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Abstract

In this paper, we establish three families of trigonometric functions with two
parameters and prove their monotonicity and bivariate log-convexity. Based on them,
three two-parameter families of means involving trigonometric functions, which
include Schwab-Borchardt mean, the first and second Seiffert means, Sdndor’s mean
and many other new means, are defined. Their properties are given and some new
inequalities for these means are proved. Lastly, two families of two-parameter
hyperbolic means, which similarly contain many new means, are also presented
without proofs.
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1 Introduction
Let R, denote the set of positive real numbers and a,b € R,. A two-variable continuous

function M : R? — R, is called a mean on R, if
min(a, b) < M(a, b) < max(a, b)

holds. For convenience, however, we assume that a # b in what follows unless otherwise
stated.

There exist many elementary means. They can be divided into three classes according
to main categories of basic elementary functions by their composition. The first class is

mainly constructed by power functions, like the Stolarsky means [1] defined by

(L V-0, p#4rq470,
Grnaea)? P#0,4=0,
Spa(a,b) = | (o), p=0,470, (L1)
exp(CUg it — 1), p=q#0,
Vab, p=q=0

and Gini means [2] defined by

14 —,
(L0, pdg

P | b’ Inb
exp(— ), P=4.

Gpqla,b) = : (12)
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It is well known that the Stolarsky and Gini means are very important, they contain many
famous means, for instance, S1o(a,b) = L(a, b) - the logarithmic mean, S;:(a,b) = I(a, b)
- the identric (exponential) mean, Sy1(a,b) = Gi,0(a, b) = A(a, b), Sopp(a,b) = Gyo(a,b) =
AYP(al,b?) = A, - the p-order power mean, Sy(a,b) = L'P(a?,bP) = L, - the p-order
logarithmic mean, S, ,(a,b) = IVP(gP bP) = I, - the p-order identric (exponential) mean;
Gy0(a, b) = Q(a, b) - the quadratic mean, Gy (a, b) = Z(a, b) - the power-exponential mean,
Gppla,b) = ZVp (gP, bP) = Z, - the p-order power-exponential mean, etc. The second class
is mainly made up of exponential and logarithmic functions, such as the second part of
Schwab-Borchardt mean (see [3], [4, Section 3, equation (2.3)], [5]) defined by

/b2 —g2

, 0<ac<h,
SB = SB(a,b) = { @eces@/b) - (1.3)
a.rchsz'l;(f’zZ/b) ’ b< a,

the logarithmic mean L(a, b), the exponential mean defined by

b b _ a4
Eab) = =% 1
e’ —et
given in [6] (also see [7, 8]) by Sindor and Toader, and the Neuman-Séandor mean defined
in [5] by

a-b

NS = NS(a,b) = —.
2 arcsinh &2
a+b

(1.4)

It should be noted that NS is actually a Schwab-Borchardt mean since NS(a, b) = SB(Q,A)
mentioned by Neuman and Sandor in [5].

The third class is mainly composed of trigonometric functions and their inverses, for
example, the first part of Schwab-Borchardt mean defined by (1.3), the first and second
Seiffert means [9, 10] defined by

-b

P=Plab)= ——__, (15)

2arcsin =7
-b

T=T@abh)=——0 (1.6)

2arctan 27
respectively, and the new mean presented recently by Sandor in [11, 12] defined as
X = X(a,b) = AeS"*, (17)

where A = (a + b)/2, G = Vab, P is defined by (1.5). As Neuman and Séndor pointed out
in [5], the first and second Seiffert means are generated by the Schwab-Borchardt mean,
because SB(G,A) = P(a,b), SB(A, Q) = T(a,b).

From the published literature, the first and second classes have been focused on and
investigated, and there are a lot of references (see [1, 13—24]). While the third class is
relatively little known.

The aim of this paper is to define three families of two-parameter means constructed
by trigonometric functions, which include the Schwab-Borchardt mean SB, the first and
second Seiffert means P, T, and Sandor’s mean X.
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The paper is organized as follows. In Section 2, some useful lemmas are given. Three
families of trigonometric functions and means with two parameters and their proper-
ties are presented in Sections 3-5. In Section 6, we establish some new inequalities for
two-parameter trigonometric means. In the last section, two families of two-parameter

hyperbolic means are also presented in the same way without proofs.

2 Lemmas
For later use, we give the following lemmas.

Lemma 2.1 [25, p.26] Let f be a differentiable function defined on an interval I. Then the
divided differences function F defined on I* by

Floy) === ifxsy and Fixx)=f@) 1)

f@)-fO)
Y

is increasing (decreasing) in both variables if and only if f is convex (concave).

Lemma 2.2 [26, Theorem 1] Let f be a differentiable function defined on an interval I,
and let F be defined on I? by (2.1). Then the following statements are equivalent:
(i) f" is convex (concave) on I,
(i) Fxy) < ()0 foralix,y e,
(iii) F is bivariate convex (concave) on I>.

Lemma 2.3 Iff : (—m,m) — R is a differentiable even function such that f' is convex in
(0,m), then the function x — F(c + x, ¢ — x) defined by (2.1) increases for positive x if c > 0
and decreases if c < 0 provided c + x,¢ — x € (—-m, m).

Proof Differentiation yields

fllen)+f (e=x) _ flerx)=fle=x)
2 2%

X

Fllc+x,c—x)= = x g (x).

Since f is an even and differentiable function, it is easy to verify that g.(—x) = g.(x), g_.(x) =
—g.(x). From this we only need to prove that for ¢ > 0, F'(c + x,c — x) > 0 for x € (0, m)
provided ¢ + x,¢c —x € (—m, m) if f’ is convex on (0, m).

To this end, we first show two facts. Firstly, application of Lemma 2.2 leads to

fle+x)—flc—x) _letal- lc—x| f(lc+x]) —f(lc—x])

2x 2x lc+x| —|c—x|
2c S Ue+xl) +f (e —x])
lc+ x| + |c— x| 2 ’

The second one states that if / is a continuous and odd function on [-d, d] (d > 0) and is
convex on [0, d], then, for u,v € (0,d] with u > v, the inequality

u 14

holds. Indeed, using the fact 4#(0) = 0 and the property of a convex function, the second
one easily follows.
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Now we can prove the desired result. When x € (0, m), application of the two previous

facts and notice that f” is odd on (—m, m) lead to

) >f/(6+x) +flc—x) 2c S'(le +x[) +f'(lc - x[)
& 2 lc+x| + |c—x| 2
:O ifc—x € [0, m),
T _ea)ewn) (flexx) _ flle=) -
—EEEREEE _LEE) S0 ifc-x e (-m,0).

