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Abstract

In this paper, we establish a solution to the following integral equation:

.
u(t):/ G(t,s)f(s,uls))ds forallt€[0,T], (1)
0

where T>0,f:[0,T] x R— Rand G:[0,7] x [0,T] — [0, 00) are continuous
functions. For this purpose, we also obtain some auxiliary fixed point results which
generalize, improve and unify some fixed point theorems in the literature.
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1 Introduction and preliminaries

Fixed point theory is one of the most efficient tools in nonlinear functional analysis to
solve the nonlinear differential and integral equations. The existence/uniqueness of a so-
lution of differential/integral equations turns into the existence/uniqueness of a (common)
fixed point of the operators which are obtained after suitable substitutions and elementary
calculations; see, e.g., [1-14].

In this paper, we first obtain some fixed point theorems to solve the integral equa-
tion mentioned above. For the sake of completeness, we recollect some basic defi-
nitions and elementary results. Let X be a nonempty set and 7 be a self-mapping
on X. Then, the set of all fixed points of T on X is denoted by Fix(T)x. Let W be
the set of all functions ¥ : [0,00) x [0,00) — [0,00) satisfying the following condi-
tions:

(1) ¥ is continuous,

(2) ¥(t,tn)=0ifand onlyif & = ¢, =0,

(3) ¥, 1) < 5(t + ).

Cyclic mapping and cyclic contraction were introduced by Kirk-Srinavasan-Veeramani
to improve the well-known Banach fixed point theorem. Later, various types of cyclic con-

traction have been investigated by a number of authors; see, e.g., [6,15-17].

Definition 1.1 [18] Suppose that (X, d) is a metric space and T is a self-mapping on X. Let
m be a natural number and X;, i = 1,...,m, be nonempty sets. Then Y = [ J/"; X; is called a
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cyclic representation of X with respect to T if
T(X1) C Xy, e T(Xpn-1) C Xy T(Xon) C Xms1,

where X,,,1 = Xj.

Definition 1.2 [17] Let T: X — X, r >0 and n,§ : X — [0, +00) be two functions. We say
that T is r-(n, &£)-admissible if

(i) n(x) > r for some x € X implies n(Tx) > r,

(i) &(x) <rfor some x € X implies &(Tx) <r.

Definition 1.3 Let (X,d) be a metric space and T': Y — Y be a self-mapping, where Y =
U™, X; is a cyclic representation of Y with respect to T. Let n,& : Y — [0, +00) be two
functions. An operator T: Y — Y is called:

« acyclic weak r-(n, £)-C-contractive mapping of the first kind if

n@)n()d(Tx, Ty) < £(x)5(y) B [d(x, Ty) +d(y, Tx) | - v (d(x, Ty), d(y, Tx))} (2)

holds for all x € X; and y € X,1, where ¢ € W.
« a cyclic weak r-(n, £)-C-contractive mapping of the second kind if

d(Tx,Ty) (A [d(x, Ty)+d(y, T)] -V (d(x, T7),d (3, Tx))]
[ ) + " < [£@)&(y) + r] 2DV ERDLAOT: 3)

such that 72 + r > 1 holds for all x € X; and y € X;,1, where ¥ € U.

2 Auxiliary fixed point results
We state the main result of this section as follows.

Theorem 2.1 Let (X,d) be a complete metric space, m € N, X1,Xy,...,X,, be nonempty
closed subsets of (X,d) and Y =", X;. Suppose that T : Y — Y is a cyclic weak r-(n,&)-
C-contractive mapping of the first kind such that
(i) T is r-(n,&)-admissible;
(ii) there exists xg € Y such that n(xo) > r and & (xo) < r;
(iti) if {x,} is a sequence in Y such that n(x,) > r and &(x,) <r foralln € N and x, — x
asn— oo, then n(x) >rand &(x) <r.

Then T has a fixed point x € (., X;. Moreover, if n(x) > r, n(y) > r, £(x) < r, E(y) < r for
all x,y € Fix(T)y, then T has a unique fixed point.

