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1 Introduction and preliminaries
In this paper, we work in the setting of hyperbolic spaces introduced by Kohlenbach [1].
Concretely, (X, d, W) is called a hyperbolic space if (X,d) is a metric space and W : X x
X x [0,1] — X is a function satisfying
(D) Vx,9,z€ X, V1 €[0,1], d(z, W(x,y,1)) < (1 - A)d(z,x) + Ad(z,y);
(I) Vx,y € X, VA1, Ag € [0,1], d(W (%, 5, A1), W(x, 9, X2)) = | A1 — Ag| - d(x,9);
(III) Vx,y € X, VA € [0,1], W(x,y,A) = W(y,x,(1 - 1));
(IV) Vx,9,z,we X, VYA € [0,1], d(W(x, 2, 1), W(y,w, 1)) < (1 - A)d(x,y) + Ad(z, w).
If a space satisfies only (1), it coincides with the convex metric space introduced by Taka-
hashi [2]. The concept of hyperbolic spaces in [1] is more restrictive than the hyperbolic
type introduced by Goebel [3] since (I)-(III) together are equivalent to (X,d, W) being a
space of hyperbolic type in [3]. But it is slightly more general than the hyperbolic space
defined in Reich [4] (see [1]). This class of metric spaces in [1] covers all normed linear
spaces, R-trees in the sense of Tits, the Hilbert ball with the hyperbolic metric (see [5]),
Cartesian products of Hilbert balls, Hadamard manifolds (see [4, 6]) and CAT(0) spaces in
the sense of Gromov (see [7]). A thorough discussion of hyperbolic spaces and a detailed
treatment of examples can be found in [1] (see also [3-5]).
A hyperbolic space is uniformly convex [8] if for u,x,y € X, r >0 and € € (0,2], there
exists § € (0,1] such that

d(W(x,y, %),u) <1-96)r,

provided that d(x,u) <r, d(y,u) <rand d(x,y) > er.
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A map 7:(0,00) x (0,2] — (0,1] is called modulus of uniform convexity if § = n(r, €) for
given r > 0. Besides, 1 is monotone if it decreases with r (for a fixed €), that is,

n(re,€) <n(rn,e), VYra=r>0.

A subset C of a hyperbolic space X is convex if W(x,y,1) € Cforallx,y € Cand A € [0,1].

Let (X, d) be a metric space, and let C be a nonempty subset of X. Recallthat 7:C — C
is said to be a ({v,.}, {itn}, ¢ )-total asymptotically nonexpansive mapping if there exist non-
negative sequences {v,}, {it,} with v, — 0, i, — 0 and a strictly increasing continuous
function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

d(T”x, T”y) <d(x,y) + v,,;(d(x,y)) + W1y VYrn=lxyeC. @)

It is well known that each nonexpansive mapping is an asymptotically nonexpansive map-
ping and each asymptotically nonexpansive mapping is a ({v,}, {it.}, {)-total asymptoti-
cally nonexpansive mapping.

T : C — Cissaid to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

d(T"x, T"y) < Ld(x,y), Vn>1xye€C.

The following iteration process is a translation of the mixed Agarwal-O’Regan-Sahu type
iterative scheme introduced in [9] from Banach spaces to hyperbolic spaces. The iteration
rate of convergence is similar to the Picard iteration process and faster than other fixed
point iteration processes. Besides, it is independent of Mann and Ishikawa iteration pro-

cesses.

X1 € C,
KXn+l = W(Siqu T{lym a,), n=>1, (2)
Yn = W(ngnr Tgxmﬁn);

where C is a nonempty closed and convex subset of a complete uniformly convex hyper-
bolic space X with monotone modulus of uniform convexity n. 7;: C — C,i=1,2,is a
uniformly L;-Lipschitzian and ({v,(f)}, {ug)}, ¢ W)-total asymptotically nonexpansive map-
ping, and S; : C — C, i = 1,2, is a uniformly Z,'—Lipschitzian and ({ﬁ(f)}, {ﬁg)},g("))—total
asymptotically nonexpansive mapping such that the following conditions are satisfied:

M) 208 <00, Y2 uf <00, 12, 7 <00, 10, 1V < 00,i=1,2;

(2) There exists a constant M > 0 such that ¢ (r) < Mr, {9(r) < Mr,¥r>0,i=1,2.