Hence, F'(c +x,¢ —x) = x"'g.(x) > 0 for ¢c,x > 0.

This completes the proof. (]

Lemma 2.4 The following inequalities are true:

sinx—x < (>)0 forx>(<)0, (2.2)
sinx —xcosx > (<)0 forx € (0,7) (x € (—n,O)), (2.3)
x+sinx > ()0 forx > (<)0, (2.4)
cosx+xsinx>1 for0<|x|<m/2, (2.5)
. 3x
cosx — <0 forO<|x|<m, (2.6)
si 2 +cos
Sy < — x forx#0. (2.7)
x

Proof Inequalities (2.2)-(2.5) easily follow by the elementary differential method, and we
omit all details here. Inequality (2.6) can be derived from a well-known inequality given
in [27, p.238]) by Adamovi¢ and Mitrinovi¢ for 0 < |x| < 7/2, while it is obviously true
for /2 < |x| < 7. Inequality (2.7) can be found in [28, Problem 5.11, 5.12]. This lemma is
proved. d

Lemma 2.5 [29, pp.227-229] Let 0 < |x| < . Then we have

I 1 K27-2
-4 B xZn—l’ 2.8
sinx  x g (2n)! 1Bl 28)

where B,, is the Bernoulli number.

3 Two-parameter sine means

3.1 Two-parameter sine functions

We begin with the form of hyperbolic functions of Stolarsky means defined by (1.1) to
introduce the two-parameter sine functions. Let ¢ = Inv/b/a. Then the Stolarsky means

can be expressed in hyperbolic functions as

Spqla,b) = N abSh(p, q,t),
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where
(LB, pg(p—q) 70,
(e, pA0,q=0,
Sh(p.qt) = | (5, p=0,g70, (3.1)
etcothpt—l/p’ pP=q,pq # 0,
1, p=q=0.

We call Sh(p, g, t) two-parameter hyperbolic sine functions. Accordingly, for suitable p, g,
t, we can give the definition of sine versions of Sk(p, g, t) as follows.

Definition 3.1 The function S is called a sine function with parameters if S is defined on
[_21 2]2 X (01 77/2) bY

(L35E)Ve=0), pg(p-q) 70,
(

. SN, q=0p70,

Slp,q:t) = (54, p=0,q70, (3.2)
etcotpt—l/p’ p=q 7/0,
]., p = q = O

S is said to be a two-parameter sine function for short.
Now let us observe its properties.

Proposition 3.1 Let the two-parameter sine function S be defined by (3.2). Then
(i) Sis decreasing in p, q on [-2,2], and is log-concave in (p, q) for (p,q) € [0,2]* and
log-convex for (p,q) € [-2,0]?;
(ii) S is decreasing and log-concave in t on (0,7/2) for p + q > 0, and is increasing and
log-convex for p + q < 0.

Proof We have
0300 ="2LD ity g and WS -10)

where
f@)=1n S“;’” if x| € (0,2] and f(0)=Int. (3.3)

(i) We prove that S is decreasing in p, ¢ on [-2,2], and is log-concave in (p, g) for (p,q) €
[0,2]? and log-convex for (p, q) € [-2,0]%. By Lemmas 2.1 and 2.2, it suffices to check that
f is concave in p,q € [-2,2] and that f’ is concave for p,q € [0,2] and convex for p,q €
[-2,0].

Differentiation and employing (2.2), (2.6) yield that for ¢ € (0,7/2),

t t. 1
costx 1 .. Wl €(0,2] and f(0)=0, (3.4)
x

fx) =

sin tx


http://www.journalofinequalitiesandapplications.com/content/2013/1/541

Yang Journal of Inequalities and Applications 2013, 2013:541 Page 6 of 27
http://www_ journalofinequalitiesandapplications.com/content/2013/1/541

) 2.2 2
sin” tx — t°x t
f(x) = — 5, <0 for |x| €(0,2] and f"(0)=-—<0, (3.5)
x=sin” tx 3
263 sindtx | <0 ifx € (0,2]
"(x) = COSEX — ———— T 3.6
f® sin3tx< 3x3 ){>0 ifx e [-2,0), (3.6)

which prove part one.

(ii) Now we show that S is decreasing and log-concave in ¢ on (0,7 /2) for p + ¢ > 0, and
increasing and log-convex for p + g < 0. It is easy to verify that f’ is an odd function on
[-2,2], and so InS(p, g, t) can be written in the form of integral as

. P lpl
S, q8) = —— / [y AL . f(x)dx. 3.7)
P-9J4 lpl +14ql lpl =gl Jiy

Differentiation and application of (2.2) and (2.3) give

af’ B
at  2sin®tx
82f/ ~

92 sin®tx

(sin2tx — 2tx) <0 for x € (0,2],

(txcostx —sintx) <0 forx € (0,2].

It follows from (3.7) that

S  p+q 1 Pl <0 ifp,ge[-2,2]withp+q>0,
ot Il + 14l Ipl =gl J,y 0t >0 ifp,qge[-2,2]withp+¢g<0,
3?InS  p+q 1 Pl 52f" <0 ifp,qe[-2,2] withp+g>0,

= —Q ax
a2 lpl +lql lpl -1l J,y 0t >0 ifp,qge[-2,2]withp+g<0,

which proves part two and, consequently, the proof is completed. |

From the proof of Proposition 3.1, we see that f defined by (3.3) is an even function and
f"(x) <0 forx € [0,2] given by (3.6). Let m =2 and ¢ —x = p € (-2,2). Then by Lemma 2.3
we immediately obtain the following.

Proposition 3.2 For fixed ¢ € (-2,2), let —min(2,2 — 2¢) < p < min(2,2¢ + 2) and t €
(0,7/2), and let S(p, q,t) be defined by (3.2). Then the function p — S(p, 2¢ — p,t) is de-
creasing on [-2, ¢) and increasing on (¢, 2¢ + 2] for ¢ € (=2,0], and is increasing on [2¢ — 2, c)
and decreasing on (c,2] for ¢ € (0,2).

By Propositions 3.1 and 3.2 we can obtain some new inequalities for trigonometric func-
tions.