Proof Let there exist xg € Y such that n(xo) > r and &(xg) < r. Since T is r-(n,&)-
admissible, then 1(Tx¢) > r and &(Txo) < r. Again, since T is r-(n,&)-admissible, then
n(T?x0) > r and £(T?x,) < r. By continuing this process, we get

n(T"x0) >=r and &(T"x) <r forallmeN. (4)

On the other hand, since x, € Y, there exists some i such that xy € Xj,. Now T(X;,) C
Xj,+1 implies that Txy € Xj,,1. Thus there exists x; in X;;,; such that Txy = x;. Similarly,


http://www.journalofinequalitiesandapplications.com/content/2013/1/529

Gulyaz et al. Journal of Inequalities and Applications 2013, 2013:529 Page3of 16
http://www.journalofinequalitiesandapplications.com/content/2013/1/529

T, = %11, where x,, € X;,. Hence, for n > 0, there exists i, € {1,2,...,m} such thatx, € X,
and x,,41 € Xj,+1. In case x,, = x,,.1 forsomeny = 0,1,2,..., thenitis clear that x,,, is a fixed
point of 7. Now assume that x,, # x,,,1 for all n. Hence, we have d(x,_;,x,) > 0 for all n. Set
dy, := d(xy,,%,,1). We shall show that the sequence {d,} is non-increasing. Due to (2) with

x=x,_1 and y = x,, we get

2
r d(xru xn+1)

= r*d(Txu1, Txn) < 0(%n-1)0(x)d( T, Txn)

< E@n-1)8 (%) E [d (X1, Txn) + A% Tn1) | — ¥ (d (%1, Tn), A, Txm))}
= &(x-1)€ (x4) I:%d(xn—l; Xns1) =Y (d(xn—l’ Xns1),s O)]
<r [%d(xn—lrxnﬂ) - 'S/f(d(xn—hxml): 0):|,

which implies

1
d(xm xn+1) =< Ed(xn—lvxrﬁl) - I/f(d(xn—l: xn+1); O)
1
=< Ed(xn—lxxml)
1
=< 5 [d(xn—l;xn) + d(xn;xwrl)]) (5)

and so d, < d,_; for all n € N. Then there exist d > 0 such that lim,,_, o, d,, = d. Suppose,

on the contrary, that d > 0. Also, taking limit as # — oo in (5), we deduce

1 1
d =<z lim d(xn—lyxwrl) = _(d + d) = d;
2 n—00 2
that is,
lim d(x,,_l,xml) =2d. (6)
n—00

Taking limit as # — oo in (5) and using (6), we get
1
d < 7 [2d] - ¢(24,0).
Consequently, we have (24, 0) = 0, which yields d = 0. Hence

lim d(xrnxrﬁl) =0. (7)
We shall show that {x,} is a Cauchy sequence. To reach this goal, first we prove the fol-
lowing claim:
(K) For every ¢ > 0, there exists n € N such that if r,g > n with r — g = 1(m), then
d(xr,%g) < €.
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Suppose, to the contrary, that there exists ¢ > 0 such that for any # € N, we can find
Tn > qn > n with r, — g, = 1(m) satisfying

d(xg,,%r,) > €. (8)
Now, we take n > 2m. Then, corresponding to g, > 1, one can choose r, in such a way that

itis the smallest integer with r,, > g,, satisfying r,, — g, = 1(m) and d(x,,, x,,) > €. Therefore,

d(x4,,%r,-m) < €. By using the triangular inequality,

m m
&= d(an’xrn) = d(an:xrn—m) + Zd(xrn—irxrn—i—l) <&+ Zd(xrn—i;xrn—i—l)-

i=1 i=1

Letting n — oo in the last inequality, keeping (7) in mind, we derive that
lim d(xg,,%.,) = €. 9)
H—>0Q
Again,

