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1 Introduction
Throughout this paper, R denotes the set of real numbers, x = (x,%5,...,x,) denotes n-
tuple (n-dimensional real vectors), the set of vectors can be written as
R" = {x: (2150005 0) i, €R i = 1,...,n},
+

R” = {x:(xl,...,x,,):xi>0,i=1,...,n}.

In particular, the notations R and R, denote R! and R!, respectively.
Let = (7 (1),...,7(n)) be a permutation of (1,..., n), all permutations are totally #!. The
following conclusion is proved in [1, pp.127-129].

Theorem A Let A C R¥ be a symmetric convex set, and let ¢ be a Schur-convex function
defined on A with the property that for each fixed x,, ..., xx, ¢(z,%2,...,%) is convex in z on
{z:(z,%0,...,x%) € A}. Then, for any n > k,

Y1) = Y Pty s Kr (i) 1)

is Schur-convex on

B= {(xl, coor®n) t Xrys .- X () € A for all permutations n}.

Furthermore, the symmetric function

V= D elr,ew) 2)

1<ij<--<ig=<n
is also Schur-convex on B.
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Theorem A is very effective for judgement of the Schur-convexity of the symmetric func-
tions of the form (2), see the references [1] and [2].

The Schur geometrically convex functions were proposed by Zhang [3] in 2004. Further,
the Schur harmonically convex functions were proposed by Chu and Lii [4] in 2009. The
theory of majorization was enriched and expanded by using these concepts [5-15]. Re-
garding Schur geometrically convex functions and Schur harmonically convex functions,
the aim of this paper is to establish the following judgement theorems which are similar
to Theorem A.

Theorem 1 Let A C R¥ be a symmetric geometrically convex set, and let ¢ be a Schur
geometrically convex (concave) function defined on A with the property that for each fixed

X2, .., Xk 9(2,%2, ..., %k) is GA convex (concave) inz on{z: (z,xo,...,%;) € A}. Then, for any
n>k,

w(xlw . ';xn) = Z‘p(xrr(l), .. uxrr(k))
b4

is Schur geometrically convex (concave) on
B= {(xl, coos®n) t (Xrys - % () € A for all permutations 71}.
Furthermore, the symmetric function

V)= D ole,en)

1<ij<--<ix=<nm
is also Schur geometrically convex (concave) on B.
Theorem 2 Let A C R be a symmetric harmonically convex set, and let ¢ be a Schur
harmonically convex (concave) function defined on A with the property that for each fixed

X2, Xk 9(2, %2, ..., x%) is HA convex (concave) inzon {z: (z,x,,...,x¢) € A}. Then, for any
n>k,

Y1) = Y O(rays s Kn (i)
/g

is Schur harmonically convex (concave) on
B= {(xl, coor®n) t Xz ys .- % () € A for all permutations n}.
Furthermore, the symmetric function

W(X) = Z (p(xip”"xik)

1<ij<--<ix=<n

is also Schur harmonically convex (concave) on B.
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2 Definitions and lemmas
In order to prove some further results, in this section we recall useful definitions and lem-

mas.

Definition 1 [1, 16] Let x = (xy,...,x,) and y = (y1,...,y,) € R".
(i) We say y majorizes x (x is said to be majorized by y), denoted by x <y, if
Zf:lx[i] < Zf;l yifork=12,...,n—land Y 1 x; = > i) ¥i, where xp) > - -+ > ¥y
and yp) > - -+ >y, are rearrangements of x and y in a descending order.
(i) Let  Cc R”, a function ¢ : 2 — R is said to be a Schur-convex function on € if
x <y on  implies ¢(x) < ¢(y). A function ¢ is said to be a Schur-concave function
on € if and only if —¢ is Schur-convex function on €2.

Definition 2 [1,16] Letx = (xy,...,%,) andy = (y1,...,y4) € R", 0 <a <1. Aset Q CR"is
said to bea convex setifx,y € Q implies ax+(1-a)y = (ex1 +(L—a)y1, ..., ax, +(1—-a)y,) €
Q.

