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1 Introduction

Let x = {x1,%2,...,%,} be a sequence of real numbers belonging to a given real interval
I, and let p = {p1,p2,...,pu} be a sequence of given positive weights associated to x and
satisfying p; + p2 + - - - + p, = 1. If f is a convex function on I, then

> pfx)=f (Z pm)
i=1 i=1

is the classical Jensen discrete inequality (see [1, 2]).
In [3], we extended the weighted Jensen discrete inequality to a half convex function f,
defined on a real interval I and convex for # < s or u > s, where s € IL.

WHCEF-Theorem Let f be a function defined on a real interval 1 and convex for u <s or
u > s, wheres €, and let p1,p», ..., p, be positive real numbers such that

P:min{Perqunpn}; J2! +p2+"'+pn:1'

The inequality

pif (1) + paof (x2) + -+ - + puf (%) = £1(5)

holds for all x1,x,,...,x, € L satisfying pix1 + paxy + - - + pux, = s if and only if

pf(x) + A -p)f(y) = f(s)

forall x,y € I such that px + (1 - p)y =s.
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For the particular case p; = p; = - - - = p,, = 1/n, from the weighted half convex function
theorem, we get the half convex function theorem (see [4, 5]).

HCF-Theorem Let f be a function defined on a real interval 1 and convex for u < s or
u > s, where s € 1. The inequality

Sxr) +f () + - -+ f (%) = 1f (s)
holds for all x1,%,,...,x, € | satisfying x, + xp + - - - + x,, = ns if and only if
S&) + (n=1)f () = nf(s)
for all x,y € I which satisfy x + (n — 1)y = ns.
Applying HCF-Theorem and WHCF-Theorem to the function f defined by f (i) = g(e*)
and replacing s by Inr, x by Inx, y by Iny, and each x; by Ing; for i =1,2,...,n, we get the

following corollaries, respectively.

HCEF-Corollary Let g be a function defined on a positive interval I such that the function
f defined by f(u) = g(e*) is convex for e* <r or €* > r, where r € 1. The inequality

glar) +glaz) + - - + glay) = ng(r)
holds for all ay,ay,...,a, € 1 satisfying aya; - - - a, = r" if and only if
g(a) + (n—1)g(b) = ng(r)
for all a,b € 1 which satisfy ab"™™ = r".
WHCEF-Corollary Let g be a function defined on a positive interval | such that the function

f defined by f(u) = g(€*) is convex for €* <r or e >r, where r €1, and let p1,ps,...,p, be
positive real numbers such that

p=min{p;,ps,....,pu}, pP1+p2+---+p,=1
The inequality
piglar) + paglas) + - - - + puglan) = g(r)
holds for all a1, ay, ..., a, € | satisfying ai' a5? - - - a" = r if and only if
pgla) + (1-p)g(b) = g(r)
for all a,b €1 such that a’b*™? =r.
In this paper, we will use HCF-Theorem and WHCE-Theorem to extend Jensen’s in-

equality to partially convex functions, which are defined on a real interval I and convex
only on a subinterval [a,b] C L.
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Remark 1.1 Clearly, HCF-Theorem is a particular case of WHCF-Theorem. However, we
posted here the both theorems because HCF-Theorem is much more useful to prove many
inequalities of extended Jensen type.

Remark 1.2 Actually, in HCF-Theorem and WHCEF-Theorem, it suffices to consider that
x>s>y

when f is convex for u <5, and
xX<s<y

when f is convex for u > s (see [3]). Also, in HCF-Corollary and WHCE-Corollary, it suf-
fices to consider that

a>r>b

when f is convex for e* < r, and
a<r<b

when f is convex for e* > r.

2 Main results
The main results of the paper are given by the following two theorems: partially con-

vex function theorem (PCF-Theorem) and weighted partially convex function theorem
(WPCF-Theorem).

PCF-Theorem Let f be a function defined on a real interval 1, decreasing for u < sy and
increasing for u > sy, where so € L. In addition, assume that f is convex on [sy,s] or [s,s0],
where s € 1. The inequality

S@0) +fo2) + -+ f o) = nf (5)

holds for all x1,%,...,%, € L satisfying x1 + xo + - - - + %, = ns if and only if
S@) +(n=1)f (y) = nf(s)

for all x,y € 1 which satisfy x + (n — 1)y = ns.

