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1 Introduction and preliminaries
The Riemann zeta function ¢ (s) is defined by (see, e.g., [1, Section 2.3])

DOE e ﬁ (NR(s) > 1),
1y ! (M(s) > 0;5 #1),

1-21-s Lun=1  »’

¢(s):= 1.1)

which is an obvious special case of the Hurwitz (or generalized) zeta function ¢ (s,a) de-

fined by
t(sa)=) (k+a)™ (N(s)>LaeC\Z), (1.2)
k=0

where C and Z; denote the sets of complex numbers and nonpositive integers, respec-
tively. Both the Riemann zeta function ¢(s) and the Hurwitz zeta function ¢ (s,a) can be
continued meromorphically to the whole complex s-plane, except for a simple pole only
at s = 1, with their respective residue 1, in many different ways. The Stieltjes constants y,

for n € Ny := NU {0}, N:={1,2,3,...}, arise from the following Laurent expansion of the
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Riemann zeta function ¢ (s) about s = 1 (see, e.g., [2, pp.166-169], [3, p.255] and [1, p.165]):

1 (A ;
f<s>—:1+§ ——u(s=1)", (1.3)
where
. ”. (logk)" /’” (logx)"
L= 1 - d
_ )< Uogh)t (logmy!
_mlgnoo{; T } (n € No) (1.4)

and, in particular, yy (denoted by y) is the Euler-Mascheroni constant (see, for details, [2,
Section 1.5] and [1, Section 1.2]):

21
= lim (Z £ ~log m) > 0.5772156649 - - - . (1.5)
K

m— 00
k=1

The Stieltjes constants y, are named after Thomas Jan Stieltjes and often referred to as
generalized Euler-Mascheroni constants. Liang and Todd [4] computed numerical ap-
proximations of the first 20 Stieltjes constants in 1972. In 1985, using contour integration,
Ainsworth and Howell [5] showed that

~ * (x —i)(log(1 - ix))"
Vi = 25)%{/0 1+ 2@ 1) dx} (neN) (1.6)

and
1 00 (x—10)
y=y0=§+25ﬁ{/0 mdx}
1 = x
-3 G v

By using binomial theorem, we have
1 2m
(log(1 - ix))zm = { 3 log(1+4%) - iarctanx}
=A,x) +iB,(x) (meN), 1.8)

where, for convenience and simplicity,

m k

Z 2(2m1)2k ( )(arctanx)Zk (In(1+ xz))zm_Zk
k=0

and

s (_1)k+1 2m 2%k+1 2\\ 2m—2k-1
B,,(x) := Z Yok 1 <2k . 1) (arctan x)=** (ln(l +x )) .

k=0
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From (1.6) and (1.8), we obtain a more explicit integral representation for the Stieltjes

constants y»,,:

Vam = / T @+ By L ), (1.9)

where A,,(x) and B,,(x) are given in (1.8). Similarly, we have
(log(1 - ix))™""! = C,(®) + iDu(x)  (m € Np), (1.10)

where, for convenience and simplicity,

mo vk
Con(x) := Z % (2;,’;]: 1> (arctan x) 2k (In(1 + xz))zmﬂfzk
k=0

and

m
(-D)F 2m+ 1 okr] oy 2m-2k
D,.(x) := kX:O: S\ ok 4 1 (arctanx) (ln(l +x )) .
From (1.6) and (1.10), we get a more explicit integral representation for the Stieltjes con-

stants y5,,41:

Yoo =2 / T Hon@) + Dul®) ), (111)
0

where C,,(x) and D,,(x) are given in (1.10). Connon (see, e.g, cf, [6, Eq. (4.3)]; see also [7,
Eq. (1.5)]) presented an integral representation of the Stieltjes constants y, of a similar
nature in (1.6):

B (1 -ix)(log(l + ix))" — (1 + ix)(log(1 — ix))"

Vo = '/0 T+ 2@ _1) dx (neN). (1.12)

We recall the polygamma functions " (s) (n € N) defined by

n+1

dZVH-l

Y (s) =

log'(s) = %d/(s) (n € Np;s e C\ Za), (1.13)

where 1/ (s) denotes the psi (or digamma) function defined by

¥ (s) ::%logr‘(s) and Y O®s)=y(s) (seC\Zp). (114)

Connon [8, Eq. (4.27)] also obtained an integral representation of the Stieltjes constants

Vn'

Y= (1" (Z) Yie(-v ), -y P),..., -y ()

k=0
./Oo(log £k < L - %)e‘t dt (neN), (1.15)
0

el -1
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where Y,,(x1,...,%,) are the complete Bell polynomials defined by Y, =1 and

n! 1\ M 2\ PN
Yn(xl;-'-yxn)=2(:)m(l—!> (E) (;) (neN), (1.16)
m\n

the sum being taken over all partitions 7 (#) of #, i.e., over all sets of k; € Ny such that
ki +2ky + -+ +nk, =n.