Definition 3 [1, 16]
(i) A set 2 C R”is called a symmetric set if x € Q implies xP € 2 for every n x n
permutation matrix P.
(ii) A function ¢ : @ — R is called symmetric if for every permutation matrix P,
@(xP) = p(x) for all x € Q.

Definition 4 Let Q C R}, x=(xy,...,%,) € Qandy = (y1,...,y,) € Q.
(i) [3, p.64] A set Qs called a geometrically convex set if (x27,... ,xﬁyf) € Q forall
x,yeQand o, B €[0,1] such thatw + 8 = 1.
(ii) [3, p.107] A function ¢ : 2 — R, is said to be a Schur geometrically convex function
on Q if (logxy,...,logx,) < (logy,...,logy,) on Q implies p(x) < ¢(y). A function
¢ is said to be a Schur geometrically concave function on €2 if and only if —¢ is a

Schur geometrically convex function.

Definition 5 [17] Let Q@ C R.
. . . . . xy
(i) A set Q2 issaidtobea hanrmomcally 1convlex set 11f Ty €9 for every x,y €  and
A €[0,1], where xy = > /", x;y; and = (x_l’”" x—n).
(i) A function ¢ : Q2 — R, is said to be a Schur harmonically convex function on € if
1 1 ) L .
x <y implies ¢(x) < ¢(y). A function ¢ is said to be a Schur harmonically concave
function on  if and only if —¢ is a Schur harmonically convex function.

Definition 6 [18] Let/ C R,, ¢ : I — R, be continuous.
(i) A function g is said to be a GA convex (concave) function on I if

ex) +¢(y)

ol = )51

forallx,y el.
(ii) A function g is said to be a HA convex (concave) function on [ if

(p(ﬂ) - (z)w(x) +9()
x+y 2

forallx,y el
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Lemma 1 [16, p.57] Let Q2 C R” be a symmetric convex set with a nonempty interior Q°.
¢ : Q — R is continuous on Q and differentiable on Q°. Then ¢ is a Schur-convex (Schur-

concave) function if and only if ¢ is symmetric on Q and

(%1 —xz)(a—(p - a—w) >0(<0) 3)

8961 8x2
holds for any x = (x1,...,%,) € Q°.

Lemma 2 [3, p.108] Let 2 C R” be a symmetric geometrically convex set with a nonempty
interior Q0. Let ¢ : Q — R, be continuous on Q and differentiable on Q°. Then ¢ is a Schur
geometrically convex (Schur geometrically concave) function if and only if ¢ is symmetric
on Q and
¢ dp
(xl—xz)(xl——xz—> >0(<0) (4)

3961 8962
holds for any x = (x1,...,%,) € Q°.

Lemma 3 [17,19] Let Q C R’ be a symmetric harmonically convex set with a nonempty
interior Q0. Let ¢ : Q — R, be continuous on Q and differentiable on Q0. Then ¢ is a Schur
harmonically convex (Schur harmonically concave) function if and only if ¢ is symmetric
on Q and

dg dg
™ —xz)(x1 e xiﬁ) ~0(<0) (5)

holds for any x = (x1,...,%,) € Q°.

Lemma 4 [18] Let I C R, be an open subinterval, and let ¢ : I — R, be differentiable.
(i) ¢ is GA-convex (concave) if and only if x¢'(x) is increasing (decreasing).
(i) ¢ is HA-convex (concave) if and only if x*¢' (x) is increasing (decreasing).