WPCE-Theorem Letf bea function defined on a real interval 1, decreasing for u < sy and
increasing for u > so, where sg € 1, and let p1,pa, . .., pn be positive real numbers such that

p=min{py,ps,...,pu}, P1+pa+---+p,=1L

In addition, assume that f is convex on [sy, s] or [s,s0], where s € . The inequality

pf (1) + paf (%2) + - + puf (%) = f(5)
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holds for all x1,x,,...,x, € 1 satisfying p1x1 + paxy + - - - + pux, = s if and only if
pf %)+ A=p)f(y) = f(s)
forall x,y € L such that px + (1 - p)y =s.

Applying PCF-Theorem and WPCEF-Theorem to the function f defined by f(u) = g(e*)
and replacing so by Inrg, s by Inr, x by Inx, y by Iny, and each x; by Ing; for i =1,2,...,n,
we get the following corollaries, respectively.

PCEF-Corollary Let g be a function defined on a positive interval 1, decreasing for t < rg
and increasing for t > ro, where ry € 1. In addition, assume that the function f defined by
f(u) = g(e*) is convex for ry < e* <rorr <e* <ry, wherer € 1. The inequality

glar) +glaz) + -~ + glan) = ng(r)
holds for all ay,ay,...,a, € 1 satisfying aras - - - a, = r" if and only if

g(a) + (n—1)g(b) = ng(r)

for all a,b € 1 which satisfy ab"™ = r".

WPCEF-Corollary Let g be a function defined on a positive interval 1, decreasing for t <r

and increasing for t > ro, where ro € I, and let p1, pa, ..., pn be positive real numbers such
that

p=min{p1¢p2!~-7pn}¢ P +p2+"'+pn=1'

In addition, assume that the function f defined by f(u) = g(e*) is convex for ro < e* <r or
r <e* <ry, wherer € 1. The inequality

pig(@) + pag(as) + -+ - + puglan) = g(r)
holds for all a,as, ..., a, € satisfying ai* a5? - - - a&)" = r if and only if
pg(a) + (1-p)g(b) = g(r)
forall a,b €1 such that a?b*? =r.
In order to prove WPCF-Theorem, we need the following lemmas.

Lemma 2.1 Let f be a function defined on a real interval 1, decreasing for u < sy and

increasing for u > sy, where sy € 1, and let p,ps, ..., p, be positive real numbers such that

pr+pr+---+p, =1
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Fors el, s> sy, if the inequality
pf 1) + pof (%2) + -+ + puf () = f (5)
holds for all x,x,,...,x, € 1 such that
X1;%2, 0y X = S0,  P1X1+PaXo + -+ PuXy =S,
then it holds for all x1,x,,...,x, € L such that
PixX1 + paxo + -+ PuX, =S.

Lemma 2.2 Let f be a function defined on a real interval 1, decreasing for u < sy and

increasing for u > sy, where sy € 1, and let p1,p2, . .., pn be positive real numbers such that
pr+p2+--+p,=1
Fors €1, s <sy, if the inequality
pf 1) +pof (%2) + -+ + puf () = £ (5)
holds for all x,%,,...,%x, €l such that
K1 Xs ey Xy < S0, P1XL+ PaXo + o+ + PpXy =S,
then it holds for all x1,x,,...,x, € L such that
P1X1 + PaXxy + -+ PuXy = S.

Notice that in the case s > sy, WPCF-Theorem follows immediately from Lemma 2.1
and WHCE-Theorem applied to the interval

Iop={uel|ux=so}

because f is convex for u € [y, u < s. Also, in the case s < 59, WPCF-Theorem follows
immediately from Lemma 2.2 and WHCEF-Theorem applied to the interval

Iop={uel|u<so},

because f is convex for u € Iy, u > s.

Remark 2.3 According to Remark 1.2, it suffices to consider in PCF-Theorem and WPCE-
Theorem that

xX=5=y

Page 5 of 23
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when f is convex on [sy, s], and
X=Ss=Yy

when f is convex on [s,s0]. Also, it suffices to consider in PCF-Corollary and WPCEF-
Corollary that

a>r>b

when f is convex for ry < e* <r, and
a<r<b

when f is convex for r < e* < ry.

