁl,zl is a strongly regular sequence of means on [*°(Z,) and lim,,—, o || thins1 —
Winll =0 [28]. Further, for each y € C, we have

Tﬂf,n = Zg(i’”)vj T(])y
j=0

By Theorem 3.1, {x,}32, and {y;.};. 'Lf:: , converge strongly to z € Fix(T). This completes
the proof. d

Example 4.2 Let C be a compact convex subset of a smooth Banach space E such that
0 € C,and let f be a contraction of C into itself with constant « € (0,1). Let {c,,}721, {Bn} o4
and {y,}52; be sequences in (0,1) satisfying conditions (C;)-(C4), and let {§,}°; be a se-
quencein (0,1) satisfying condition (C%). Let {£,}2, be sequences in (0,1) with ; > £, > - - -,

lim, o £, =0, lim,,_, o t’;*‘ =1land ZZO:O t, <oo. Let {x,}°; and {y,}52; be sequences gen-

erated by x; € C and

) ‘nl 1\
X+l :al’lf(yn)"'ﬂnxn +Vntn Z(l_t"y (1+ ﬁ) Y
j=0
o0 ‘ 1\
Yn = Snxn + (1_ Sn)tn Zo(l - ”)] (1 + E) K-
j=

Then {x,}32, and {y,,}52; converge strongly to z € C.

Proof We define
T:C—C,

1
Tx =] (1 + —2)x
V n

Obviously, T is an asymptotically nonexpansive mapping with Lipschitz constants [, =
1+ niz). Define g, ; = £,(1 - t,Y. Then it follows that {g5,} is a strongly regular summation
method [28]. We also have

Therefore, by taking y1 , = y, and 61, = §,, in Corollary 4.1, we complete the proof. g

Page 13 0f 18
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Let Q = {gum}5ou-0 be a matrix satisfying the following conditions:

(a) Sup,,~o ano:o |gnm| < 00,

(b) >y Gum=1foreveryneN,

(©) limys o0 D00 |gmms1 = Gl = 0.
Such a matrix Q is called strongly regular in the sense of Lorentz [29]. If Q is a strongly
regular matrix, then for each m € N, we have lim,,_, o g,,,» = 0, see [30]. Strongly regular

matrices were used in the context of nonlinear ergodic theory in [31] and [32].

Corollary 4.3 Let C be a compact convex subset of a smooth Banach space E. Let T be an

0
n,m=0

asymptotically nonexpansive mapping of C into itself, and let Q = {gy,,} be a strongly

regular matrix. Let {a, )52, {Bu}ocy and {y,}52, be sequences in (0,1) satisfying conditions

(C1)-(Ca), and let {8,}}" 2, be a sequence in (0,1) satisfying condition (Cy). If {x,};2, and

(in}isy o) are sequences generated by x € C and

)
Xn+l = ar(f(yl,n) + ,ann + Vn Zq(l,n),m ij/l,m

m=0
o0
Yin = SipnYivrn + I — i) Z QGmymT " Vit 1=1,2,...,m,
m=0

Ym+1n = Xn»

then {x,}2) and (yin}i-) o converge strongly to z € Fix(T), which is the unique solution of

the variational inequality
((f -DzJ(y-2) <0, ¥yeFix(D).

Equivalently, z = Pf(z), where P denotes the unique sunny nonexpansive retraction of C
onto Fix(T).

Proof Letx € C. For each n € N, define

Winf = Y QS ()
m=0

for each f € L*°(N). Hence {ui,n}:Z’L;fl is a strongly regular sequence of means on [*°(Z,)

and lim,,, o || 4in+1 — Hinll = O [33]. Further, for each y € C, we have

o0
Ty, = Z dimmT™y.
m=0

By Theorem 3.1, {x,}32, and {y;.};. 'Lf:: , converge strongly to z € Fix(T). This completes
the proof. d

Example 4.4 Let C be a compact convex subset of a smooth Banach space E such that
0 € C,and let f be a contraction of C into itself with constant & € (0,1). Let {«, };°;, {Bn}52;
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and {y,}52; be sequences in (0,1) satisfying conditions (C;)-(C4), and let {§,}°; be a se-
quence in (0, 1) satisfying condition (Cy). Let {x,};2; and {y,}; be sequences generated
by x; € C and

1 m
Xns1 = f V) +/3nxn+7’"z n(n — 1)n(1_ﬁ> "

m_ 1\”
-— | x.
1) n? "

Then {x,}32, and {y,}52, converge strongly to z € C.

Vn :anxn"'(

Proof We define

T:C—C,

1
Tx = l—ﬁx

Obviously, T is an asymptotically nonexpansive mapping with Lipschitz constants [, =
a- niz). Define

2m
< <
Ny O=m=mn,
Inm =

0, m>n.