Remark 1 Without loss of generality, we can assume that 7;: C - Cand S;: C — C, i =
1,2, both are uniformly L-Lipschitzian and ({v,.}, {it,}, {)-total asymptotically nonexpan-
sive mappings satisfying conditions (1) and (2). In fact, letting v, = max{vf,i),’ﬁg),i =1,2},
wn = max{ul) 79 i=1,2}, L = max{L;,L;,i = 1,2} and ¢ = max{¢@,2@,i = 1,2}, then S;
and T, i =1,2, are the required mappings.

Chang [10] proved some strong convergence theorems and A-convergence theorems
for approximating a common fixed point of total asymptotically nonexpansive mappings
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in a CAT(0) space using the mixed Agarwal-O’Regan-Sahu type iterative scheme. More
precisely, one of the results is as follows.

Theorem 1 [10] Let C be a bounded closed and convex subset of a complete CAT(0)
space X. Let T; : C — C and S; : C — C, i = 1,2, be uniformly L-Lipschitzian and
({vn} {uen}, ¢)-total asymptotically nonexpansive mappings. If F := ﬂil F(T;)) NF(S;) #0
and the following conditions are satisfied:
(D) Yoo vn<ooandy o) phy < 00;

(i) there exist constants a,b € (0,1) with 0 < b(1 — a) < L such that {«,} C [a,b];

(iii) there exists a constant M > 0 such that ¢ (r) < Mr, r > 0;

(iv) d(x, Tiy) <d(Six, Tyy) for all x,y € Cand i=1,2,
then the sequence {x,} defined by (2) A-converges to a common fixed point of T; and S;,
i=1,2.

Theorem 1 can be viewed as a improvement and extension of several well-known results
in Banach spaces and CAT(0) spaces, such as [9] and [11]. Our purpose of this paper is to
extend Theorem 1 from the CAT(0) spaces setting to the general setup of uniformly convex
hyperbolic spaces.

Let {x,} be a bounded sequence in a hyperbolic space X. For x € X, we define

r(%, {x4}) = limsup d(x, x,).

n—00

The asymptotic radius r({x,}) of {x,} is given by
r({x,,}) = inf{r(x, {x,,}) (X € X}.

The asymptotic radius rc({x,}) of {x,} with respect to C C X is given by
re({xa}) = inf{r(x, {x.}) :x € C}.

The asymptotic center A({x,}) of {x,} is the set

A({xn)) = {x € X i r(x {xa}) = r(fxa}) }.

The asymptotic center Ac({x,}) of {x,} with respect to C C X is the set

Ac({xn}) = {x eC: r(x, {x,,}) = rc({x,,})}.

Recall that a sequence {x,} in X is said to A-converge to x € X if x is the unique asymptotic
center of {u,} for every subsequence {u,} of {x,}. In this case, we call x the A-limit of {x,}.

The following lemmas are important in our paper.

Lemma 1 [12, 13] Let (X,d, W) be a complete uniformly convex hyperbolic space with
monotone modulus of uniform convexity, and let C be a nonempty closed convex subset
of X. Then every bounded sequence {x,} in X has a unique asymptotic center with respect
to C.
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Lemma 2 [12] Let (X,d, W) be a uniformly convex hyperbolic space with monotone modu-
lus of uniform convexity n. Let x € X and {a,} be a sequence in [a, b] for some a,b € (0,1). If
{x,,} and {y,} are sequences in X such that limsup,_, . d(x,,x) < ¢, limsup,_, . d(y,,x) <c
and lim,,_, oo d(W (%, Y, &ty), X) = ¢ for some ¢ > 0, then

lim d(x,,y,) = 0.