Remark 2.4 Let us denote

_f) —f(S)’ hx,y) = g(x) —g(y)'

u-s x—y

g(u)
In many applications, it is useful to replace the hypothesis
pfx)+ A =p)f(y) = f(s)
in WHCF-Theorem and WPCF-Theorem by the equivalent condition:
h(x,y)>0Vx,yel, px+(1-p)y=s.
This equivalence is true since

pf®) + A =p)f () - f(s) =p[f®) - f()] + L -p)[f ) - f(5)]
=px—s)gx) + (1 -p)(y-s)g®)
=p(1-p)(x-y)[gx) —g»)]

=p(1-p)(x - 9)*h(xy).
In the particular case p; = p3 = - - - = p,, = 1/n, this condition becomes
h(x’y) >0Vx,yel, x+ (n— l)y = us.

Remark 2.5 The required inequalities in WHCF-Theorem and WPCF-Theorem turn
into equalities for x; =%y = - - - = x,, = s. In addition, on the assumption that

b= min{pl,}?z, vee ,Pn};

the equality also holds for x; =x and %y = - - - = x,, = y if there exist x,y € I, x # y, such that

px+(L=ply=s,  pfx)+Q-p)fQ) =1f(s)

Page 6 of 23
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3 Proof of lemmas

Proof of Lemma 2.1 Fori=1,2,...,n, define the numbers y; € [ as

S0, Xi =50,

Yi=
Xiy, Xi>80.

Since y; > x; fori=1,2,...,n, we have

Piy1+pay2+ -+ PuYn 2 P1X1 + PaXo + o+ PuXy =S,

In addition, since f(y;) < f(x;) for x; < so and f(y;) = f(x;) for x; > 59, we have f(y;) < f(x))
fori=1,2,...,n,and hence

pif 1) +paf 02) + - + puf ) < pif (1) + paf () + - + puf (x).

Thus, it suffices to show that

pfOn) +paf (2) + - -+ + puf (V) = f(s)

for all y1,%2,...,9x > so such that p1y1 + paya + - - - + puyn > s. By hypothesis, this inequality
is true for y1,2,...,¥x > So and p1y1 + pay2 + - -+ + Puyu = 8. Since f is increasing for u € I,
u > sg, the more we have pi1f(y1) + pof (92) + - -+ + puf W) > f(s) for y1,92,..., ¥, > so and
P tPY2tt PuYn =S O

Proof of Lemma 2.2 Fori=1,2,...,n, define the numbers y; € I as follows:

Xiy  Xi =80,

Yi=
S0, Xi>S8o.

We have y; < s, y; <x; and f(y;) <f(x;) fori=1,2,...,n. Therefore,

Piy1+pay2+ - Py SPiX1 tpaXo+ o+ PuXy =S

and

pif 1) +paf 02) + - + puf n) < prf (1) + pof () + - + puf (x).

Thus, it suffices to show that

pf 1) +paf 02) + - -+ + puf () = £ (s)

for all y1,%2,...,9x < so such that p1y1 + p2ya + - - - + puyn < s. By hypothesis, this inequality
is true for y1,y2,...,¥x <o and p1y1 + pay2 + - -+ + Puyu = 8. Since f is decreasing for u € I,
u < so, we have also p1f (1) + pof (52) + - - + puf ) = f(s) for y1,¥2, ..., ¥4 < so and p1y1 +
DP2y2 4+ PpYn <S. 0
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4 Applications
Application 4.1 Let x1,%,...,%, > —= (n > 3) such that

n-2

X1 +Xo+ -+ X, =M.

Ifk > "8 then

(n-2)?
1-x% 1-x 1-x,
+ + o4 >0,
k+x? k+x3 k+x2
with equality for x; = x5 = --- = x, = 1, and also for x, = n‘—_”z and xy =+ =x, = n”j (or any

cyclic permutation).

Proof Rewrite the desired inequality as

) +f(2) + -+ + fxn) = nf (),

where

s=1,

1-u -n n(2n-3)
=—, I= ,— .