Corollary 3.1 Fort € (0,7/2), we have

sint 2cost+1 1+cost sint 1+cost)\?
Tcost< — <exp(tcott—1) < ) , (3.8)

s 9 1\ 12 1 1 £\ 35
cosPt<| zcost+ — < | zcost+ —cos—
3 3 2 2 3
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sin¢ £ 26\ /2t 1\2
< — < | COS—=COS — <| —-COS— + —
t 5 5 3 2 3

3t 1+cost 4 b
<cos” — <exp| t— -2 ) <cos” —. (3.9)
3 sint 4

Proof (i) By Proposition 3.2, §(p, 2-p,t)isincreasingin p on [0,1) and decreasing on [1,2],
we have

- -3 1 ~
S(2,0,8) <S| =, =, t ) <S1,1,¢).
( ) < (2 5 )< (L1,1)
Due to 3(1, q,t) is decreasing in g on [-2, 2], we get

- (1 - ~ 1
S1,1,¢) <S<1, §’t> <8(1,0,¢) < S<1’_§’t>'

Simplifying leads to (3.8).
(ii) Similarly, since p S(p,1-p,t)is increasing on [-1,1/2) and decreasing on (1/2,2],
we get

- ~-(3 1 ~(4 1 ~
S2,-1,t) <SS =, —=,t) <S| =,—=,¢) <S8(1,0,¢)
20 2 3

~(4 1 -(3 1 -2 1 ~(11
<Sl=,=t)<S|=,—t)<S|==t)<S|=,=,¢t),
55 4" 4 3'3 22

while S(%, %,t) < :9(%, %, t) follows by the monotonicity of $(1/2,4,t) in g on [-2,2]. Sim-

plifying yields inequalities (3.9). d

w

3.2 Definition of two-parameter sine means and examples
Being equipped with Propositions 3.1, 3.2, we can easily establish a family of means gen-

erated by (3.2). To this end, we have to prove the following statement.

Theorem 3.1 Let p,q € [-2,2], and let S(p, q,t) be defined by (3.2). Then, for all a,b > 0,
Spq(a, b) defined by

min(a, b)

Spq(a, b) = max(a, b) x S(p, q, arccos( )) ifa#b and

max(a, b) (3.10)

Spqla,a)=a
isamean of a and b if and only if 0 <p +q < 3.

Proof Without lost of generality, we assume that 0 < a < b. Let ¢ = arccos(a/b). Then the
statement in question is equivalent to that the inequalities

cost <S(p,q,t) <1 (3.11)

hold for ¢t € (0,7/2) if and only if 0 < p + g < 3, where §(p, q,t) is defined by (3.2).
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Necessity. We prove that the condition 0 < p + g < 3 is necessary. If (3.11) holds, then we

have

lng(p, q,t) -

InS(p,q,t) -1 ¢
lim nS(,q,¢) ~ Incos >0 and lim

0.
{0+ 2 {0+ 2

Using power series extension gives

- 1
InS(p,q,t) —Incost = —gtz(p +q-3)+0(t"),
~ 1
InS(p,q,t) = —gtz(p +q) +O(t*).
Hence we have
1 1
—g(l’+q—3)20 and —E(IH'LI)SO,

which implies that 0 < p + g < 3.

Sufficiency. We show that the condition 0 < p + g < 3 is sufficient. Clearly, max(p, q) > 0.
Now we distinguish two cases to prove (3.11).

Case 1: p,q > 0 and p + g < 3. This case can be divided into two subcases. In the first
subcase of (p,q) € [0,2] x [0,1] or [0,1] x [0,2], by the monotonicity of S(p,q,t) in p, g on
[-2,2], we get

cost =S5(2,1,1) <S(p,q,t) < 5(0,0,¢) = 1.
In the second subcase of (p,q) € [1,2]? and p + g < 3, it is derived that
Sp,3-pt) <Sp.q.t) <50,0,) = 1.

From Proposition 3.2 it is seen that S(p, 3 — p, t) is increasing on [1,3/2] and decreasing on
[3/2,2], which reveals that S(p,3 — p, t) > S(2,1,¢) = cost, that is, the desired result.

Case2:p>0,g<0o0rp<0,g>0andp+q < 3. Because of the symmetry of p and
q, we assume that p > g. Then p > 0, ¢ < 0. Due to p € [0,2] and p + g < 3, we have
p <min(3 — ¢,2) = 2. Using the monotonicity of S(p,q,t) in p, q on [-2,2] again leads us
to

< ~ in2t int
S(P,q,t)is(2,0,t)=\/51;t = %Cosbcost.

On the other hand, from p + g > 0, that is, p > —g¢, it is acquired that

Sp.q.t) <S(-q,9,) =1,
which proves Case 2 and the sufficiency is complete. 0

Now we can give the definition of the two-parameter sine means as follows.
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Definition 3.2 Let a,b > 0 and p,q € [-2,2] such that 0 < p + ¢ < 3, and let S(p, ¢, t) be
defined by (3.2). Then S, ,(a, b) defined by (3.10) is called a two-parameter sine mean of
a and b.

As a family of means, the two-parameter sine means contain many known and new

means.

Example 3.1 Clearly, for 0 < 4 < b, all the following

8 ’b :7:53 1b1 3.12
1o(@b) arccos(a/b) (@b) ( )
a
Sl]l(ﬂ, b) = bexp(m - 1), (313)
a+b
) = - ) .14
Si2,1/2(a, b) bexp( SB@.b) 2) (3.14)
2 1 \M2
S3aa0(a,b) = b'? (ga + gb) (3.15)

are means of a and b, where SB(a, b) is the Schwab-Borchardt mean defined by (1.3).

To generate more means involving a two-parameter sine function, we need to note a
simple fact: If M, M,, M are means of distinct positive numbers x and y with M; < My,
then M(M;, M>) is also a mean and satisfies inequalities

M1 < M(Ml,Mz) < Mz.

Applying the fact to Definition 3.2, we can obtain more means involving a two-parameter
sine function, in which, as mentioned in Section 1, G, A and Q denote the geometric,
arithmetic and quadratic means, respectively, and we have G <A < Q.

Example 3.2 Let (a,b) — (G, A). Then both the following

a-b

S10(G,A) =SB(G,A) = PN
2 arcsin %

= P(a,b),

S11(GA)=A exp( G

5 1) - X(a,b)

are means of 2 and b, where P = P(a, b) is the first Seiffert mean defined by (1.5) and X (a, b)
is Sdndor’s mean defined by (1.7). Also, they lie between G and A.

Example 3.3 Let (a,b) — (G, Q). Then both the following

a-b
Sl,o(G, Q) = SB(G, Q) = ﬁ = U(u, b), (3~16)
arctan NoTT

G
$11(G, Q) = QeXP<E - 1)

are means of a and b, and between G and Q.

Page 9 of 27


http://www.journalofinequalitiesandapplications.com/content/2013/1/541

Yang Journal of Inequalities and Applications 2013, 2013:541 Page 10 of 27
http://www_ journalofinequalitiesandapplications.com/content/2013/1/541

It is interesting that the new mean U(a, b) is somewhat similar to the second Seiffert

mean T'(a, b).