Lemma 3 [12] Let C be a nonempty closed convex subset of a uniformly convex hyperbolic
space, and let {x,} be a bounded sequence in C such that A({x,}) = {y} and r({x,}) = p. If
{ym} is another sequence in C such that lim,,_, oo ¥ (Y, {x4}) = p, then lim,,_ o0 Y = .

Lemma 4 [10] Let {a,}, {b,} and {c,} be sequences of nonnegative numbers such that
ana <1 +bya,+c,, Vn>1
IfY 2 by <ooand ) ., ¢, < 00, then lim,_,  a, exists.

2 Main results

In this section, we prove our main theorems.

Theorem 2 Let C be a nonempty closed and convex subset of a complete uniformly con-
vex hyperbolic space X with monotone modulus of uniform convexity n. Let T;: C — C
and S; : C — C, i = 1,2, be uniformly L-Lipschitzian and ({v,},{t,}, {)-total asymptoti-
cally nonexpansive mappings. If F := ﬂiz:l F(T;) N F(S;) # 9 and the following conditions
are satisfied:
() Yooljve<ooand Yy o2y fy < 00;

(ii) there exist constants a,b € (0,1) such that {a,} C [a, b];

(iii) there exists a constant M > 0 such that ¢ (r) < Mr, r > 0;

(iv) d(x, Tiy) <d(Six, Tyy) forall x,y € C and i =1, 2,
then the sequence {x,} defined by (2) /\-converges to a common fixed point of T; and S;,
i=12.

Proof We divide our proof into three steps.
Step 1. In the sequel, we shall show that for each p € F,

lim d(x,,p) and lim d(x,, F) exist. (3)
n—00 n—0oo
In fact, by conditions (1), (2), (I) and (iii), one gets

AW p) = d(W (S5, T3%s, Br),p)
< (1= Bu)d(Sy%,p) + Bud (T3 %4, p)
< (= B {d@n, p) + vul (dxn, p)) + tn} + BuldXns ) + vl (A%, ) + 110}
= d(n, ) + Vul (A%, ) +
< L+ vM)d (%, p) + 1an (4)
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and

dr,p) = d(W (S7%0, T} ynsetn). )
< (- a)d(S}%up) + cud(T] Y, p)
<@1- a,,){d(x,,,p) + v,,;(d(xn,p)) + /Ln} + Oln{d()/mp) + VnC(d(J’mP)) + l/«n}
<(1- a,,){(l +v,M)d(x,, p) + ,un} + Oln{(l + v, M)d(yn, p) + Mn}~ 5)

Combining (4) and (5), one has

dxp,p) < +o0,)dx,,p)+&, VYn>1landpe F, (6)
and

Adxn1, F) < 1+ 0)d(xn, F) + 60 Yn 21, (7)

where o, = v,M(1+a,(1+v,M)), & = L+, (1+v,M)) . Furthermore, using condition (i),

one has
o0 o0
Za,, <00 and ZS,, < 00. (8)
n=1 n=1

Consequently, a combination of (6), (7), (8) and Lemma 4 shows that (3) is proved.
Step 2. We claim that

lim d(x,, Tix,) =0 and lim d(x,,S;x,) =0, i=1,2. 9)

n—00 n— 00

In fact, it follows from (3) that lim,,_, o, d(x,, p) exists for each given p € F. Without loss
of generality, we assume that

lim d(x,,p) =c>0. (10)
n— o0
By (4) and (10), one has

liminfd(y,, p) <limsupd(y,,p) < lim {(1 +v,M)d(x,, p) + /L,,} =c (11)

n— 00

Noting

d(Tlnynrp) = d(Tlnym Tlnp)
<dynp) + an(d(ymp)) + Un
< (L+viM)d(y,p) + w, ¥n=1,

and
d(Sixup) = d(S{x,, Sip)

< d(%, p) + vut (A, p)) + [hn
5 (1 + UVIM)d(xn;p) + //Ln: VVI 2 11
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by (10) and (11), one has

limsupd(T{y,p) <c and limsupd(Six,p) <c.

n—00 n—00

Besides, by (6) one gets

d(xn+1rp) = d(W(S{lxm T{lyman)yp) < (1 + Un)d(xmp) + sn;
which yields that

lim d(W (S{x T{'yu @), p) = c.

n—0o0

Now, by (12), (13) and Lemma 2, we have

lim d(S}x,, T{'yu) = 0.

n—00

Using the same method, we can also have that

lim d(S5x,, Ty %,) = 0.

n—00

It follows from (14), (15) and condition (iv) that
lim d(x,, T7'y,) < Jim A(S7xn, T{'yu) =0

n—00

and
lim d(x,, Tyx,) < lim d(Syx,, T5x,) = 0.

