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Abstract

In this paper, we consider a nonsmooth multiobjective programming problems
including support functions with inequality and equality constraints. Necessary and
sufficient optimality conditions are obtained by using higher-order strong convexity
for Lipschitz functions. Mond-Weir type dual problem and duality theorems for a strict
minimizer of order m are given.
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1 Introduction

Nonlinear analysis problems are a new and vital area of optimization theory, mathematical
physics, economics, engineering and functional analysis. Moreover, nonsmooth problems
occur naturally and frequently in optimization.

In 1970, Rockafellar wrote in his book that practical applications are not necessarily
differentiable in applied mathematics (see [1]). So, dealing with nondifferentiable mathe-
matical programming problems was very important. Vial [2] studied strongly and weakly
convex sets and p-convex functions.

Auslender [3] introduced the notion of lower second-order directional derivative and
obtained necessary and sufficient conditions for a strict local minimizer. Based on Auslen-
der’s results, Studniarski [4] proved necessary and sufficient conditions for the problem
of the feasible set defined by an arbitrary set. Moreover, Ward [5] derived necessary and
sufficient conditions for strict minimizer of order m in nondifferentiable scalar programs.
Jimenez [6] introduced the notion of super-strict efficiency for vector problems and gave
necessary conditions for strict minimality. Jimenez and Novo [7, 8] obtained first- and
second-order optimality conditions for vector optimization problems. Bhatia [9] gave the
higher-order strong convexity for Lipschitz functions and established optimality condi-
tions for the new concept of strict minimizer of higher order for a multiobjective opti-
mization problem.

Kim and Bae [10] formulated nondifferentiable multiobjective programs with the sup-
port functions. Also, Bae et al. [11] established duality theorems for nondifferentiable mul-
tiobjective programming problems under generalized convexity assumptions. Also, Kim
and Lee [12] introduced the nonsmooth multiobjective programming problems involving
locally Lipschitz functions and support functions. They introduced Karush-Kuhn-Tucker
type optimality conditions and established duality theorems for (weak) Pareto-optimal so-
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lutions. Recently, Bae and Kim [10] established optimality conditions and duality theorems
for a nondifferentiable multiobjective programming problem with support functions.

In this paper, we consider nonsmooth multiobjective programming with inequality and
equality constraints. In Section 2, we introduce the concept of a strict minimizer of order
m and higher-order strong convexity for this problem. In Section 3, necessary and suffi-
cient optimality theorems are established for a strict minimizer of order m under gener-
alized strong convexity assumptions. In Section 4, we formulate a Mond-Weir type dual
problem and obtain weak and strong duality theorems.

2 Preliminaries
Let x,y € R”. The following notation will be used for vectors in R":

x<y <= X<y, i=12,...,m

xSy < xZy, i=L2,...,nm

x<y <<= xZy, i=L2,...,nbutxy;
x £ y is the negation of x < y;

x £ y is the negation of x <.

For x,u € R, x £ u and x < u have the usual meaning. Let R” be the n-dimensional Eu-

clidean space, and let R’ be its nonnegative orthant.

Definition 2.1 [13] Let D be a compact convex set in R”. The support function s(-|D) is
defined by

s(x|D) := max{xTy 1y € D}.

The support function s(-|D) has a subdifferential. The subdifferential of s(-|D) at x is
given by

0s(x|D) := {z eD:zlx= s(xID)}.

The support function s(-|D) is convex and everywhere finite, that is, there exists z € D such
that

s(y|D) > s(x|D) + zT(y —x) forallyeD.
Equivalently,
zTx = s(x|D).
We consider the following multiobjective programming problem.

(MOP) Minimize f(x)+ s(x|D) = (fl(x) +5(x|D1), ..., fp(x) + s(x|Dp))

subjectto g(x) =0, hix)=0, xe€X,
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where f: X — RP, g: X — R7 and & : X — R” are locally Lipschitz functions, respectively,
and X is the convex set of R”. For each i € P = {1,2,...,p}, D; is a compact convex subset
of R”.

Further, let S:={x € X | gi(x) £0,j=1,...,4,lu(x) = 0,1 = 1,...,7} be the feasible set of
(MOP), B(x°,€) = {x € R” | |lx — x°|| < €} be an open ball with center x° and radius € and
I(x°):={j e {L,...,q} | gi(x°) = 0} be the index set of active constraints at x°.

We introduce the following definitions due to Jimenez [6].