Then it follows that {g,,,,} is a strongly regular matrix. Further, we have

~ 2m 2 nn-1)
anm_zn(n 1) n(n—l) 2

Therefore

suqunm < 00.

n>0

On the other hand,

o0 n
Z |Gnme1 = Gnm| = Z |Gnmi1 = Grm|
m=0 m=0

n-1
= Z |Gn,mi1 = G| + | Gnns1 = Gl
m=0

n-1

2(m +1) 2m ‘

- n(n—l)_n(n—l) * n(n—l)‘

n-1

2(m+1) 2m 2n
ni-1) nn-1)| " nn-1)
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n-1

2 2n
:rgn(n—l) +n(n—1)

B 4n
T n(n-1)

—0

as 1 — oo. By taking y; , = y, and 8, = §,, in Corollary 4.3, we complete the proof. O

Corollary 4.5 Let C be a compact convex subset of a smooth Banach space E such that
0 € C,and let T be an asymptotically nonexpansive mapping of C into itself with Lipschitz
constants {k(j)} satisfying ZIOOO (k(j) — 1) < 00. Let f be a contraction of C into itself with
constant o € (0,1), let {at,}321, {Bulocy and {y, )2, be sequencesin (0,1) satisfying conditions
(C1)-(Cys), and let {8,}32, be a sequence in (0,1) satisfying condition (Cy). If {x,}50, and
{yu}io, are sequences generated by x, € C and

n+1)

Yn = anxn 1)2 Z Txnr

n+1

Xp+l = Olnf()’n) + Buxn + 1)2 Z Tym

then {x,}50, and {y,};°, converge strongly to z € Fix(T), which is the unique solution of the
variational inequality

(f =Dz, J(y-2)) <0, VyeFix(T). (20)

Equivalently, z = Pf(z), where P denotes the unique sunny nonexpansive retraction of C
onto Fix(T).

Proof Denote by Z, = (Z, +) the semigroup of nonnegative integers. It is obvious that ¢ =

{T’ :j € Z} is an asymptotically nonexpansive semigroup on C. For every n € Z, and f €
I®°(Z,), define

I &,
il = e ;f(f).

Hence {u,}52; is a strongly regular sequence of means on /*°(Z,) and lim,_ « || 4n+1 —
ull = 0 [28]. Further, for each y € C, we have

1 o0
Ty, =——=Y Ty
KUn (n+1)21=zo Yy

By Theorem 3.1, {x,}52; and {y,}52; converge strongly to z € Fix(T). This completes the
proof. d

Example 4.6 Let C be a compact convex subset of a smooth Banach space E such that
0 € C.Letf be a contraction of C into itself with constant « € (0,1), let {c,,}02;, {B4}52; and
{yn}o2, be sequences in (0, 1) satisfying conditions (C;)-(Cy), and let {§,};°; be a sequence
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in (0,1) satisfying condition (Cy). If {,,}0°; and {y,}32; are sequences generated by x; € C
and

201 —s,) Y

1 j
=0uXy + ———— 1+ —— ) %0,
I = Onlo (n+1)2 P ( nln2n> "

n+1 [
Xn+l = ar(f(yn) + ﬂnxn 1)2 Z nln }’l n»

then {x,}52, and {y,}5, converge strongly to z € C.

Proof We define

T:C—C,

T "(1 ! )
x) = + — |x.
nln?n

Obviously, T is an asymptotically nonexpansive mapping with Lipschitz constants [,,(T’) =

1+ 12 ). Moreover,

i(l}q—l):i<1+ 12 —1)=i%<oo.

s s nln“n o nin“n
Therefore, applying Corollary 4.5, the result follows. 0
Remark 4.7 For deducing some more applications, we refer to [13, 19, 24, 25, 28, 30].

Remark 4.8 Theorem 3.1 improves and extends [4, Theorem 3.1] and [2, Theorem 3.1]
in the following aspects.
(1) Theorem 3.1 extends [4, Theorem 3.1] and [2, Theorem 3.1] from one sequence of
means to a finite family of sequences of means.
(2) In Theorem 3.1, by taking T}, = I fori=1,2,...,m—1,T,, =T, and Yumn = Y,
one can see that [4, Theorem 3.1] is a special case of Theorem 3.1.
(3) In Theorem 3.1, by taking T, =1 fori=1,2,...,m, one can see that [2,
Theorem 3.1] is a special case of Theorem 3.1.
(4) Theorem 3.1 gives all consequences of [4, Theorem 3.1] and [2, Theorem 3.1]
without assumption Cs used in [4, Theorem 3.1] and [2, Theorem 3.1].
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