& < d(xg,,%r,)
=< d(xq,,;anH) + d(an+1:xrn+1) + d(xrnﬂ: xrn)

= d(xq,,;anﬂ) + d(anﬂran) + d(an;xrn) + d(xr,,;xr,,H) + d(xrnﬂ,xrn)'
Taking (7) and (9) into account, we get
lim d(anﬂyxrnH) =& (10)
n— o0

as n — 00 in (9).
Also we have the following inequalities:

AWK gy Xryi1) < AKX, %) + A(Xr,ys %,y 41) (11)
and
A%, %r,) < AXg,s Xrya1) + Ay Xy 11). (12)
Letting n — oo in (11) and (12), we derive that
nhﬁn&) d(xg,,%r,41) = €. (13)
Again, we have
A%,y Xgy1) < AKrys K1) + A(Xry 11, %, 41) (14)

and

d(xrn+17an+l) =< d(xr,,ﬁly xr,,) + d(xrn:anﬂ)' (15)
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Letting n — oo in (14) and (15), we conclude that

lim d(x,,,%g,+1) = €. (16)

n—00

Since x4, and ;, lie in different adjacently labeled sets X; and X;,; for certain 1 <i < m,
using the fact that T is a cyclic weak r-(1, §)-C-contractive mapping of the first kind, we
have

2
r d(xrn+1rxq,,+l)

= rzd( Txrnv qun) = U(xrn)ﬂ(an)d( Txrn’ qun)

< E(xy,)E(xg,) B [d(xy,, Txg,) + d(xq,, Txy,) | = ¥ (d(%r,,, Txg,), d(xg,,, Txrn))]

1
=< 72 [i[d(xrn’xq;ﬁ-l) + d(an’xrn+1)] - w(d(xrn’x%ﬂ'l)’ d(an’xrn+1)):|’ (17)

which implies
1
d(xrn+1:an+l) < E [d(xrn;anﬂ) + d(an;xrnﬂ)] - 1//(('i(xrnqun+l): d(an;xrnﬂ))'

Letting # — o0 in the inequality above and keeping the expressions (7), (9), (10), (13), (16)
in mind, we conclude that

e<e—-Yl(ee).
Thus, we have (¢, ¢) = 0, which yields that ¢ = 0. Hence, (K) is satisfied.

We shall show that the sequence {x,} is Cauchy. Fix & > 0. By the claim, we find ny € N
such that if r,q > ny with r — g = 1(m), then

Ay x,) < 3 (18)
Since lim,,_, o d(%,;, %,41) = 0, we also find 7; € N such that
£
Ay, K1) < — (19)

2m

for any n > n;. Suppose that r,s > max{no, m1} and s > r. Then, there exists k € {1,2,...,m}
such that s — r = k(m). Therefore, s — r + ¢ = 1(m) for ¢ = m — k + 1. So, we have, for
jell,...,m}, s+j—r=1(m)

d(xy, %5) < d(xr’x”f) + d(x3+/’xs+j—l) + ot A, X).
By (18) and (19) and from the last inequality, we get
dx) S S 4jx < S imx =,
2 2m 2 2m

This proves that {x,} is a Cauchy sequence. Since Y is closed in (X, d), then (Y, d) is also
complete, there exists x € ¥ = Ul"i] X; such that lim,,_, o x, = x in (Y, d). In what follows,
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we prove that x is a fixed point of 7. In fact, since lim,,_, oo ¥, =x and, as ¥ = [ J/; X; is a
cyclic representation of Y with respect to T, the sequence {x,} has infinite terms in each
X; for i € {1,2,...,m}. Suppose that x € X;, Tx € X;,; and we take a subsequence x,, of
{%,} with %, € X;_1. Now from (iii) we have n(x) > r and £ (x) < r. By using the contractive

condition, we can obtain
r*d(Tx, Txp) < n(xX)n (% )d(Tx, Txy,)
1
< E(X)E(xn,) [5 [d(x, Txu) + Ay, Tx) | = ¥ (d(x, Ty, A, Tx))}