Connon [8, Eq. (4.11)] presented an integral representation of y; which may be a special
case of (1.15):

*° 1 1
n=y-y2 —/ logt - ( - —)e’t dt. (1.17)
A 1 ¢

et —

A remarkably large number of integral formulas for the Euler-Mascheroni constant y
have been presented (see, e.g, [9, 10], and [1, Section 1.2]). The Stieltjes constants y,
(n € Np) have been investigated in various ways, especially for their integral representa-
tions (see, e.g., [4—8]; see also [2, Section 2.21] and the references cited therein). Here we
aim at presenting certain integral representations for y, by choosing to use three known
integral representations for the Riemann zeta function ¢ (s). Our method used here is sim-
ilar to those in some earlier works, but our results seem a little simpler. Some relevant con-
nections of some special cases of our results presented here with those in earlier works are
also pointed out.

To do this, we first observe a simple property asserted in the following lemma.
Lemma 1 If some representations of the Riemann zeta function {(s) are analytic in a

deleted neighborhood of s = 1, except for a simple pole at s = 1 with its residue 1, then the
following function Z(s) defined by

Z(s) = ¢(s) - é (1.18)

is analytic at s =1 if we define

1

Z(1):=y =lim¢(s) - —. (1.19)
s—1 s—1
Furthermore, we have
Z"1) = (-1)"y,  (neNy). (1.20)

Proof We prove only (1.20). If the above-defined Z(s) is analytic at s = 1, then the Taylor

series expansion of Z(s) is given as follows:

ay/AC)
Z(s):ZZ Wy

1
=0 n.
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in a neighborhood of s = 1. In view of (1.3), by uniqueness of Taylor (or Laurent) series ex-
pansion of a function, (1.20) is proved. The other argument is obvious from a well-known

property of the Riemann zeta function ¢(s). d

A well-known (and potentially useful) relationship between the polygamma functions

¥ (s) and the generalized zeta function ¢ (s, ) is also given by

Y (s) = (-1)"*n! Z ﬁ =(-)"'nlz(n+1s) (neN;seC\Z). (1.21)
In particular, we have
Y1) = (1) it (n+1) (neN). 1.22)

2 Integral representations for y,
We begin by presenting an integral representation for the Stieltjes constants y, given in

the following theorem.

Theorem 1 The following integral representation for y, holds true:

n *© ’ 1
Yn=(-1) /0 <1ﬂ (1+t)—m)

n 1 — (=1)k+1 k
A3 () VO™ 7 etk lar (nem). 1)
k 2 k+1
k=0
We note that Z(s) in (2.7) below is analytic in a neighborhood of s = 1. So we can use the
relation (1.20) for the integral representation of Z(s). In this regard, we first try to get the

following formulas asserted by Lemma 2 below.

Lemma 2 Each of the following formulas holds true:

o (d" 1 Y

11_r)r11<ﬁ tl_s) = (logt)" (neNy) (2.2)
and

[ dr (sin(rs) \| s 1= (G

ig}{ds” (71(5—1))} =1 2 n+1 (€ No), 23)

where [x] denotes the greatest integer less than or equal to a real number x.

Proof The formula (2.2) is obvious. For (2.3), we recall the Maclaurin series expansion of
sint:

1k
(z(ki)l)!tzm (It < 00). (2.4)

o0
sint = E
k=0
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By using (2.4), we have

i d¥" ( sin(ms)
Sl_r)r{{ ds> (n(s - 1)) }

- lim d* (sin(rt)
ool den\ wt

(_1)n+1 ] 2n 2n

== 1 t2n= _1n+1n— No). 25
on s D am g (T = GV (1€ No) 25)

Similarly, we obtain

2n-1 .
113}{ d ( sin(rs) )} =0 (neN). (2.6)

ds?" 1\ w(s-1)

Now it is not difficult to combine the two formulas (2.5) and (2.6) to see the unified formula
(2.3). |

Proof of Theorem 1 We choose to recall the following integral representation of ¢ (s) (see,
e.g, (1, p.172, Eq. (47)]):