Example 3.4 Let (a,b) — (A, Q). Then both the following

—b

———— =T(a,b),
b
2 arctan Zﬁ

S10(4,Q) =SB(A,Q) =
A
S11(4,Q) = Qexp(; - 1)

are means of a and b, where T = T'(a, b) is the second Seiffert mean defined by (1.6). More-

over, they are between A and Q.

3.3 Properties of two-parameter sine means
From Propositions 3.1, 3.2 and Theorem 3.1, we easily obtain the properties of two-

parameter sine means.

Property 3.1 The two-parameter sine means S,,(a, b) are symmetric with respect to pa-

rameters p and q.
Property 3.2 The two-parameter sine means S, ,(a, b) are decreasing in p and g.

Property 3.3 The two-parameter sine means S,,(a,b) are log-concave in (p,q) for

p,q>0.

Property 3.4 The two-parameter sine means S, (4, b) are homogeneous and symmetric

with respect to 4 and b.
Now we prove the monotonicity of two-parameter sine means in  and b.

Property 3.5 Suppose that 0 < a < b. Then, for fixed b > 0, the two-parameter sine means

Spq(a, b) are increasing in a on (0, b). For fixed 4 > 0, they are increasing in b on (a, c0).

Proof (i) Let t = arccos(a/b). Then In S, 4(a,b) :=1nb +In S(p,q,t). Differentiation yields

9 . - ot 1 . -
—InS,4(a,b) = 3% InS(p,q,t) x — = InS(p,q,¢),

oa da _«/bZ_a2§

which, by part two of Proposition 3.1, reveals that 9(InS,4(a, b))/da > 0, that is, S,,4(a, b)
is increasing in a on (0, b).

(ii) Now we prove the monotonicity of S,,(a,b) in b. We have InS,4(a,b) := Ina -
Incost +1nS (p, g, t). Differentiation leads to

X R—
ot cost b

a
RN (H(p,q) + tant),

a . - sint ot
A InS,,(a,b) = (— InS(p,q,t) + —)
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where

H(p,q) = ifp#q and H(p,p)=H(p), (317)

h(p) - h(q)
p—q
here
1
h(x) =xcottx if|x] € (0,2] and h(0)= p
is an even function on [-2,2]. Hence, to prove d(InS,4(a,b))/3b > 0, it suffices to prove

that for p,q € [-2,2] with 0 < p + g < 3, the inequality H(p,q) + tant > O is valid for ¢ €
(0,7 /2). Differentiation again gives

intx —t t. 2t
W) =26 2S00 for x| €(0,2] by (23) and K'(0)=-= <0,
sin® tx 3
6t%x (2 +cos2tx sin2tx
W' (x) = -— ( - ) <0 forx€(0,2] by (2.7).
sin” tx 3 2tx

It follows by Lemmas 2.1 and 2.3 that H(p, q) is decreasing in p and g on [-2,2] and H(p, 3 -
p) is increasing on [1,3/2) and decreasing on (3/2,2].
Next we distinguish two cases to prove H(p,q) > 0 for p,q € [-2,2] with0 <p + g < 3.
Case 1: p,q > 0 and p + g < 3. This case can be divided into two subcases. In the first
subcase of (p,q) € [0,2] x [0,1] or [0,1] x [0, 2], by the monotonicity of H(p,q) in p, g on
[-2,2], we have

H(p,q) +tant > H(2,1) + tant = 2cot 2t — cott + tant = 0.

In the second subcase of (p,q) € [1,2]? and p + g < 3, it is derived from the monotonic-
ities of H(p,q) and H(p,3 — p) that

H(p,q) +tant > H(p,3 — p) + tant > H(2,1) + tant = 0.
Case2:p>0,g<0o0rp<0,g>0andp+q < 3. Because of the symmetry of p and ¢,
we assume that p > g. Then p > 0, g < 0. This together with p,q € [-2,2] withp +g <3

gives p <min(3 — ¢,2) = 2. Therefore, we have

2t —sin 2t

1 1
H(p,q) +tant > H(2,0) + tant = = 2cot2t — — | + tant = - >
2 t 2tsin 2t

which proves the monotonicity of S, 4(4, b) in b on (4, 00) and the proof is complete. [J

Remark 3.1 Suppose that 0 < a < b. Then, by the monotonicity of S, 4(a, b) in a and b, we
see that

S1,0(G,A) < 51,0(G, Q) < S10(4,Q),
which implies that

P(a,b) < U(a,b) < T(a,b). (3.18)
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Similarly, we have

X(a,b) :Aexp(g —1) < Qexp(% - 1) < Qexp(% _1>,

4 Two-parameter cosine means

4.1 Two-parameter cosine functions

In the same way, the Gini means defined by (1.2) can be expressed in hyperbolic functions
by letting ¢ = In Vbla:

Gpq(a,b) = VabCh(p,q.t),

where
(g2, p#4,
Ch(p,q,t) = | etanhr, p=q7#0, (4.1)
l, p = q = O

We call Ch(p, q,t) two-parameter hyperbolic cosine functions. Analogously, we can define
the two-parameter cosine functions as follows.

Definition 4.1 The function C is called a two-parameter cosine function if C is defined
on [_1’ 1]2 X (01 77/2) bY

) (coe)"e=0, p#q,
Clp,qt) = | ettt p=q+#0, (4.2)
1, p=q=0.

Similar to the proofs of Propositions 3.1 and 3.2, we give the following assertions without
proofs.

Proposition 4.1 Let the two-parameter cosine function C be defined by (4.2). Then
(i) Cis decreasing in p, q on [-1,1], and is log-concave in (p, q) for (p,q) € [0,1]? and
log-convex for (p,q) € [-1,0]?;
(ii) C is decreasing and log-concave in t on (0,7 /2) for p + q > 0, and is increasing and
log-convex for p + q < 0.

Proposition 4.2 For fixed c € (-1,1), let —min(1,1 — 2¢) < p < min(1,1 + 2¢) and t €
(0,7/2), and let C(p,q,t) be defined by (4.2). Then the function p — C(p,2c — p,t) is de-
creasing on [-1,c) and increasing on (¢, 2¢ + 1] for ¢ € (-1,0], and is increasing on [2c -1, ¢c)

and decreasing on (c,1] for ¢ € (0,1).

Propositions 4.1 and 4.2 also contain some new inequalities for trigonometric functions,
as shown in the following corollary.