<r |:% [d(x, Txp) + d(%p,, Tx)] — Y (d(x, Txy,), d(x,, Tx))], (20)
which implies
A(Tx, x41) < %[d(x,xnkﬂ) + d (%> TX) | = Y (A Xy 1), Ay, T)).
Passing to the limit as k — oo in the last inequality, we get

d(x, Tx) < %d(x, Tx) — 1/f(0, d(x, Tx))

1
= 5d Ix),

which implies d(x, Tx) = 0, i.e., x = Tx. Finally, to prove the uniqueness of the fixed point,
suppose that x,y € Fix(T)y such that n(x) > r, n(y) > r, E(x) <r, &(y) < r, wherex #y. The

cyclic character of T and the fact that x,y € X are fixed points of 7 imply that x, y € (", X;.
Suppose that x # y. That is, d(x, y) > 0. Using the contractive condition, we obtain

r*d(Tx, Ty) < n(x)n(y)d(Tx, Ty)

< £0)E0)| 3 [dts ) + T3] - 0 (ds T3, )

<7 [% [d(x, Ty) + d(y, Tx)] -y (d(x, Ty),d(y, Tx))],
which implies
dx,y) < d(x,y) - ¥ (d(x,),d(x,y)).

Then ¥ (d(x,y),d(x,y)) = 0 and so d(x,y) = 0, i.e., x = y, which is a contradiction. This
finishes the proof. ]
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Example 2.2 Let X = R with the metric d(x,y) = [x — y| for all x,y € X. Suppose A; =
(—00,0] and Ay = [0,00) and Y = U?zlAi. Define T:Y — Y and n,§ : Y — [0, 00) by

’;*il if x € (—00,-10],
Sx - ifx € [-10,-5),
-3x ifx € [-5,-1),
Tx=30 ifx e [-1,1],

—5Inx ifx € (1,5),

Gy fx€(5,10),

F9—x ifxe[10,00),

@ 4 ifxe[-1,1],
X) =
7 0 otherwise,

: 4 ifxe[-1,1],
E(x) = ,
10 otherwise.
Also, define ¥ : [0,00)? — [0, 00) by ¥ (t,s) = i(t +5). Clearly, TA; € A,, TA; € A and
n(0) > 4 and £(0) < 4. Let n(x) > 4, then x € [-1,1]. On the other hand, Tw € [-1,1] for all
we [-1,1], i.e,, n(Tx) > 1. Similarly, & (x) < 4 implies & (Tx) < 4. Therefore, T isan r-(n,§)-
admissible mapping. Let {x,} be a sequence in X such that n(x,) > 1, £(x,) <land x, — x
as n — 00. Then x,, € [-1,1]. So, x € [-1,1], i.e., n(x) > 1and &E(x) < 1.

Letx € Ay andy € Ay. Now, ifx ¢ [—1,0] or y ¢ [0, 1], then n(x)n(y) = 0. Also, ifx € [-1,0]
and y € [0,1], then d(Tx, Ty) = 0. That is, n(x)n(y)d(Tx, Ty) = 0 for all x € A; and all y € A,.

Hence,
NO)(T, T9) = 0 < £(EG) B (s, T3) + d(y, T)] ¥ (dx, T5), Tx))]

forallx € A; and y € A;. Then T is a cyclic weak r-(n, §)-C-contractive mapping of the first
kind. Therefore all the conditions of Theorem 2.1 hold and T has a fixed point in A; N Aj.
Here, x = 0 is a fixed point of T'.

Theorem 2.3 Let (X,d) be a complete metric space, m € N, X1,X,...,X,, be nonempty
closed subsets of (X,p) and Y = J, X;. Suppose that T : Y — Y is a cyclic weak r-(n,§)-
C-contractive mapping of the second kind such that
(i) T is r-(n,&)-admissible;
(ii) there exists xg € Y such that n(xo) > r and &(xg) <r;
(iii) if {x,} is a sequence in Y such that n(x,) > r and &(x,) <r foralln € N and x, — x
asn— oo, then n(x) >rand &(x) <r.