Jw) kvu2 US |:n—2 n-2 i|
We have

) u? —2u—k

S )= W,

vy 2h(u)

fw= (u? + k)3’
where

filu) = —1® +3u® + 3ku —k = (k + 1)(3u —1) — (u —1)°.

There are two cases to consider.
2
Casel: vk +1> % For u €I, u > 1, we have

fiw)> (k+D)(w-1) - w-1)% = (u—l)[k+1—(u—1)2] >0,
since

_ 12
u_1<n(2n 3)_1:2(;1 1) - Jirl

- n-2 n-2 -

Therefore, f is convex for u# € I, u > 1. By HCF-Theorem, we only need to show that f(x) +
(n—1)f(y) > nf(1) for all x,y € I which satisfy x + (n — 1)y = n. According to Remark 2.4,
this is true if s(x,y) > 0 for x,y € [ and x + (n — 1)y = n, where

_gW-g») -, S-S

h(x,y)
x—y u—-1
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Indeed, we have

and

x+y ~ n+(m—2)x -
@2+ +k) (m-1)2+)02+k)

h(x)y) =

Case2:%§\/k+l< %.Since
-n
1-V1+k<——
n-2

and

2(n —1)? 2n-3
1+vV1+k<1+ (o ):n(n ),

n-2 n—-2
from the expression of f” it follows that f is decreasing on [-75,s0] and increasing on
[s0, %], where

so=1+vk+1>1.

On the other hand, for u € [1,s9], we have

Aw) > k+D)@-1) - w-1>=@-1)[k+1-(@-1)>] >0,
since

u-1<s9—-1= Vi +1.

Thus, f is convex on [1, so]. By PCF-Theorem, we only need to show that f (x) + (n —1)f (y) >
nf(1) for all x,y € [ such that x + (n — 1)y = n. We have proved this before (at Case1). [

Application 4.2 Ifx1,xy,...,%, (n > 3) are real numbers such that
X1 +Xy + -0+ X, =1,

then [6]

n

Z n(n+1) —2x;

———— <mn
n2+(n-2)x2 ~

i=1

with equality for x, =x, = - - - = x, = 1, and also for x, =nand xy = - - - = x, = 0 (or any cyclic

permutation).

Page 9 of 23
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since

Proof The desired inequality is true for x; > "(”2”)

n(n+1)—2x
—_——<
n®+ (n—2)x}

and

n(n+1) - 2x; n

, 1=2,3,...,mn.
n+(n-2xr n-1

Consider further that x;,%9,...,%, < @ and rewrite the desired inequality as

S +f(x2) + - + f(x,) = 1f (s),

where
s=1,
_ 2u-n(n+1) _[nB-n?) n(n+1)
S = H—[ 2 2 }
We have
fw) n? +n(n+ Du—u?

20-2) [(n—-2)u?+ n?]?
and

Suw) Si(u)
20-2)  [(n-2)u? +n2]?’

where

filu) =2(n = 2)u® = 3n(n +1)(n — 2)u® — 2n>(2n - 3)u + n®(n + 1).

2
From the expression of f’, it follows that f is decreasing on [”(3;" )

n(n+1)
[SO» T]

,S0] and increasing on

, where

So = g(n+1—«/n2+2n+5) e (-1,0).

On the other hand, for -1 < u# <1, we have

filu) > =2(n—2)=3n(n+1)(n—-2) —2n*2n—-3) + B*(n +1)
=n®’(n-32%+4(n+1)>0,
and hence f”(u) > 0. Since [so,s] C [-1,1], f is convex on [sp,s]. By PCF-Theorem, we only

need to show that f(x) + (n — 1)f(y) > nf(1) for all x,y € I which satisfy x + (n — 1)y = n.
According to Remark 2.4, this is true if 4(x,y) > 0 for x,y € I and x + (n — 1)y = n, where

Hay) = SO 80y S =)
x=)y u-1

Page 10 of 23
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Indeed, we have

n-2u+n

glu) = (n—2)u? + n?

and
h(x,y) n* —n(x+y) - (n-2)xy
n-2  [(n-2)x2+n2][(n-2)y? + n]

~ (n-1)(n-2)y 0
C[(m=-2)x2 + m2][(n-2)y2 +m2] T 0

Application 4.3 Let x1,%5,...,%, (n > 2) be positive real numbers such that
X1+ X+ +X, >N

Ifk > 1, then [6]

X1 X2 X
Z + < +~~~+—"k§1,
K HXop 4 Xy XAy Xy X1+ x4+l
with equality for x; =x5 =---=x, = 1.