Corollary 4.1 Fort € (0,7/2), we have

9 L 1-cost t 2
cos” = > exp| —t— >|2cos——1) >cost. (4.3)
2 sint 2
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Proof By Propositions 4.1 and 4.2, we see that C(1/2,4,) is decreasing in ¢ on [-1,1] and
Clp,1-p,t)is decreasing in p on [0,1/2). It is obtained that

~(1 ~(11 ~ (31 ~
Cl=,0,t)>Cl=,=t)>C|-,—,t)>CQ,0,1),
2 22 4 4
which by some simplifications yields the desired inequalities. O

4.2 Definition of two-parameter cosine means and examples
Similarly, by Propositions 4.1, 4.2, we can easily present a family of means generated by
(4.2). Of course, we need to prove the following theorem.

Theorem 4.1 Let p,q € [-1,1], and let C(p, q,t) be defined by (4.2). Then, for all a,b > 0,
Cpqla, b) defined by

min(a, b)

Cpq(a, b) = max(a, b) x C(p, q arccos( )) ifa#b and

max(a, b) (4.4)

Coqla,a)=a
isamean of a and b if and only if 0 <p +q <1.

Proof We assume that 0 < a < b and let ¢ = arccos(a/b). Then the desired assertion is
equivalent to the inequalities

cost < Clp,q,t) <1 (4.5)

hold for ¢t € (0,7/2) if and only if 0 < p + g <1, where C(p,q,t) is defined by (4.2).
Necessity. If (4.5) holds, then we have

lim InC(p,q,t) —Incost >0 and lim InC(p,q,t)

t—07 2 t—0* t2

<0.

Using power series extension gives
* 1, 4
InC(p,q,t) —Incost = _Et (p+q-1)+0(t ),
= 1
InC(p,q,t) = —EtZ(p +q) + O(t4).
Hence we have
1 1
—5(p+q—1)20 and —§(p+q)50,
which yields 0 <p+g <1.
Sufficiency. We show that the condition 0 < p + g <1 is sufficient. Clearly, max(p, q) > 0.
Now we distinguish two cases to prove (4.5).

Case 1: p,g > 0 and p + g < 1. By Proposition 4.1 it is obtained that

Cp,1-p,t) < C(p,gq,t) < C(0,0,£) = 1.
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From Proposition 4.2 it is seen that C(p,1 — p, t) is increasing on [0,1/2] and decreasing
on [1/2,1], which yields C(p,1-p,t) > C(1,0,t) = cost, which proves Case 1.

Case2:p>0,g<00rp<0,g>0andp+qg <1 We assume that p > q. Then p > 0,
g <0.Duetop €[0,1] and p + g <1, we have p < min(1 — g, 1) = 1. Using the monotonicity
of C(p,q,t) in p, q on [-1,1] gives

C(p,q,t) > C(1,0,¢) = cost.
At the same time, since p + g > 0, that is, p > —¢, we have

C'(p; q; t) S é(_q; q: t) = ly
which proves Case 2 and the sufficiency is complete. d
Thus the two-parameter cosine means can be defined as follows.

Definition 4.2 Let a,b > 0 and p,q € [-1,1] such that 0 < p + ¢ < 1, and let C(p,q,¢t) be
defined by (4.2). Then C, 4(a, b) defined by (4.4) is called a two-parameter cosine mean of
a and b.

The two-parameter cosine means similarly include many new means, for example, when
O<a<b,
a-b
C ,b)=>b —_— 4.6
121/2(a, b) exP(SB(zz, b)) (4.6)
is a mean, where SB(a, b) is the Schwab-Borchardt mean defined by (1.3).
Additionally, let (a,b) — (G, A), (G, Q), (A, Q). Then all the following

G-A

Ci212(G,A) = Aexp <T>,

Ci/2,12(G, Q) = Qexp (G;UQ> ,

A
Cip12(A4, Q) =Q exp(TQ)

are means of a and b, where P, T are the first and second Seiffert mean defined by (1.5) and
(1.6), U is defined by (3.16), and they lie between G and A, G and Q, A and Q, respectively.

4.3 Properties of two-parameter cosine means
From Propositions 4.1, 4.2 and Theorem 4.1, we can deduce the properties of two-
parameter cosine means as follows.

Property 4.1 C,,(a,b) are symmetric with respect to parameters p and 4.
Property 4.2 C,,(a,b) are decreasing in p and g.

Property 4.3 C,,(a,b) are log-concave in (p, q) for p,q > 0.
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Property 4.4 C,,(a, b) are homogeneous and symmetric with respect to z and b.

Property 4.5 Suppose that 0 < a < b. Then, for fixed b > 0, the two-parameter cosine
means C,4(a, b) are increasing in a on (0, b). For fixed a > 0, they are increasing in b on

(a, 00).
The proof of Property 4.5 is similar to that of Property 3.5, which is left to readers.

Remark 4.1 Assume that 0 < a < b. Then employing the monotonicity of C,,(a,b) in a
and b, we have

G<Aexp(GP;A)<Qexp(G;uQ><Qexp< ;Q) Q.

5 Two-parameter tangent means

5.1 Two-parameter tangent functions

Now we define the two-parameter tangent function and prove its properties, proofs of
which are also the same as those of Propositions 3.1 and 3.2.

Definition 5.1 The function 7 is called a two-parameter tangent function if 7 is defined
on [_17 1]2 X (0) JT/Z) bY

(Faz) ", pap-q) #0,

(57, q=0,p#0,

Tp.q,0) = | (S, p=0,g70, (51)
exp(gisy — p)» P=d470,
1, p=gq=0.

Proposition 5.1 Let the two-parameter tangent function T be defined by (5.1). Then
G) 7T is increasing in p, q on [-1,1], and is log-convex in (p, q) for p,q > 0 and log-convex

for p,q < 0;
(ii) T is increasing and log-convex in t for p + q > 0, and is decreasing and log-concave

forp+g<0.

Proof We have
w7000 =25 itp2q and WT0-¢0)
where
tantx |
gx)=In—— if|x| €(0,1] and g(0)=Int. (5.2)
x

(i) To prove part one, by Lemmas 2.1 and 2.2 it suffices to check that g is convex on [-1,1]
and ¢’ is convex on [0,1]. In fact, differentiation and application of (2.8) yield
o0

2t 1 2n 2n
- = if|x| €(0,1], (2°" -2)2
(x) 51n2tx x 1flcx|_ o E ) |32n|t2"x2" L (5.3)

n=
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Differentiation again gives

o0
2m —1)(22" — 2)2%"
g'(x) = Z @n )((211)‘ ) |Bou|t?'x¥ 2 >0 forx e [-1,1],
n=1 :

o

(2n —1)(2n — 2)(2%" — 2)2%" L |=0 ifxe]0,1],
7 _ B Y t2n 2n-3
g'=2 2n)! B <0 ifxe[-1,0].

n=2

Thus part one is proved.
(ii) For proving part two, we have to check that g’/ > 0 and 32g’/3t2 > 0 for x € [0, 1].
Differentiating g’(x) given in (5.3) for ¢, we have

g o 2m(2%" - 2)2%"

ot =t (2n)!

|Bou|t? 14?1 >0 forx € [0,1],

|By, |t 24t >0 forxe[0,1].

g i 2n(2n —1)(2% — 2)22"
o2 = (2n)!