Then T has a fixed point x € (-, X;. Moreover, if n(x) > r,n(y) > r, §(x) <r, () < r for

all x,y € Fix(T)y, then T has a unique fixed point.

Proof By a similar method as in the proof of Theorem 2.1, we have

Xi1 = Txy, nx,) >r and &(x,) <r forallmeN. (21)
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We shall show that the sequence {d,, := d(x;,,x,1)} is non-increasing. Due to (3) with x =

xy-1 and y = x,,, we get

2 )d(xn,xnﬂ)

(r +r 2 )d(Txn_l,Txn) S (

=(P+r )d(Txn_l,Txn)

N(xn-1)n(xn) +7

3 (A1, Ton) +d 060, Toy—1) 1= (@1, o), T-1))]

< (E@u_)E(xn) +7)
B (E( Xy 1)E () + r)[%d(xnfl,xm>—w(d<xn71,xn+1),o>1
- n— n

)[%d(xnfl.xm)—x/x(d(xnfl,xml>,o>1

<(FP+r

’

which implies

1
A% K1) < Ed(xn—hxnﬂ) - w(d(xn—l: Kn1)s 0)
1
= Ed(xn—hxnﬂ)
1
S E [d(xn—l: xn) + d(xm xn+l)]’ (22)

and so d,, < d,_; for all n € N. Then there exists d > 0 such that lim,,_, o, d,, = d. We shall
show that d = 0 by the method of reductio ad absurdum. Suppose that d > 0. By letting

n — o0 in (22), we deduce

1 1
d< 3 lim d(%,_1,%011) < E(d +d) =d,
that is,
lim d(x,_1,%,.1) = 2d. (23)
n—00

Taking limit as » — 0o in (22) and using (23), we get
1
d< 5[261] - (2d,0).

Thus, we have ¥ (2d,0) = 0 and hence d = 0, which is a contradiction. Consequently, we

have

lim d, = lim d(x,,%,,1) = 0. (24)
n—00 n— o0
We shall show that {x,} is a Cauchy sequence. To reach this goal, first we prove the fol-
lowing claim:
(K) For every ¢ > 0, there exists n € N such that if 7,g > n with r — g = 1(m), then
d(xy,%4) < €.
Suppose, to the contrary, that there exists ¢ > 0 such that for any n € N we can find

Tu > qn > n with r, — g, = 1(m) satisfying

d(xg,,%y,) > €. (25)

Page 8 of 16
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Following the related lines in Theorem 2.1, we deduce

lim d(x,,, %) =&, (26)
lim d(xg,+1,%r,41) = & (27)
n—oQ
lim d(x,,,%,41) = € (28)
n— 00
and
lim d(x,,,%g,+1) = €. (29)
n—oQ

Since x,, and x,, lie in different adjacently labeled sets X; and X, for certain 1 <i < m,
using the fact that a cyclic weak r-(7, £)-C-contractive mapping of the second kind, we
have

)d(xrn+lvan+l) — (r2 + r)d(Tan’qun) < ( )d(Txrn’qu;q)

(r2 +7r U(xr,,)fl(an) +r

) [% [d(xrn 'qun )+d(an Ixry, )]—w(d(xr,, :qun ):d(an Txry Nl

< (5,6 (xg,) + 1

< (rz + r) [% [d(xy, :an+l)+d(an Ky +1)]=V (d(xr, :an+1)vd(an:Txrn+l))]v

which implies
1
d(xrn+1: an+l) < E [d(xrn;anﬂ) + d(an;xrnﬂ)] - l//(d(xrnqunﬂ): d(an; Txr,ﬁl))o

Letting n — oo in the inequality above and by applying (24) (26), (27), (28), (29), we de-
duce that

e<e—-1Yl(ee).