2= () - —— = Sin(fi)) /j(wa 1) - i)ﬁ (0<9i(s) <2). (27)

s—1 (s 1+¢t) s
To get the nth derivative of a product of the two involved functions in (2.7),

sin(rs) 1
a(s—1) -’

we apply Leibniz’s generalization of the product rule for differentiation and use the results
in Lemma 2, in view of (1.20), to yield (2.1). O

Recall an integral representation for £ (s) (see, e.g, [1, p.169, Eq. (31)]):

e L, L[ 11 ]
Z(s)—g(s)—s_1—2+r(s)/0 (et—l t+2>e £ (R(s) > -1). (2.8)

In order to use (2.8) to get an integral representation for y,, we first find the following

formula given in Lemma 3.

Lemma 3 If we define a; by

LA\

s—1

then we have a recurrence formula for o;

k-1
k!
i1 = Z(—l)k-f]f,c(k +1-joj+yar  (keNo), (2.10)

j=0 '
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where
=1 and a;=-y(1)=y, (2.11)
and an empty sum (as usual) is understood to be nil throughout this paper.
In addition to the formulas in (2.11), the next several «; are given as follows:
=y -¢(2),  as=y"-3y¢(2)+2003),
= y" -6y7¢(2)+8y¢(3) +3(:(2)” - 6¢(4),

as = y° —10y3¢(2) +20p7¢(3) - 20¢(2)¢ (3)

+15y(¢(2))° - 30y ¢ (4) + 242 (5).

(2.12)

Proof of Lemma 3 Taking the logarithmic derivative of 1/T"(s), we have

1 ’_ 1
(7o) =1 v

Using Leibniz’s generalization of the product rule for differentiation when we differentiate
the last formula k times and taking the limit s — 1 on the resulting identity, and applying
(1.22) to the last resulting formula, we obtain

k-1
W == (l;>¢(k_j)(1) + Y

j=0
k-1 &
=Y DT ek + 1= oy + ye
=0 s
This completes the proof of Lemma 3. O

Using Leibniz’s generalization of the product rule for differentiation to differentiate both
sides of Z(s) in (2.8) with respect to s, n times, and taking the limit s — 1, Z(s) being analytic
at s = 1 on the resulting identity, and finally using the o; in (2.9) and the relation (1.20), we
obtain an integral formula for y, asserted by Theorem 2 below.

Theorem 2 The following integral representation for y, holds true:

@1 1\
V:Vo=1+/0 (et_l—z>etdt
©( 1 1
= - )etdr (2.13)
0 1-¢t t

and
V| 1 1 -
Vo :/ (:— -+ —)e‘ (n)ak(log 8" *)dt (neN), (2.14)
0 et -1 t 2 =0 k

where oy are given in Lemma 3.
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The first three of y,, in (2.14) are given in Corollary 1 below.

Corollary 1 Each of the following integral formulas holds true:

* 1 1
— 2 —t .
nN=y-y —/0 (ef—l_z)e log t dt; (2.15)
ve=y’ =yl -re@)+¢Q)
o 1 1\ 20 1.
+ N G e {2y logt + (logt)*} dt; (2.16)
vs=v° -yt +3y%¢(2) - 3y¢(2) - 27¢(3) +2¢(3)
o 1 1
_/ ( 1 Z)et{?;()ﬂ —£(2))logt + 3y (logt)® + (logt)®} dt. (2.17)
0 \€¢ -~
Proof It is enough to apply (2.13) and a known recurrence formula (see, e.g., [1, pp.369-
371]) for
ra) = f el(logt)"dt (neNy) (2.18)
0

to the first three of y,, in (2.14). For easy reference, we record here the first three of ') (1):

'M=-y; TP0)=y2+¢@2); 90 =-y®-3y7(2)-2¢(3). (2.19)
O

We recall Hermite’s integral formula for ¢ (s) (see, e.g., [1, p.169, Eq. (34)]):

(2.20)

1 /‘ * sin(sarctant) dt
0

1
Z(s)=2(s) - —— == +2 .
(8)=¢(s) 1ot Lemb Fo1

Applying Leiniz’s generalization of the product rule for differentiation to (2.20), similarly
as in Theorems 1 and 2, we get an integral representation for y,, given in Theorem 3 below.

Theorem 3 The following integral representation for y, holds true:

L) / Tt (2.21)
= = — 4+ 2
VEWES TR @ e)eio)

and

00 n n—-k
Yn=(-1)" /o {Z (Z) (—%) (arctan ¢)* sin (arctant + I%T)

k=0

(neN), (2.22)

(log(1 + £2))"* dt
iy @

where

t
sin(arctant) = ——— and cos(arctant) = (2.23)
V1482

1+
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The first three of y, in (2.22) are given in Corollary 2 below.