Definition 2.2 A point x° € X is called a strict local minimizer for (MOP) if there exists
€ > 0 such that

f(x) +s(x|D) ;tf(xo) +s(x0|D), Vx € B(xo,e) NnX.

Definition 2.3 Let m = 1 be an integer. A point x° € X is called a strict local minimizer
of order m for (MOP) if there exist € > 0 and ¢ € intR¥ such that

f(x) +s(x|D) ;éf(xo) + s(xolD) + ||x —a° ||mc, Vx € B(xo,e) nx.

Definition 2.4 Let m = 1be an integer. A pointx° € X is called a strict minimizer of order
m for (MOP) if there exists c € intR% such that

f(x) +s(x|D) {f(xo) +s(x0|D) + ||x—x° ||mc, Vx € X.

Definition 2.5 [14] Suppose that f : X — R is Lipschitz on X. Clarke’s generalized di-
rectional derivative of f at x € X in the direction d € R”, denoted by f°(x,d), is defined
as

fo (x,d) = lim supw.

y—x )0 1

Definition 2.6 [14] Clarke’s generalized gradient of f at x € X, denoted by 9f (x), is defined
as

If(x) =€ e R": f°x,d) > (&,d) Vd e R"}.

Definition 2.7 For a nonempty subset X of R”, we denote X*, the dual cone of X, defined
by

X ={ueR"|u"x20,VxeX}.

Further, for x° € X, Nx(x°) denotes the normal cone to X at x° defined by
Nx(xo) = {d eR"| (d,x—x°> <0,Vx e X}.

It is clear that (X — x°)* = —Ny(x0).

We recall the notion of strong convexity of order m introduced by Lin and Fukushima
in [15].
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Definition 2.8 A function f : X — R is said to be strongly convex of order 7 on a convex
set X if there exists ¢ > 0 such that for x;,x, € X and ¢ € [0,1],

St + A= 0)x) S tf (1) + (1 - £)f (x2) — ct(1 = B) [l — x|

Proposition 2.1 [15] Iff;,i=1,...,p, are strongly convex of order m on a convex set X, then

P tf; and maxi<;, f; are also strongly convex of order m on X, where t; > 0,i=1,...,p.

Definition 2.9 A locally Lipschitz function f is said to be strongly quasiconvex of order

m on X if there exists a constant ¢ > 0 such that for x1,x, € X,
fx) =fx) = (Ex—x) + v —x2]"c =0, VEe€of(xy)

For each k € {1,...,p} and x € X, we consider the following scalarizing problem of
(MOP) due to the one in [16].

(Pe(x°)) Minimize fi(x) + s(x|Dy)
subject to  fi(x) + s(x|D;) < fi(x°) + s(x°|D;), keP,i#k,
gw) =0, j=1...,q hx)=0, I=1,...,r

The following definition is due to the one in [17].

Definition 2.10 Let x° be a feasible solution for (MOP). We say that the basic regularity
condition (BRC) is satisfied at #° if there exist no non-zero scalars A? >0,w;,€D;,i=
L,...,p,i#k keP, ,u? >0,jelx°), /LIQ =0,j¢1(x°),and v}, [=1,...,7, such that

r

P
0c Z A9 (0fi (x°) +wi) Z“/ ag;(xo) + Z v 0k (x°) + Nx (x°).

i=1,itk j=1 I=1

3 Optimality conditions
In this section, we establish Fritz John necessary optimality conditions, Karush-Kuhn-
Tucker necessary optimality conditions and Karush-Kuhn-Tucker sufficient optimality

condition for a strict minimizer of (MOP).

Theorem 3.1 (Fritz John necessary optimality conditions) Suppose that x° is a strict min-
imizer of order m for ( MOP) and f;,i=1,...,p,8,j=1,...,q,and h;, 1 =1,...,r, are locally
Lipschitz functions at x°. Then there exist 1) = 0, w? € D;, i =1,...,p, “1(') 20,j=1,...,q

and vlo, 1=1,...,r, not all zero such that

p
Z ?(0fi(»° Zu/ agi(x%) + > vPam(x°) + Nx(x°),
i=1

(W), &%) =s(x°ID;), i=1,...,p,

1g(x") =0, j=1...4q.


http://www.journalofinequalitiesandapplications.com/content/2013/1/554

Bae and Kim Journal of Inequalities and Applications 2013, 2013:554 Page 5 of 11
http://www.journalofinequalitiesandapplications.com/content/2013/1/554

0

Proof Since x° is a strict minimizer of order m for (MOP), it is a strict minimizer for

(MOP). It can be shown that x° solves the following problem:

minimize F(x)
subjectto g(x) <0, h(x) =0,

where

F(x) = max{(fi(x) + s(xID1) - (i(x°) +s(x°|1D1)), ...,
(@) + s@IDp)) = (f, (x°) +5(x°1D)) }.