Proof Using the substitutions

X1 +X2+ -+ Xy,
s§S=—,

n
and

X1 X2 Xn

Nn=— Y2=— ) Yn=—">
S S S

the desired inequality becomes

yl +--.+ yn
Kl gy ity Y1+y2 + e +skly

<1,
n

where s > 1and y; + y2 + - - - + y, = n. Clearly, if this inequality holds for s = 1, then it holds
for any s > 1. Therefore, we need only to consider the case s =1, whenx; +x, +-- -+, = 1,
and the desired inequality is equivalent to

X1 X2 Xn

T +— to+t 7—— <L
X —x1+n Xy—Xo+m X —x,+n

There are two cases to consider: 1 <k <m+landk>n+1.
Case 1: 1 < k < n + 1. By Bernoulli’s inequality, we have

xlf >1+k(x —1),
and hence

xlf—x1+n2n—k+1+(k—1)x120.

Page 11 of 23
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Consequently, it suffices to prove that

n

Xi
E <1
n—k+1+(k-1)x;

i=1

For k = n + 1, this inequality is an equality. Otherwise, for 1 < k < n + 1, we rewrite the
inequality as

n

> ! >1,
n—k+1+(k-1)x;

i=1
which follows from the AM-HM inequality as follows:

Z 1 - n?
n—k+1+(k-1x — > n—k+1+(k-1)x]

i=1

=1.

Case 2: k > n + 1. Write the desired inequality as
So) +f () + -+ f (%) = 1f (s),
where

s=1,

—u
f(u) = F—uin uel=(0,n).

We have
by (k-1u*—n
S )= (uk — u + n)?
and
vy Silw)
S = G
where

Aw) = k(k =D (4 - u+ n) - 2(k ™ = 1)[(k - Du* —n].

From the expression of f/, it follows that f is decreasing on (0, so] and increasing on [sg, 1),
where

1/k
" 1
S0 = —_— < 1.
° (k—l)

On the other hand, for u € [sg, s], we have

(k-1)u* —n>(k-1)sk -n=0,
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and hence

Aw) = k(k =D (uF —u + n) - 2k (k — Dk — 1]
= k[~ (k - 1) (" + u) + nk +1)]

> k' [-2(k - 1) + 2(k +1)] = 4ku* > 0.

Thus, f”(«) > 0, and hence f is convex on [sy, s]. By PCF-Theorem and Remark 2.3, we need
to show that f(x) + (n — 1)f (y) > nf(1) for all positive x, y which satisfy x > 1 >y > 0 and
x + (n — 1)y = n. Consider the nontrivial case where x > 1 >y > 0 and write the inequality

fx)+ (n-1)f(y) = nf(1) as follows:

-1
L (n-1)y <1
ak—x—-n yk-y+n
k _
W mans O yEn)
YK —ny+n

_ ok
xk_x>(” Dyly y)'
YK —ny+n

Since y < 1and y* — ny + n > y* —y + 1> 0, it suffices to show that

— Dy =¥
xk_x>(7l )y =)
yk—y+1

which is equivalent to

k
Y-y
h(x) > ——————,
A-»0*-y+1)
where
i —x
h(x) = 1

By the weighted AM-GM inequality, we have

(k- Dak +1 — ka?