In the same method as the proof of part two in Proposition 3.1, part two in this proposition
easily follows.
This completes the proof. d

The following proposition is a consequence of Lemma 2.3, the proof of which is also the

same as that of Proposition 3.2 and is left to readers.

Proposition 5.2 For fixed ¢ € (-1,1), let —min(1,1 — 2¢) < p < min(1,1 + 2¢) and t €
(0,7/2), and let T (p,q,t) be defined by (5.1). Then the function p — T (p,2c — p,t) is in-
creasing on [-1,c) and decreasing on (c,1+ 2¢] for ¢ € (-1, 0], and is decreasing on [2c -1, c)
and increasing on (c,1] for c € (0,1).

As an application of Propositions 5.1 and 5.2, we give the following corollary.

Corollary 5.1 Fort € (0,7/2), we have

. 2 2 £t 1\4
sint t 2t (3cost+3)* tant
(— cos 2 —) < exp(,— —2) < 327213 < —. (5.4)
t 2 sin¢ (5cost + 3)> t

Proof Propositions 5.1 and 5.2 indicate that 7(1/2,4,¢) is increasing in ¢ on [-1,1] and
7~'(p, 1-p,t) is decreasing in p on [0,1/2) and increasing on (1/2,1]. It follows that

~ (1 ~ (11 ~ (31 -
T(Erot t) <T<§r §’t> < T(Zr Zrt> <T(1)O,t):

which, by some simplifications, yields the required inequalities. O

5.2 Definition of two-parameter tangent means and examples
Before giving the definition of two-parameter tangent means, we firstly prove the following
statement.
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Theorem 5.1 Let p,q € [-1,1], and let '7~'(p, q,t) be defined by (5.1). Then, for all a,b > 0,
Tpqla, b) defined by

min(a, b)
max(a, b)

Tpq(a,b) = min(a, b) x ;f(p, q, arccos< )) ifa#b and

(5.5)

Toqla,a)=a
isameanofaand bif0 <p+q <1

Proof We assume that 0 <a < b and let ¢ = arccos(a/b). Then 7, ,(a, b) is a mean of @ and
b if and only if the inequalities

~ 1
1<Tpqt) <—
cost

hold for ¢ € (0,7/2), where 7'(p, q,t) is defined by (5.1). Similarly, it can be divided into
two cases.

Case 1: p,q > 0 and p + q < 1. From the monotonicity of 7,,(a, b) in p, g on [-1,1], it is
deduced that

1=7(0,0,t) < T(p,q0) < T(p,1-p,t).

By Proposition 5.2 we can see that 7 (p,1— p, t) is decreasing on [0,1/2] and increasing on
[1/2,1], which yields

~ ~ tant sint 1 1
T(p;l_p;t)<7-(1)07t): = PR

—_— =
t t Ccost cost

that is, the desired result.
Case2:p>0,9<0o0rp<0,g>0andp+q <1. We assume that p > q. Analogously,
there must be p < min(1 — ¢,1) = 1. Using the monotonicity of T(p,q,¢t) in p, g on [-1,1]

gives

- ~ tant 1
T(P; q, t) < T(l; O, t) = < .
t CoSt

Noticing that p + g > 0, that is, p > —¢, we have
Twad=T(qq0=1
which proves Case 2 and the proof is finished. O
We are now in a position to define the two-parameter tangent means by (5.1).
Definition 5.2 Let a,b > 0 and p,q € [-1,1] such that 0 < p + g <1, and let T (p, ¢, t) be
defined by (5.1). Then 7,,(a, b) defined by (5.5) is called a two-parameter tangent mean

of a and b.

Here are some examples of two-parameter tangent means.
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Example 5.1 For 0 < a < b, both the following

N/

- arccos(a/b)

Tio(a,b) =SB(a, b), (5.6)

2b
b)= -2
Tia12(a, b) anp(SB(a, b) )

are means of a and b, where SB(a, ) is the Schwab-Borchardt mean defined by (1.3).

Example 5.2 Let (a,0) — (G,A), (G, Q), (A, Q). Then all the following

2A
Tio12(G,A) = Gexp<7 - 2),

2
Tir12(G, Q) = GGXP(EQ - 2),

2
T4, Q) =Aexp <7Q - 2)

are means of ¢ and b, where P, T are the first and second Seiffert mean defined by (1.5) and
(1.6), U is defined by (3.16). Also, they lie between G and A, G and Q, A and Q, respectively.

5.3 Properties of two-parameter tangent means
From Propositions 5.1 and 5.2 and Theorem 5.1, we see that the properties of two-

parameter tangent means are similar to those of sine ones.
Property 5.1 7,,(a,b) is symmetric with respect to parameters p and 4.
Property 5.2 7,,(a,b) is increasing in p and 4.
Property 5.3 7,,(a,b) is log-convex in (p,q) for p,q > 0.
Property 5.4 7,,(a,b) is homogeneous and symmetric with respect to 2 and b.
Now we prove the monotonicity of two-parameter trigonometric means in  and b.
Property 5.5 Let 0 < a < b. Then, for fixed a > 0, the two-parameter tangent mean
Tyq(a, b) is increasing in b on (a,00). For fixed b > 0, the two-parameter tangent mean

Tpq(a, b) is increasing in a on (0, b).

Proof (i) Let ¢ = arccos(a/b). Then In 7, 4(a,b) :=Ina + In 7~’(p, q,t). Differentiation yields

ot a d ~
—=————InT(p,qt).

0 d ~
—1 ) =—1 Y =
1 Tpq(@b) = S InTp.0. ) x 57 = =4

ab

Application of Proposition 5.1 yields d(In 7,,4(a, b))/db > 0, which proves part one.
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(ii) Now we prove the monotonicity of 7, ,(a, b) in a. Since In T, ;(a, b) can be written as
InT,4(a,b) =Inb +1In T (p,q,¢t) + Incos ¢, we have

d d ~ int ot
L InTpy(ab) = <§ln7'(p,q, £) - ﬂ)

da cost x da
1
= _\/ﬁ (](p, q) — tant),

where

100 ="0= ity 2q and S0~ 63
here

oy . o 1

jx) = R if x| € (0,1] and j(0) = ;

is even on [-1,1]. Thus, to prove d(In7,,(a, b))/da > 0, it suffices to prove that for p,q €
[-1,1] with 0 < p + g <1, the inequality /(p,q) — tan¢ < 0 holds for ¢ € (0,7/2).
Utilizing (2.8) and differentiating again give

1 0 (22;4_2)22;1 _—
j) =<+ Y T | By [
= 2n)!
o0
2n(2m — 1)(2%" — 2)2%"
J =3 n(2n - 1) ‘ 27 B2 50 forxe (11,
—~ (2n)!
o0
2n(2n - 1)(2n — 2)(2%" — 2)2%"
J" (%) =Z r2n — 1)( }Zz )‘)( ) |Bou |t 14?3 >0 forx e [0,1].
n).