If it is not so, then there exits x' € R” such that F(x!) < F(x°), g(x') £ 0, h(x!) = 0. Since
F(x°) = 0, we have F(x') < 0. This contradicts the fact that x° is a strict minimizer for
(MOP). Since x° minimizes F(x), from Theorem 6.1.1 in Clarke [14], there exists (A, 4, V) €
(R?,R7,IR") not all zero such that

p
0e> MAF()+ D pog(a° Zv,ah, ) + Ny (x°).
i=1

jel(x0)

Letting j; = 0, for j ¢ 1(x°), we have

p q r
0e ZMZ)F(&CO) + Zujagj(xo) + Z vlah;(xo) +Nx(x°).
i=1 j=1 I=1

Since F(x) = max{(f(x) + s(x|D)) — (f(x°) + s(x°| D))} for any x € X and s(x°|D;) = (x°)Tw;,
i=1,...,p, we have

BF(") C co{d(fi(»°) +s(x°1Dy))}
=co{ (afi(x°) + wi) },

where co{d(f;(x°) + s(x°|D;))} denotes the convex hull of {3(f;(x°) + s(x°|D;))}. Hence, there
exist A\ 20, w) €D, i=1,...,p, p.]Q >0,j=1,...,q,and v, [ = 1,...,r, not all zero such
that

r

i i(3fi(+° Z;}.}ag, Zwahl(xo) + Ny (x°),

=1
(w?,2°) =s(x°1Dy), i=1,...,p,

wg(x")=0, j=1,..q 0

Theorem 3.2 (Karush-Kuhn-Tucker necessary optimality conditions) Suppose that x° is
a strict minimizer of order m for MOP) and f;,i=1,...,p, g,j=1,...,q,and h;, 1 =1,...,r,
are locally Lipschitz functions at x°. If the basic regularity condition (BRC) holds at x°, then
there exist 1) = 0,w? € D;,i=1,...,p, ;L;’ 20,j=1,...,q,and v}, 1=1,...,r, such that
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p
0€ )y A)(afix° Zu, og(x° Z b0 (x°) + Ny (x°),

(W),5°%) =s(x°ID;), i=1,...,p,
M,(-)&‘(xo)=0, ji=1...,q

(A0,...20) #(0,...,0).

0

Proof Since x° is a strict minimizer of order m for (MOP), by Theorem 3.1, there exist

w? eD;, )L? 20,i=1,...,p, u;) 20,j=1,...,q,and v, [ =1,...,r, not all zero such that

p
0e Z (af Zﬂl 8g; Z vy 8h1 +NX(x0),
i=1
(W?’x()) = S(xO|Di), i=1,...,p,
wg() =0, j=1...q.
It can be shown that (17,...,49) #(0,...,0). If A) = 0, i = 1,..., p, then we have

r

»
0e Z A9 (0fi (x°) + wi) Zu/ ag,(xo)+Zv,°8hl(x°) + Ny (x°)

i=Lik j=1 I=1

for each k € P = {1,..., p}. Since the basic regularity condition (BRC) holds at x°, we have
M=0,keP k#i={1,...,p},nj=0,j € I(x°),and v; =0, [ = 1,...,r. This contradicts the
fact that A;, Ar, k€ P,k #i, uj, j € I(x°) and v, [ =1,...,r, are not all simultaneously zero.
Hence, (Ay,...,4,) #(0,...,0). O

Theorem 3.3 (Karush-Kuhn-Tucker sufficient optimality conditions) Assume that there
exist\) 2 0,w? € D;,i=1,...,p, u? 20,j=1,...,q omdvlo, 1=1,...,r,such thatforx°’ € X,

r

P
Z ?(ofi(»° Zu] agi(x° Zv,oahl(xo) + Ny (x°),

I=1
(W?,x()) = s(x0|Di), i=1...,p
Wg() =0, j=1..q
(M- s2p) #(0,...,0).
Assume further that f;, i = 1,...,p, are strongly convex of order m on X, gj, j € I(x°) are

strongly quasiconvex of order m on X and vTh is strongly quasiconvex of order m on X.
Then x° is a strict minimizer of order m_for (MOP).