0,
(x—1)2 g

W (x)

and hence / is strictly increasing. Sincex —1=(n—1)(1 —y) > 1 -y, we get

2-pf-2+y

h(x) > h(2-y) = 1=y

Thus, it suffices to show that

y-y

224> )
2-2 Y
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Putting 1 —y = ¢, 0 < £ < 1, we write this inequality as

(2_.)/)](_1-".)/Z k

y —y+1'
1
1+t > —
1+0) T(A-tk+t

(1- tz)k +tQ+ 0 =>1+2 +t1-0).
By Bernoulli’s inequality,
(1—t2)k+t(1+t)’<>1—kt2+t(1+kt)=1+t.
So, we only need to show that £(1 — £) > (1 — £)¥, which is clearly true.
Application 4.4 Let x1,x;,...,%, (n > 2) be positive real numbers such that
X1+ Xy Xy =N
If0<k< ﬁ,then (6]
Ay ki xkPn < g
with equality for x; =x5 =+ =x, = 1.

Proof According to the power mean inequality, we have

/ / [\ 1 / / [\ 1
(x’fxl+x§x2+m+xﬁx”) /p><x?x1+xgx2+--~+xzx"> Iq

n n

for all p > g > 0. Thus, it suffices to prove the desired inequality for

n
k= , 1l<k<2.
n-1

Rewrite the desired inequality as

Sx) +f(x2) + - +f (%) = nf(s),

where

We have

Fw) = ks (nu—1),

JOE kug’zl[u +(1-Inu)Qu-k+kln u)],
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From the expression of f/, it follows that f is decreasing on (0, so] and increasing on [s¢, 1),

where
So = e.

In addition, we claim that f is convex on [s,so]. Indeed, since 1 —Inz > 0 and
2Qu—k+klnu>2-k>0,

we have f” > 0 for u € [s,s0]. Therefore, by PCF-Theorem and Remark 2.3, we only need
to show that

2 4 (- l)yk/y <n

for0<x<1<yandx+ (n-1)y=n. We have

k
->k>1
x
Also, from
k n n kK 2
- = > =4 _5_52;
y -1y «x+(#n-1)y Yy
we get
k
0<—--1<1.
y

Therefore, by Bernoulli’s inequality, we have

A% (=1 —n

1
= oyt =Ly

1 k
Sm"’(}’l—l)y[lﬁ'(;—l)(y—l)}—n

X

xZ

B x2_kx+k_(k_1)x2_(2_k)x
—(x = 1)?[(k = D)x + k(2 - k)] -

x2 —kx+k -

Application 4.5 Ifa, b, c are positive real numbers such that abc = 1, then

l-a 1-b 1-¢ -
+ +
17 +4a +6a> 17 +4b+6b2 17 +4c+ 6% —

’

with equality for a = b = ¢ =1 and also for 8a = b = c = 2 (or any cyclic permutation).

0. g
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Proof Write the desired inequality as

g(a) + g(b) + g(c) = 3g(r),

where r =1 and

1-¢
t)y=———, tel=(0, ,
&) 1+ pt + qt? (0,c0)
where p = %, q= %. From
qt* -2qt-p-1
(¢ s S
g (1 + pt + g£2)?

it follows that g is decreasing on (0, o] and increasing on [rg, 00), where

+1
ro=1+ 1+p—>1.
q

We have
u 1-¢e*
Sl) =g(e) = 1+ pe* + qe’
y t-h(z)
S = 1+ pt + qt*)3’
where

t=e, h()=-qgt" +qlp+49)t +3q(p+2)* + (p-4q+p°)t—p-1.

We will show that A(t) > 0 for ¢ € [r, o], and hence f is convex for

+1
e elr,rg] = |:1,1+ /1+p—].
q

We have

W (t) = —4q*t + 3q(p + 4q)> + 6q(p + 2)t + p — 4q + P,

W'(t) = 6q[-2qt" + (p + 4q)t + p +2].
Since

W'(t) = 6q[2(—qt* +2qt + p +1) + p(t = 1)] = 12g(-qt* + 2qt + p +1) > 0,
K (t) is increasing,

Wt)>HQ)=p* +9pq+8¢* +p+8q>0,
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h is increasing, and hence
h(t) = h(1) = p* +4pq + 3¢° + 20~ 1= (p+29)* ~ (g~ 1)’
=(p+q+1)(p+3g-1)>0.
By PCF-Corollary, we only need to prove that g(a) + 2g(b) > 3g(1) for ab? = 1; that is,

l1-a 2(1-b)
+
l+pa+qa®> 1+pb+qb>

p*(b*-1) . 2(1-b)
b +pb2+q l+pb+gh®> ~

pPA+qB>C,

where

A=b*b-1)%(b+2),
B=(b-1)*(b* +2b% + 20* + 2b + 2),

C=b*b-1)>*2b+1).
Indeed, we have
17(pA +gB - C) =3(b-1)*(b-2)*(26> +2b+1) > 0.