Corollary 2 Each of the following integral formulas holds true:

® 2arctant — tlog(l + %) dt
n=- > e (2.24)
0 1+¢ et — 1
® _4tarctan® t — 4arctantlog(l + £2) + t(log(1 + £2))*  dt
V2= 5 S (2.25)
0 2(1 +¢2) et —1

o0
V3 = / {8 arctan® ¢ — 12¢ arctan® tlog(l + t2)
0

—6arctant(log(1 + tz))2 +t(log(1 + t2))3} ﬁ ez’:f—t—l' (2.26)

Remark Setting # = 0 in (2.1), in view of relation (1.21), we obtain an integral representa-

tion for y:

*/ 1
VZVOZ/O (I—H—W/(1+t)>dt

©r 1
= A <m - ;(2, 1+ t)) dt, (2.27)

which is a known formula (see, e.g., [9, Eq. (3.67)]). Equation (1.7) is equal to Equation
(2.21), which is recorded, for example, in [1, p.17, Eq. (31)]. Equation (2.13) is a known
result (see, e.g., [10, p.355, Entry 3.427-2]). The result (2.24) is equal to the special case
of (1.11) when m = 0. Connon’s result (1.17) is equal to the integral representation (2.15)

for y;. It is also interesting to compare Connon’s result with our one (2.14).

Competing interests
The author declares that he has no competing interests.

Acknowledgements

The author would like to express his deep gratitude for the reviewers’ helpful comments via their rather detailed reading
to make this paper more clear. This research was supported by the Basic Science Research Program through the National
Research Foundation of Korea funded by the Ministry of Education, Science and Technology (2010-0011005).

Received: 20 August 2013 Accepted: 22 October 2013 Published: 12 Nov 2013

References
1. Srivastava, HM, Choi, J: Zeta and g-Zeta Functions and Associated Series and Integrals. Elsevier, Amsterdam (2012)
2. Finch, SR: Mathematical Constants. Encyclopedia of Mathematics and Its Applications, vol. 94. Cambridge University
Press, Cambridge (2003)
3. Furdui, O: Limits, Series, and Fractional Part Integrals: Problems in Mathematical Analysis. Springer, New York (2013)
4. Liang, JJ, Todd, J: The Stieltjes constants. J. Res. Natl. Bur. Stand. B, Math. Sci. 76, 161-178 (1972)
5. Ainsworth, OR, Howell, LW: An integral representation of the generalized Euler-Mascheroni constants. NASA Centre
for AeroSpace Information (CASI) NASA-TP-2456; NAS 1.60.2456 (1985)
6. Connon, DF: Some applications of the Stieltjes constants. January 14 (2009). arXiv:0901.2083
7. Coffey, MW: The Stieltjes constants, their relation to the 7; coefficients, and representation of the Hurwitz zeta
function. Analysis 99, 1001-1021 (2010)
8. Connon, DF: Some integrals involving the Stieltjes constants. April 11 (2011).
http://www.researchgate.net/publication/51887271_Some_integrals_involving_the_Stieltjes_constantsPart_ll
9. Choi, J, Srivastava, HM: Integral representations for the Euler-Mascheroni constant y . Integral Transforms Spec. Funct.
21,675-690 (2010)
10. Gradshteyn, IS, Ryzhik, IM: Tables of Integrals, Series, and Products. (Corrected and enlarged edition prepared by
A. Jeffrey.) Academic Press, New York (1980). 6th edn. (2000)

Page 9 of 10


http://www.journalofinequalitiesandapplications.com/content/2013/1/532
http://arxiv.org/abs/arXiv:0901.2083
http://www.researchgate.net/publication/51887271_Some_integrals_involving_the_Stieltjes_constantsPart_II

Choi Journal of Inequalities and Applications 2013, 2013:532 Page 10 of 10
http://www.journalofinequalitiesandapplications.com/content/2013/1/532

10.1186/1029-242X-2013-532

Cite this article as: Choi: Certain integral representations of Stieltjes constants y,,. Journal of Inequalities and
Applications 2013, 2013:532

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.journalofinequalitiesandapplications.com/content/2013/1/532

	Certain integral representations of Stieltjes constants gamman
	Abstract
	MSC
	Keywords

	Introduction and preliminaries
	Integral representations for gamman
	Competing interests
	Acknowledgements
	References