By virtue of (15), one has

d(y,,,Sg’xn) = d(W(Sg’x,,, Tz”x,,,ﬂ,,),ngn)

< Bud (T} %, Shix) — 0 asn — oo.
Because we have
A, yn) < A% To %) + d(T5 %, Sy%) + A(S5%n,Yn)»
it follows from (15), (17) and (18) that
Jim d(x,,,) = 0.
Combining (16) and (19), one obtains

A (X, T %) < d (%, TV'yn) + A(T{ Y0 T{' %)

(xn; Tlnyn) + d(xnryn) + Un;(d(xn:yn)) + Un

<d
< d(x,,, TI”y,,) + 1+ v, M)d(xy,y,) + uy — 0 as n— oo.

12)

(14)

(15)

(16)

17)

(18)

(19)

(20)
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Moreover, it follows from (16) and (19) that

A(S{ % Ty%u) < d(S{%, TV'yn) + d(T] Y T{'%)

<d
< d(S{%u T1'yn) + Ld(yu,x,) = 0 as n— oo. (21)
This jointly with (16) and (20) yields that
A(S7xn,x0) < d(S{%, T1%n) + d(T7 %, %,) = 0 as n— 00,
and

d(xn+1rxn) = d(W(Slem T{'J/n; an):xn)

< (1-an)d(S{ % %) + ud(T] 'y, %4) —> 0 asn— 0. (22)
Now by (17), (20) and (22), for each i = 1,2, one gets

A, Titn) < An 1) + A(n, T; ) + d( T i, T) )
+d(T!" ", Tixn)
< (1 + LY@ %ns1) + A (a1, T) 26001)

+Ld(T]%,,%,) = 0 as n— oo. (23)
For each i = 1,2, the combination of (15), (17), (20), (21) and (iv) yields that

A, Sixn) < d (%, T1'%0) + A (Sitkn T)'%)
< d(x,,, T!'%,) + d(Sl’?xn, Tl."x,,) —0 asn— oo. (24)
Therefore, (9) is proved.
Step 3. Now we are in a position to prove the A-convergence of {x,}. Since {x,} is

bounded, by Lemma 1, it has a unique asymptotic center Ac({x,}) = {x*}. Let {u,} be any
subsequence of {x,} with Ac({u,}) = {#}, then by (23) and (24), for each i = 1,2, we have

lim d(u,, T;u,) =0 and d(u,,Siu,)=0. (25)

We claim that u € F. In fact, we define a sequence {z,,} in C by z,, = T}"u. Then one has

Az, u,) < d(Tlmu, Tl’”un) + d(T{”un, Tl”’_lun) + o+ d(Thtdy, uy)

< d(u, un) + vl (AWt 1)) + pn + LA(Tyth, ) + - - + d(Tr iy, 1)
By (25), one gets

lim sup d(z, ) < limsup d(u, u,) = r(u, {1n}),

71— 00 n— 00

which yields that

|7 (zm» {tn}) = r(w, {un})| > 0 as m — oo.

Page 7 of 8
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Lemma 3 shows that lim,,,_, o, 77"# = u. Because T is uniformly continuous, we have

Thu = Tl(mli—lgo T{”u) = lim T/"*"'u=u.

m—> 00

Hence, u € F(T1). Using the same method, we can prove that # € F. By the uniqueness of
asymptotic centers, we get that x* = u. It implies that x* is the unique asymptotic center
of {u,} for each subsequence {u,} of {x,}, that is, {x,} A-converges to x* € F. The proof

is completed. 0
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