Application 4.6 Ifa, b, c are positive real numbers such that abc =1, then [6]

7-6a 7-6b 7-6¢
+ + >1,
2+a2 2+b%2 2+¢?

with equality for a = b = ¢ =1 and also for 8a = b = c = 2 (or any cyclic permutation).
Proof Write the desired inequality as
g(a) +g(b) +g(c) = 3¢(r),

where r =1 and

7 — 6t
gt = 212 tell=(0,00).

From

2B+ 2)(-3)
g0=—5ay

it follows that g is decreasing on (0, o] and increasing on [ry, 00), where

}"0:3.
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We have
w7 —6e"
) =g(e) = S
gy 2t h(t)
S = (2 +£2)3’
where

t=e", h(t)=-3t*+ 14 + 36> — 28t - 12.

We will show that A(£) > 0 for ¢ € [r, o], and hence f is convex for
e elr,rol = [1,3].

We have

h(t) =3(£ -1)(9 - £*) + 142> + 6> - 28 + 15

=3(£-1)(9-¢%) +14£3(t - 1) +14(t - 1)* + 6£* + 1> 0.

By PCF-Corollary, we only need to prove that g(a) + 2g(b) > 3g(1) for ab? = 1; that is,

7-6a 2(7 — 6b)
2 +a? 2+b2
b*(7b* - 6) 2(7 —6b)
+ >
2b* +1 2+b2 —
(b-1)*(b-2)*(56* + 6b +3) > 0.

’

)

Since the last inequality is true, the proof is completed. O
Application 4.7 Let a, b, ¢ be positive real numbers such that abc = 1. If
ke [_—13, i],
3v/3 343
then [6]

a+k b+k c+k 3(1Q+k)
+ + <
a’+1 b2+1 c2+1 2

’

with equality fora=b=c=1.If k = %, then the equality holds also for a =7 + 4+/3
and b = ¢ = 2 — \/3 (or any cyclic permutation). If k = ;—}%, then the equality holds also for
a=7-4+/3 and b = c = 2 + \/3 (or any cyclic permutation).

Proof The desired inequality is equivalent to

(a-1)? 2
Z a’*+1 Zk<za2+1_3)'
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Thus, it suffices to prove this inequality for only |k| = % On the other hand, replacing a,
b, cby 1/a, 1/b, 1/c, the inequality becomes

(a-1)? 2
>k|3- .
Z a+1 ~ Z a?+1
Thus, we only need to prove the desired inequality for k = % Write this inequality as
g(a) +g(b) +g(c) = 3¢(r),

where r =1 and

-t—k
t)=——, tel=(0,00).
g(®) 1 €l=(0,00)
From
,(t)_t2+2kt—1
§W= T

it follows that g is decreasing on (0, o] and increasing on [rg, 00), where

ro = 7.
We have
o etk
fw)=g(e) = 57
11 _ t- h(t)
S = (2 +1)3’
where

t=e€"  h(t)=—t*— 4kt + 61 + 4kt - 1.

We will show that 4(t) > 0 for ¢ € [ry, 7], and hence f is convex for

e’ elro,r] = [?,I].

Indeed, since

52t 52

4kt=— =51,
3V3 27

we have

h(t)=—t*+ 6> —1+4kt(1-£*) > ~t* + 662 =1+ (1-£%) = £2(5-£7) > 0.
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By PCF-Corollary, we only need to prove that g(a) + 2g(b) > 3g(1) for ab? = 1; that is,

a+k 2(b+k) - 31+k)

a2+1 b2+1 — 2
v (kb* +1) 2(b+k) < 31+k)
P+l P+l - 2

3b° —4b® + bt + b —4b+3-k(1-17)’ > 0,
(b-1*[B+Kk)b* + 21+ k)b +2b” +2(1- k)b +3 - k] > 0,
(b—1)*(b—2+/3)*[(27 +13v/3)b> + 24(2 + v/3)b + 33 + 17+/3] > 0.
The last inequality is clearly true, and the proof is completed. g

Application 4.8 Ifa, b, c are positive real numbers and 0 < k <2 + 2+/2, then [6]

a’ b? A3 a+b+c
+ + >
ka?+bc kb2+ca kc2+ab~ k+1

’

with equality fora =b = ¢ = 1. If k = 2 + 2/2, then the equality holds alsofor =b=c(or

any cyclic permutation).