Consequently, we have ¥/ (¢, ¢) = 0, and hence ¢ = 0. As a result, we conclude that (K) is
satisfied. We assert that the sequence {x,,} is Cauchy. Fix ¢ > 0. By the claim, we find ny € N
such that if , g > no with » — ¢ = 1(m), then

e

d(xrqu) = 5 (30)

Since lim,,_, o, d(%,;, %,,41) = 0, we also find 7; € N such that
I3
d(xnrxwrl) < — (31)
2m

for any n > n;. Suppose that r,s > max{ng, n;} and s > r. Then there exists k € {1,2,...,m}
such that s — r = k(m). Therefore, s — r + ¢ = 1(m) for ¢ = m — k + 1. So, we have, for

jell,...,m}, s+j—r=1(m),

d(xr: xs) = d(xr¢xs+j) + d(xs+j¢xs+j—l) L d(xs+1; xs)-
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By (30) and (31) and from the last inequality, we get

& e
d(x,, %) < ) +j X o

This proves that {x,} is a Cauchy sequence. Since Y is closed in (X, d), then (Y, d) is also
complete, there exists x € ¥ = UﬁlXi such that lim,,_, o x,, = x in (Y, d). In what follows,
we prove that x is a fixed point of 7. In fact, since lim,_, oo %, =x and, as ¥ = [ J/; X; is a
cyclic representation of Y with respect to T, the sequence {x,} has infinite terms in each
X; for i € {1,2,...,m}. Suppose that x € X;, Tx € X;,1 and we take a subsequence x,, of
{%,} with x,, € X;_1. Now from (iii) we have n(x) > r and £ (x) < r. By using the contractive
condition, we can obtain

d(Tx,Txnk)

(}"2 . r)d(Tx,Txnk)

< (nE)n(xn) + 1)

1 -
< (S(x)é(xnk) + r)[z[d(x,Txnk)+d(xnk,Tx)] Y (d(x, Ty, ),y )]
1
< (r2 + r)[g [d(x,Txnk)+d(xnk,Tx)]ﬂlf(d(x,Txnk)‘d(xnk,Tx))], (32)
which implies
1
d( Tx; xnk+1) = E [d(x: xnk+1) + d(xnk; Tx)] - W(d(x: xnk+1): d(xnk: Tx))

Passing to the limit as k — oo in the last inequality, we get

d(x, Tx) < %d(x, Tx) — 1//(0,d(x, Tx)) < —d(x, Tx),

N | =

which implies d(x, Tx) = 0, i.e., x = Tx. Finally, to prove the uniqueness of the fixed point,
suppose that x,y € Fix(T)y such that n(x) > r, n(y) > r, E(x) <r, &(y) < r, wherex #y. The
cyclic character of T and the fact that x, y € X are fixed points of 7' imply that x, y € (7, X;.
Suppose that x # y. That is, d(x, y) > 0. Using the contractive condition, we obtain

(7’2 + r)d(Tx,Ty) < (7](96)7’]0/) + r)d(Tx,Ty)

1 -
< (E(x)é(y) + r)[z[d(x,U)er(%Tx)] Y (d(x,Ty),d(y,Ix))]
1 -
< (r2 n r)[z[d(x,Tde(y.Tx)] Y(d(x,T9).d(: Tx))),
which implies

d(x,y) < d(x,y) - ¥ (d(x,p),d(x,9)).

Hence, we obtain y(d(x, y), d(x,y)) = 0, which implies d(x,y) = 0, that is, x = y a contra-
diction. 0
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3 Existence of solutions of an integral equation
For T > 0, we denote by X = C([0, T]) the set of real continuous functions on [0, T']. We
endow X with the metric

doo(tt,V) = ||u — V| forall u,veX.