3 Proofs of main results

Proof of Theorem 1 To verify condition (4) of Lemma 2, denote by an) the summation
over all permutations 7 such that 7 (i) = 1, 7 (j) = 2. Because ¢ is symmetric,

1p(xh' . "xn)

Z Z (p(xlyxZIxr[ e X (i-1) KX (i+1)s + - - yxjr(j—l)! x?‘[(j+l)7 “ee ’xr[(k))
ij<k 7 (i,j)
i

+ Z Z <P(x1:xn(1)» e X (i=1)s X (i+1)r + + + rxr[(k))
i<k<j (i)

+ Z Z‘p X2, X7 (1)s - «,xn(j—l);xn(jﬂ):--~:xn(k))

j<k<im (i)

£ Y Py Frip)-

k<i,j 7 (i)
i
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Then
a9
Api=xi— —wp— | (%1 — %2)
0x; ox
= Z Z [%101) (%1, %2, K (1)« Xox (=15 Brx (141)s - Kx =1)s B (41)5 - - - » ¥ ()
ij<k (i)
i#
— X20) (K1, %2, X (1) + - s Kor (im1)s Kz (i41)5 + - » Kor (-1)s B (41)» - - » K (1)) | (1 — %2)
+ Z Z [%100) (1, X (15 -+ » For (im1)s Ko (i1)5 - - - » For )
i<k<j (i)
— 22001) (X2 Fr (1) - +» Fo(im1)s Ko (i41)5 - - - » For()) ] (61 — X2).
Here,

(x191) = %20(2)) (%1 —%2) = 0 (< 0)
because ¢ is Schur geometrically convex (concave), and
[*100) (%1, 2) — %2000 (%2, 2) | (1 — %) > 0 (< 0)

because ¢(z,%,,...,%x) is GA convex (concave) in its first argument on {z: (z,xy,...,%¢) €
A}. Accordingly, A; > 0 (< 0). This shows that ¥ is Schur geometrically convex (concave)
on

B= {(xl, coor®n) t Xz qys .- % () € A for all permutations n}.
Notice that
W (x) = ¥ (x)/k!(n = k).

Of course, ¥ is Schur geometrically convex (concave) whenever v is Schur geometrically
convex (concave).

The proof of Theorem 1 is completed. g

Proof of Theorem 2 We only need to verify condition (5) of Lemma 3, the proof is similar
to that of Theorem 1 and is omitted. O

Remark 1 In most applications, A has the form I* for some interval I C R and in this case
B =1I". Notice that the convexity of ¢ in its first argument also implies that ¢ is convex in
each argument, the other arguments being fixed, because ¢ is symmetric.

4 Applications
Let

X k Xi;
Ek(m) = Z l_[ 1—xij . (6)

1<ii<-<ig=<n j=1

In 2011, Guan and Guan [20] proved the following theorem through Lemma 2.
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Theorem 3 The symmetric function Ex(1%), k =1,...

(0,1)".

Page 6 of 9

, 1, is Schur geometrically convex on

Now, we give a new proof of Theorem 3 by using Theorem 1. Furthermore, we prove the

following theorem through Theorem 2.

Theorem 4 The symmetric function Ex(7*;
(0,1)".

Proof of Theorem 3 Let ¢(z) =

k
log ¢(z) Z log z; —log(1 — z,)]
i=1

), k=1,...

, 1, is Schur harmonically convex on

[T, [z/(1 - z)]. Then

and
dp(z) 1 1 dp(z) l 1
321 _w(Z)<Z_1+1—Zl)7 822 _(p(Z)(Zz i 1—Zz>, (7)
A= (z - ZZ)(ZI 852(12) - 8;02(22))
= (a1 - mwm@ - i;)

=(z1 - 22)2<p(z)

_
1-2)1-2)

This shows that A>0when0<z <1,i=
ometrically convex on A = {z:z €(0, l)k}. Let g(t)

t € (0,1), it follows that /'(¢) = (11_+tt)3

k. Accordlng to Lemma 2, ¢ is Schur ge-

- t, then h(t) := tg'(¢) = (1—t)2‘ From

> 0. According to Lemma 4(i), ¢ is GA convex in its

single variable on (0,1). So Ex(;%;) is Schur geometrically convex on (0,1)” from Theo-

rem 1. The proof of Theorem 3 is completed.