Proof Since f;, i =1,...,p, are strongly convex of order 7 on X and (-)Tw;, i = 1,...,p, are
convex, there exists ¢; >0, i = 1,...,p, such that for all x € X, & € 9f;(x°) and w; € D;,
i=1,...,p,

i) =£i(x°) = (g2 — %) + | = 2] "cs, xTw; — (xO)Twi > (x5 — 2°).
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So, we obtain
(i) + 2Twy) = (Fi(x°) + (°) ") = (& + wi e —2°) + |2 =20 "cs. (3.1)
ForA? 20,i=1,...,p, (3.1) implies
p

ix?(fi(x) valw) = A2 (H(x) + (%) "wy)

i=1
» »

> ZA?(& + W, X —x0> + ZA? Hx - ||mci. (3.2)
i=1

i=1

For x € X, we have

g =g["), jel(=),

vIh(x) = vTh(xO).
Since gj, j € 1(x°) are strongly quasiconvex of order 7 on X and v  is strongly quasiconvex
of order m on X, it follows that there exist ¢; > 0, n; € 3gi(x°), j € I(x°), ¢ >0, and ¢ €

3vTh(x°) such that

(=) + =% " <0,

(3.3)
(2 =a")+ =2 c =< 0.
For ,u}Q >0,/ eI(x°), we obtain
(X s} T =" <o. 64

jel(x0) jel(x0)

Since ,u}(-) =0 for j ¢ I(x°), (3.4) implies

q q
<ZM;° ﬁ/’x—x0>+2ﬂ«? Jx—a]"¢; 0. (3.5)
j=1 j=1

By (3.2), (3.3) and (3.5), we get
P P
S0 7)) + () ) 2 ot
i-1 i-1
where a =377 Aci+ 3L, ilci+ 3 viep. This implies that
P
STR(E@ +xTwi) - (F(x°) + (2°)'wi) - [x = 2°]"di] 2 0, (3.6)

i=1

where d = ae.

Page 7 of 11
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Suppose that x° is not a strict minimizer of order m for (MOP). Then there exist x, x° € X
and ¢ € RY such that

f@) +sxD) <f(x°) +s(x°ID) + |x - «°||"c, VxeX.
Since xTw < s(x|D) and (x°)Tw = s(x°| D), we have

f@) +x"w S f(x) +s(xID)
<f(x°) + s(x0|D) + ||x -0 ||mc
:f(xo

)+ (xo)Tw+ -] "c.

For A? = 0, we obtain

» » )2
Z A (fix) + 2" wy) < Z A9 (fi(x°) + (xO)Twlf) + Z A= e
i1 i=1 i=1
This is a contradiction to (3.6). |

Remark 3.1 Suppose that gj, j € I(x°) are strongly convex of order m on X and that v’k

is strongly convex of order m on X. Then the conclusion of Theorem 3.3 also holds.

Proof 1t follows on the lines of Theorem 3.3. d

4 Duality theorems
Now we propose the following Mond-Weir type dual (MOD) to (MOP):

(MOD) Maximize f(u)+uTw

P q
subjectto 0 € Z}Li(aﬁ(u) + W) + Zﬂjagj(“)
-1

i=1

r
+ Y vidhy(u) + Ny (w), (4.1)
I=1
q r
> wigi) + > vi(w) 2 0, (4.2)
j=1 I=1
120, wieD;, i=1,...,pATe=1, (4.3)
w20, j=1,...,q v, l=1,...,r,ueX. (4.4)

Theorem 4.1 (Weak duality) Let x and (u,w, A, u,v) be feasible solutions of (MOP) and
(MOD), respectively. If f;, i = 1,..., p, are strongly convex of order m at u and 2;7:1 wigi(-) +
> i1 vihu() is strongly quasiconvex of order m at u, then the following cannot hold:

fi(x) + s(x|Dy) < fi(u) + ulw, i=1,. 72 (4.5)
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Proof Since x is a feasible solution of (MOP) and (u,w, A, i, V) is a feasible solution of
(MOD), we have

q r q r
D g @) + Y ki) £y i) + Y ().
j=1 I=1 j=1 I=1

Since Z;’zl wigi(-) + > i1 vilu(+) is strongly quasiconvex of order m at u, it follows that there
exist ¢; > 0, n; € 9gi(u),j=1,...,4q, ¢; >0, and ¢ € 0hy(u) such that

q r q r
<Z i+ Y il % - u> + Y M= ul"ej+ Y llx—ull"e £ 0. (4.6)
j=1 I=1 j=1 =1

Now, suppose contrary to the result that (4.5) holds. Since x”w; < s(x|D,), i = 1,...,p, we
obtain

fix) +xTw < fiw) +uw;, i=1,...,p.
For ¢ € intR%, we obtain
fix) +xTw; < fi(w) + uTwi + |x —ul|"c;, i=1,...,p. (4.7)