By Lemmas 2.1 and 2.3 we see that J(p, q) is increasing in p and g on [-1,1], and J(p,1 - p)
is decreasing on [0,1/2) and increasing on (1/2,1].

Now we distinguish two cases to prove J(p,q) — tant < 0 for p,q € [-1,1] with
O<p+q=1

Case 1: p,g > 0 and p + g < 1. By the monotonicity of J(p,q) in p, g on [-1,1] and of
J(p,1-p) in p on [0,1], we have

J(p,q) —tant < J(p,1—p) —tant <J(1,0) —tan¢

2 1 sint cost 1 0
= - - = = --<0.
sin2t t cost sint

Case2:p>0,g<0o0rp=<0,g>0andp+qg <1 We assume that p > gq. Then p > 0,
g <0and p < min(l — g,1) = 1. Therefore, we get

J(p,q) —tant < J(1,0) —tant < O,

which proves the monotonicity of 7, 4(a, b) in a on (0, b). d
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Remark 5.1 Utilizing the monotonicity property, we have

71/2,1/2(G,A) < 71/2,1/2(G, Q< 71/2,1/2(14, Q),

which indicates that

24 2Q 2Q
Gexp| — -2 ) <Gexp| — -2 ) <dAexp| —-2.
p u T

Additionally, 7,,(a,b) has a unique property which shows the relation among two-

parameter sine, cosine and tangent means.

Property 5.6 For 0 <a<b,if 0 <p+g <1, then 7,,(a,b) = aS,4(a,b)/C,4(a,b). In par-
ticular, 71 o(a, b) = S10(a, b) = SB(a, b).

6 Inequalities for two-parameter trigonometric means

As shown in the previous sections-, by using Propositions 3.1-5.2 we can establish a series
of new inequalities for trigonometric functions and reprove some known ones. However,
we are more interested in how to establish new inequalities for two-parameter trigonomet-
ric means from these ones derived by using Propositions 3.1-5.2, as obtaining an inequality
for bivariate mans from the corresponding one for hyperbolic functions (see [22-24, 30]).
In fact, Neuman also offered some successful examples (see [31]).

The inequalities involving Schwab-Borchardt mean SB are mainly due to Neuman and
Sandor (see [31-33]), and Witkowski [34] also has some contributions to them. More of-
ten, however, inequalities for means constructed by trigonometric functions seem to be
related to the first and second Seiffert means, see [11, 33, 35—55]. In this section, we estab-
lish some new inequalities for two-parameter trigonometric means by using their mono-
tonicity and log-convexity. Our steps are as follows.

Step 1: Obtaining an inequality (I;) for trigonometric functions sin¢, cost and tant by
using the monotonicity and log-convexity of two-parameter trigonometric functions and
simplifying them.

Step 2: For 0 < a < b, letting t = arccos(a/b) in inequalities (I;) obtained in Step 1 and
next multiplying both sides by b or a and simplifying yield an inequality (I5) for means
involving trigonometric functions.

Step 3: Let m = m(a, b) and M = M(a, b) be two means of a and b with m(a, b) < M(a, b)
for all 4, b > 0. Making a change of variables a — m(a, b) and b — M(a, b) leads to another
inequality (I3) for means involving trigonometric functions.

Now we illustrate these steps.

Example 6.1
Step 1: For ¢ € (0,7/2), we have (3.8).
Step 2: For 0 < a < b, letting ¢ = arccos(a/b) and next multiplying each side of (3.8) by b
and simplifying yield

2a+b b b\
VaSB(a,b) < % < be/SB@h-1 % <SB(a,b) < bm(%) .
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Step 3: With (a,b) — (G, A) yields

1/3
«/GP<ZG—+A<AeG/P_1<A;G<P<A2/3 A;G
3 2 2 '
With (a, b) — (G, Q) yields
26+Q _gua G+Q s G+Q\"
VGU <« —— —<u —_— .
< 3 < Qe < 5 <U<Q 7

With (a, b) — (A, Q) yields

24 A A 3
VAT < ;Q<QeA/T_1<%Q<T<Q2/3(%Q) .

Example 6.2
Step 1: For ¢ € (0,7/2), from (3.9) it is derived that

) N\ sint (2 ¢t 1\’
Cos 't < gcost+§ <——< | =-cos—+ —

t 3 2 3
2
< et(1+cost)/sint—2 < (% + %COS %) . (61)

Step 2: For 0 < a < b, letting ¢ = arccos(a/b) and next multiplying each side of (6.1) by b
and simplifying yield

9 1 1/2
B33 < pli2 <§ a+y b> < SB(a,b)

2 la+b b\’
<(3 a2 +§> < helatb)/sBab)-2 (6.2)

Step 3: With (a,b) — (G, A) yields

172 2
A2/3G1/3<A1/2(§G+%A> <P< <§,/A;G+%«/Z> < AgWrQP-2

With (a, b) — (G, Q) yields

2 0 1.\" 2 [G 1 ~\°
Q2/3G1/3 < Q1/2(§G+ gQ) <U< (g ;Q + g\/6) < Qe(G+Q)/U—2'

With (4, b) — (A, Q) yields

2 1 \" 2 [A 1 2
Q3413 Q1/2<§A + §Q> <T< (§ ;Q + §‘/6) < QeA+QIT-2,

Example 6.3
Step 1: For ¢ € (0,7/2), we have (4.3).
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Step 2: For 0 < a < b, letting ¢ = arccos(a/b) and next multiplying each side of (4.3) by b
and simplifying yield

2
# > bel#D)ISBab) (2,/ # - «/E) >a. (6.3)

Step 3: With (a,b) — (G, A) yields

A+G [A+G 2
% > AP <2 -2'- - «/Z) >G. (6.4)

With (a,b) — (G, Q), (4, Q) can yield corresponding inequalities.

Remark 6.1 From inequalities (6.3) it is derived that

L(a,b) < SB(a, b) < 2L(‘Z ; b b) 6.5)

hold for 0 < a < b, where L(x, y) is the logarithmic mean of positive numbers x and y. The
first inequality of (6.5) follows from the relation between the second and fourth terms,
that is, bexp((a — b)/SB(a, b)) > a, while the second one is obtained by the first one in (6.3).