It is evident that (X, d,) is a complete metric space.
Consider the integral equation

T
u(t) = / G(t,s)f(s, u(s)) ds forallte[0,T], (33)
0
(1) f:[0,T] xR—Rand G:[0,T] x [0, T] — [0, 00) are continuous functions.
(2) Let (o, B) € X2, (a0, Bo) € R? such that
ag <at)<Bt)<pBy foralltel0,T]. (34)

Assume that for all £ € [0, T], we have

T
at) < /(; G(t,s)f(s,,B(s)) ds (35)

and

B(t) > /OT G(,5)f (s, a(s)) ds. (36)
Let for all s € [0, T], f(s, ) be a decreasing function, that is,

xyeR, x>y = f(s,x) <f(s,9). (37)
LetZ:={ueX:u<pBlU{ueX:u>a}. Thereexist0 <r<landf,7:Z—>R

such that if 6(x) > 0 and 8(y) > 0 with (x < By and y > ) or (x > g and y < o),
then for every s € [0, T'], we have

If (5,6(5)) —f (5,9(5)) | < rim )l (Jats) = Ty(s)| + [y(s) — Tx(s)]). (38)
2
(3) Assume that
T
7)) |Gt s)ds| <1 (39)
[ o

for all x € Z, where 6(x) > 0. Suppose that
0x)>0 = 0(Tx)>0 forxc{ueX:u<plU{ueX:u>al. (40)
(4) If {x,} isasequencein {u € X :u < B}U{u € X : u > o} such that 6(x,) > 0 for all

n € Nand x, — x as 1 — 0o, then 6(x) > 0.
(5) Thereexistsxg e {ueX:u < pB}U{ue X:u>a}such that 6(xg) > 0.
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Theorem 3.1 Under assumptions (1)-(5), integral equation (33) has a solution in {u €
C([0, T]) s () < u(t) < B(¢t) forall t € [0, T]}.

Proof Define the closed subsets of X, A; and A, by
Ai={ueX: u<p}
and
Ay={ueX:u>aua}.
Also define the mapping 7 : X — X by
T
Tu(t) = /0 G(t,s)f(s, u(s)) ds forallte0,T].
Let us prove that
T(A)) CA; and T(A) CA;. (41)
Suppose u € Ay, that is,
u(s) < B(s) forallse[0,T].
Applying condition (37), since G(¢,s) > 0 for all £,s € [0, T'], we obtain that
G(t,s)f (s,u(s)) = G(t,9)f (s, B(s)) forallt,s € [0, T].

The above inequality with condition (35) imply that

T

T
/ G(t, s)f(s, u(s)) ds > / G(t,s)f(s, ,3(5)) ds > a(t)
0 0

for all £ € [0, T]. Then we have Tu € A,.
Similarly, let u# € A,, that is,

u(s) > a(s) forallse [0, T].
Using condition (37), since G(¢,s) > 0 for all ¢,s € [0, T], we obtain that
G(t,s)f(s, u(s)) < G(t,s)f(s,a(s)) forall ¢,s € [0, T].

The above inequality with condition (36) imply that

T T
/ G(t, s)f(s, u(s)) ds < / G(t,s)f(s,a(s)) ds < B(t)
0

0

forall £ € [0, T]. Then we have Tu € A;. Also, we deduce that (41) holds.
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Now, let (i,v) € A1 x A,, thatis, forall £ € [0, T],
u(®) <),  v(E) = a).
This implies from condition (34) that for all ¢ € [0, T],
u(t) <Po,  v(t) = .

Now, by conditions (39) and (38), we have, for all s € [0, T,

T
’Tu(t) - Tv(t)‘ = ‘/0 G(t,s)v(s, u(s)) —f(s, v(s))] ds

T
< /0 G(t,9)|f (s, u(s)) —f (s, v(s))| ds

T
< / G(t,s)”nTw(’u(s) - Tv(s)’ + ’v(s) — Tu(s)’)ds
0

IA

NN N

T
(Il = Tvllo + llv - Tu||oo)H/0 |r(v)|G(t,s) ds

o]