For X; = 0, we obtain

Zki(ﬂ(x) +xTw,-) < Z)»,'(f +ul w, ZA lx — u||™"c;. (4.8)

Sincef;,i=1,...,p, are strongly convex of order m at u and (-)w;, i = 1,..., p, are convex at
u, there exists ¢; >0, i =1,...,p, such that for all x € X, & € 3f;(x°) and w; € D;, i = 1,..., p,

Jilx) —fi(u) 2 (i x —u) + |lx— ul"c;,

xTw —uTw; = (wiy,x — u).

So, we obtain
(ﬂ(x) + xTwi) - (ﬁ(u) + uTw,') &+ whpx—u) + ||lx—ul|"c. (4.9)

ForA; 2 0,i=1,...,p, we obtain
Zki(fi(x) + xTwi) - Zki(ﬁ(u) + uTwi)

b p
> <in(& +w,»),x—u> + > Ml —ul™c. (4.10)
i=1 i=1

By (4.6) and (4.10), we get

p
D hilfix) +x"w) Zk (fiw) + u"w;) Z |lx - ul|"a, (4.11)
i=1
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where a =37 i+ 31, g+ Y vier. This implies that

»
S n[ (A6 + 2 wi) - (filw) + uwi) o - u)"d;] Z 0, (4.12)

i=1
where d = ae, since ATe = 1. This is a contradiction to (4.8). O

Lemma 4.1 If g(-),j = 1,...,m, are strongly convex of order m on X and v'h is strongly
convex of order m on X, then the same conclusion of Theorem 4.1 also holds.

Proof 1t follows on the lines of Theorem 4.1. O

Definition 4.1 Letm = 1be an integer. A point x° € X is called a strict maximizer of order
m for (MOD) if there exists ¢ € intRY such that

f(x0) + (xO)Tw+ o= x°|"c £ fx) +x"w, V¥xeX.

Theorem 4.2 (Strong duality) If x° is a strict minimizer of order m for (MOP) and the
basic regularity condition (BRC) holds at x°, then there exist \) 2 0,w? € D;,i=1,...,p,
“/(') >0,j=1...,qand v}, 1 =1,...,r, such that (x°,w°, 1% u°,1°) is a feasible solution of
(MOD) and (x°)Tw? = s(x°|D;), i = 1,..., p. Moreover, if the assumptions of Theorem 4.1 are
satisfied, then (x°, w°, 1%, u%,v°) is a strict maximizer of order m for (MOD).

Proof By Theorem 3.3, there exists AY 2 0,w? € D;,i=1,...,p, pL]‘-) >20,j=1,...,q,and v},
l=1,...,r, such that

p
0 2)(afi(x" Zu,ag, Zv,ahl ) + Ny (x°),
i=1

(W0,a°) =s(x"1D)), i=1,....p,
wg() =0, j=1...q,
(A0,...,20) #(0,...,0).

Thus (x°,w°, 1%, 10, 1°) is a feasible solution of (MOD) and (x°)"w? = s(x°|D;),i=1,...,p.
By Theorem 4.1, we obtain that the following holds:

Fi(x) + (°) w0 = £(x°) + s(x°1D;)
L) +ulw, i=1,...,p,
for a given feasible solution (1, w, A, 11, v) of (MOD). For x°, u € X and c € intR?, we have

S@) + () w0+ =] "e

%f(u)+u w.

Thus, (x°, w% A%, 1%, 1°) is a strict maximizer of order m for (MOD). O
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Remark 4.1 Theorem 4.1 and Theorem 4.2 reduce to [13, Theorem 4.1 and Theorem 4.2]
in an inequality constraint case. More exactly, fi(-) + (-)Tw;, i = 1,...,p, and g(),j €1(u)at
the considered point in the framework of [13, Theorem 4.1 and Theorem 4.2] are strongly
convex of order m and strongly quasiconvex of order m, respectively.
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