Example 6.4
Step 1: For ¢ € (0,7/2), we have (5.4).
Step 2: For 0 < a < b, letting ¢ = arccos(a/b) and next multiplying each side of (5.4) by a

and simplifying give
2 (2 ath 1 b)*
a SB(a,b) <aet'sBab)2 PN 2 37 7 SB(a, b). (6.6)
2 Gar o7

Step 3: With (a,b) — (G, A) yields

op 2 (Z A+G +l\/Z)4
G( ) <GPt g2V 2 37 (6.7)

A+G (%G + %A)2
With (4, b) — (G, Q), (A, Q), we can derive corresponding inequalities.

Remark 6.2 Applying our method in establishing inequalities for means to certain known
ones involving trigonometric functions, we can obtain corresponding inequalities which
are possibly related to means. For example, the Wilker inequality states that for ¢ € (0,7 /2),

sint\? tant
— ) +—>2.
t t

If for 0 < a < b, put t = arccos(a/b), then we have

> 2.

SB(a,b)\* SB(a,b)
< b )* a
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In a similar way, the following inequalities

5 <—< , te(0,m/2) (6.8)

1+cost\¥® sint 2+cost
t 3

can be changed into

b 2/3 2b
b1’3(%) < SB(a,b) < 3”’,

by letting ¢ = arccos(a/b) for 0 < a < b, where the left inequality in (6.8) is due to Neuman
and Sandor [56, (2.5)] (also see [57-59]) and the right one is known as Cusa’s inequality.

Remark 6.3 The third inequality in (6.1) is clearly superior to Cusa’s inequality (the right
one of (6.8)) because

2t 1\* 2 ,t 1 2+cost
—COS — + — < —-COS" -+ - = .
3 2 3 3

While the second one in (6.1) is weaker than the first one in (6.8) since

2 1\> [l+cost\* 1 ) )
—cost+= | —| —=—) =--5=(34cost+27cos’t +11)(cost —1)* < 0.
3 3 2 432

7 Families of two-parameter hyperbolic means
After three families of two-parameter trigonometric means have been successfully con-
structed, we are encouraged to establish further two-parameter means of a hyperbolic
version. They are included in the following theorems.

Theorem 7.1 Let p,q € R, and let Sh(p,q,t) be defined by (3.1). Then, for all a,b > 0,
Shy,q(b, a) defined by

max(a, b)

Shp,q(b, @) = min(a, b) x Sh <p, q, arccosh( )) ifa#b and

min(a, b) (7'1)

Shpqla,a)=a

is a mean of a and b if and only if

p+q<3 and Lpq) <5 ifp,q>0,
0<p+q=<3, otherwise.

Theorem 7.2 Let p,q € R, and let Ch(p,q,t) be defined by (4.1). Then, for all a,b > 0,
Chy,4(b, a) defined by

Chty ol @) = min(a, b) x Ch( p,g,arccosn( LN i 2 ana
min(a, b) (7.2)

Chyy(a,a)=a

isamean of a and b ifand only if 0 <p+q <1.
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To prove the above theorems, it suffices to use comparison theorems given in [15, 16] by
Pales because both Sh,, (b, a) and Chy, (b, a) are means if and only if

Sh(0,0,t) =1 < Sh(p,q,t) < cosht = Sh(2,1,t),

Ch(0,0,t) =1 < Ch(p,q,t) <cosht = Ch(1,0,1),

respectively. Here we omit further details.

The monotonicities and log-convexities of Sk, ,(b,a) and of Ch,,(b,a) in parameters
p and q are clearly the same as those of Sh(p,q,t) and of Ch(p,q,t), which are in turn
equivalent to those of Stolarsky means defined by (1.1) and of Gini means defined by (1.2),
respectively. These properties can be found in [13, 14, 17-19, 21].

The above theorems indicate that for 0 < a < b, all the following

sinh ¢ b? — a2

b,a) = -
Shio(b,a) = a t  arccosh(b/a)

=SB(b,a),

b
Sh11(b,a) = aexp(tcotht —1) = aexp(m — 1),

t ht-1 b-
Chip/2(b,a) = aexp(ttanh 5) = aexp(t%) = aexp(ﬁ)

are means of a and b, where SB(b, a) is the Schwab-Borchardt mean defined by (1.3).
It is easy to verify that

b _
Shio(A, G) = SB(A, G) = ———— — L(b,a),
Inb-1na

A
Shi11(A,G) = Gexp(z - 1) =1(b,a),

A-G
Chij12(A,G) = GeXP(T) = Zi2(b, a),

where L(b, a) and I(b, a) are logarithmic and identric means, respectively, while Z,(b,a) =
ZYP (P, bP) is the p-order power-exponential mean. Also, all the following

Sh10(Q. G) = SB(Q,G) = f";’;b = V(a,b),
2 arcsin N
Q
Shl'l(Q, G) = Gexp V -1},
-G
Chij12(Q,G) = GCXP<QT)

are means lying in G and Q. Likewise, all the following

a-b
Shl,O(QvA) = SB(QrA) = N b NS(&l, b)r
2 arcsinh 2ib

Shlyl(Q,A) =ACXp<A% — 1),
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Chipp12(Q,A) = A eXP<QN—_SA)
are also means between A and Q, where NS(a, b) is the Neuman-Séndor mean defined by
(1.4).

It should be noted that the new mean V(a, b) is similar to NS(a, b).

Similar to (5.1), for p, g € R, we can define the two-parameter hyperbolic tangent func-
tion as follows:

()" pap-a) 70,

(e, 4=0,p70,

Thip,q,1) = | (“55)", p=0,q40, (7.3)
exXp(Gig: — p)»r P=d#0,
1, p=gq=0.

By some verifications, however, Th(p, g, t) does not have good properties like monotonic-
ity in parameters p and g, and therefore, we fail to define a family of two-parameter
hyperbolic tangent means. However, for certain p, ¢ and 0 < a < b, it is showed that
bTh(p, q,arccosh(b/a)) is a mean of 4 and b, for example,

b x Th(l, O,arccosh(b/a)) =SB(b,a)

is clearly a mean of ¢ and b. It is also proved that

11
b x Th(—, —,arccosh(b/a))
2°2

is also a mean of 4 and b. For this reason, we pose an open problem as the end of this
paper.

Problem 7.1 Let 0 < a < b, and let Th(p,q,t) be defined by (7.3). Finding p, g such that
b x Th(p, q,arccosh(b/a)) is a mean of a and b.
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