IA

(It = Tollo + Il = Titll o),
which implies

r
1T - Tv|oo < E(IIM— TV)lo + IV = Tutllog)-

Define n,& : Z — [0,00) by n(u) = {é 0w=0 and&(u) = 1. Further, ¥ (t1, ) = @(tl +1).

otherwise

Hence,
NW)n(Wdso(Tu, Tv) < %(doo(u, Tv) + doo (v, Tus))

for all (,v) € A; x Aj. By a similar method, we can show that the above inequality holds
if (u,v) € Ay x A;. Now, all the conditions of Theorem 2.1 hold and T has a fixed point z

in
A1NA, = {u € C([O, T]) ca <u(t) < Bforallt e |0, T]}.
That is, z” € A; N A, is the solution to (33). O

Example 3.2 In this example, we denote by X = C([0,1]) the set of real continuous func-

tions on [0,1]. We endow X with the metric

doo(tt,v) = |lu — V| forall u,veX.

Page 13 0of 16
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Consider the following continuous functions:

X3 ifx € (—00,0),
0 ifxe[0,1],
fle,x)=1x2-1 ifx € (1,4), for all ¢ € [0,1]
15 if x € [4,/e1° —1],
22 +16 €' ifxe (Vels—1,00)

and
G(t,s) = Les foralls, ¢ € [0,1] x [0,1].
1+¢
Let a(f) = 0 and B(¢) = 1. Then, for (ao, Bo) = (0,1) € R?, we have
o < a(f) < B(8) < Bo;
1
a(t)=0< / G(t,s)f(s,ﬁ(s)) ds=0
0
and
1
Bt)=1> / G(t,s)f(s,a(s)) ds=0.
0
Also, Z:={ueX:u<plU{ucX:u>a}=X. Defined,7:Z— Rby

e(x(t)):[() if0<x(t)<lforallcefo] w9~ 1

-1, otherwise -1

Clearly, 8(0) > 0. Also, if 0(x(¢)) > 0, then 0 < x(£) < 1. On the other hand,

1
Tu(t) = / G(t,s)f(s, u(s)) ds =
0

for all 0 < u(¢) <1. That is, 8(Tx(¢)) > 0. Hence, 6(x) > 0 implies 6(7x) > 0.

Assume 60 (x(s)) > 0 and 0(y(s)) > 0 with (x < Bp and y > ag) or (x > a9 and y < Bo).

Thus, 0 < x(s) <1and 0 < y(s) <1, which implies f (s, x(s)) = f(s,y(s)) = 0. That is,

[f (5:2(9)) = f (s:3(5))| = 0 =

"N (ats) - 756)| + 3ts) - Txt9)

for all s € [0,1], where 0 < r < 1. Further,

1 1 1 ¢ ¢
f |JT()/)|G(t,s)ds= — —€fds=—<1,
0 o e—11+¢ 1+t

<L

T
H./o |7r(y)’G(t,s)ds
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Assume that {x,,} is a sequence in X such that 6(x,) > 0 foralln € Nand x, — xasn — oo.
Then 0 <x, <1.So,0 <x <1.Thatis, 8(x) > 0.
Therefore, all of the conditions of Theorem 3.1 are satisfied. Then the integral equation

1
u(t) Lfo esf(s,u(s)) ds

=1+t

has a solution in {z € C([0,1]) : 0 < u(t) <1 forall ¢t € [0,1]}. Here, u(t) = 0 is a solution.
But if we chose x(£) = 0 and yo(£) = vel® — 1, then f(s,x0(s)) = 0 and f (s, yo(s)) = 15. That

is,

[f (5:%0(5)) =/ (5,70(5)) | = 15.
Also,

\/In(|x0(s) ~y0(s)|* +1) = \/ln(|0 Ve 1 +1) = Vine = 4,
and so

V(s,xo(s)) —f(s,yo(s))| =15>4= \/ln(|xo(s) —yo(s)‘2 + 1).

That is, Theorem 3.1 of [6] cannot be applied to this example.
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