Proof For k < 2 + 2+/2, the proof is similar to the one of the main case k = 2 + 24/2. For
this reason, we consider further only the case where

k=2+2v2.

Due to homogeneity, we may assume that abc = 1. On this hypothesis,

1 a*-a
Zkczz+bc k+1Z Z(ka3+1 k+1)=k+1zka3+1'

Thus, we can write the inequality as

gla) +g(b) + g(c) = 3g(r),

where r =1 and

4
—t
t)=———, tel=(0, .
80 =15 t€l=(0,00
From
, kt® +2(k +2)£3 -
gt)= (k+2)

(kt3 +1)2 ’

it follows that g is decreasing on (0, 9] and increasing on [rg, 00), where

~ 0.4149.

sl —k =2+ +/(k+1)(k+4)
o= k
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We have
y e4u — et
S =) = iy
gy toh(D)
F )= G
where

t=e" h(t)=k*t - k(ak +1)t° + (13k +16)2°> - 1.
We have k(t) > 0 for ¢ € [t1, ], where #; ~ 0.2345 and £, ~ 1.02. Since
[}"(),7'] C [tl: tZ]:

f is convex for e* € [ry, r]. Then, by PCF-Corollary, it suffices to show that g(a) + 2g(b) >
3g(1) for ab® = 1. This is true if the original inequality holds for b = ¢ = 1. Thus, we need to
show that

a’ 2 a+?2
>

ka2+1+a+k_ k+1’

which is equivalent to the obvious inequality

(a-1)>*a-+2)>=>0. O
Application 4.9 If ay, as, as, aa, as are positive real numbers such that

a\a>asdgads = 1,

then [6]

1—&1 1—6{2 1—(13 1—614 1—ﬂ5

2 2 2 2

+ + + + >0,
l1+a7 1+a; 1+a; 1+a; 1l+a:

with equality for ay = a; = as = as = as = 1.
Proof Write the inequality as
glar) +g(ar) + glas) + glas) + glas) = 3¢(r),
where r =1 and
1-¢
g(t)z m, tEHZ(O,OO).

From
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it follows that g is decreasing on (0, r¢] and increasing on [rg, 00), where

ro=1++/2.

We have

1—e*
o -ete) - 125
t-h(t)

(2 +1)3’

f(u) =
where
t=e, h(t)=-t*+48 + 612 -4 -1.
We will show that A(£) > 0 for ¢ € [r, o], and hence f is convex for
e elr,rol = [L,1++2].
Indeed,
h(t) > ~t* + 612 —1=8 - (3-2)* > 4.

By PCF-Corollary, we only need to prove that g(a) + 4g(b) > 5g(1) for ab* = 1; that is,

l1-a 4(1-b)
= 7>
1+a?2  1+02
b*(p* -1) 4(1-0b)
+ >
1+58 1462 —
4(1-b) 1+b*
+ > .
1462 —1+b8

’

’

Since

1+ b 2 4
< < ,
1+ ~ 1+b* (1+b2)2

it suffices to show that

41-b) 4
+ 1+b2 _(1+b2)2'

This inequality is equivalent to (1 — b)* > 0, and the proof is completed. d

Remark 4.1 The inequality

1—611 1—612 1—613 1—614 1—615 1—616

+ + + + + >0
l+a? 1+a3 1+ai l+aj 1+a: l+al
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is not true for any positive numbers a;, ay, as, aa, das, ae satisfying ayasasasasae = 1. In-

deed, for a; = as = as = as = a¢ = 2, the inequality becomes

—aq(a; +1) -0

2
1+ai

which is false for

1 1
ag=—=—,
arasdadsde 32
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