Proof of Theorem 4 Let ¢(z) = l—[f;l (zi/1 - z;), then
k
logp(z) = Z [log z; —log(1 - zi)].

i=1

From (7), we get

209(z)  ,9¢(z)
Aq =
1:=(z1 - Zz)( a1 ) 925
z? z2
=(21—Zz)¢>(1)<21—Zz+ - 2)
1—21 1—22

21+ 29 — 2129 ]
A-z)1-2)]

This shows that A; > 0 when 0<z;<1,i=1,.
harmonically convex on A = {z: z €(0,1)*}. Let g(t)

=%—hyﬂ@p+

O

k. According to Lemma 3, <p is Schur
then p(t) := £2¢'(¢) =

lt’
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t € (0,1), it follows that p'(¢) = (13—5)3 > 0. According to Lemma 4(ii), ¢ is HA convex in
its single variable on (0,1). So Ex(;%;) is Schur harmonically convex on (0,1)” from Theo-

rem 2. The proof of Theorem 4 is completed. d

By using Theorem A, the following conclusion is proved in [1, p.129].
The symmetric function

o=y IR ®)

1<ij<--<ix=<n a "

is Schur-convex on R’.
Now we use Theorem 1 and Theorem 2, respectively, to study Schur geometric convexity
and Schur harmonic convexity of ¥ (x).

Theorem 5 The symmetric function (x) is Schur geometrically convex and Schur har-
monically concave on RY.

Proof Let ¢(y) = Zleyi/ ]_[filyi, then log ¢(y) = log(Zleyi) - ZL logy;. Thus,

8“”=ww( - —i) a“”=ww( ' —l>
91 Sy 0 Yy n/

dp(y) aww)
8y1 2 d Y2

A= (y1— ) (}’1

n-y
= —3’2)90()’)<ﬁ>

_ 2
_ (ylkih) >0,
Hi:lyi

According to Lemma 2, ¢(y) is Schur geometrically convex on R’j. Let g(z) = ¢(z,xo,...,
x) =55 = % + -, where a = Zf:z xi, b= ]_[f=2 x;, then h(z) := zg'(z) = —-. From z € R, it
follows that //(z) = ;% > 0. According to Lemma 4(i), ¢ is GA convex in its single variable

on R,. So ¥(x) is Schur geometrically convex on R, from Theorem 1.
It is easy to check that

Ar:=(n —yz)(y2 9oy) _ 8<p(y)>

1—8y1 - dy»
_ 01 =220 + 9 _Zj‘;lyi)

3 <0.
Hi:lyi

According to Lemma 3, ¢(y) is Schur harmonically concave on R’j. Let h(z) := 22¢'(z) = — 2.
1 (z) = 0 when z € R,. According to Lemma 4(ii), ¢ is HA concave in its single variable on
R,. So ¥(x) is Schur harmonically concave on R? from Theorem 2. O

Remark 2 Let

1

H = - ’ Gz(n i)ﬁy

i

8|~

Page 7 of 9


http://www.journalofinequalitiesandapplications.com/content/2013/1/527

Shi and Zhang Journal of Inequalities and Applications 2013, 2013:527 Page 8 of 9
http://www.journalofinequalitiesandapplications.com/content/2013/1/527

where x; >0,i=1,...,n Then

(logG,...,log G) < (logxy,...,logx,), 9)

1 1 1 1
(_,...,_) <(_,...,_). (10)
H H X1 Xy

From Theorem 5, it follows that

kCk - Z x,»1+---+x,-k>ka

n
Hk-1 — X oeeexs T Gk1T (11)
1<ij<--<ix<n i k

By using Theorem A, the following conclusion is proved in [1, p.129].
The symmetric function

po= Yy DT

x. + “ e + x<
1<ij<<ig<n 11 tk

is Schur-concave on R.

By applying Theorem 2, we further obtain the following result.
Theorem 6 The symmetric function y(X) is Schur harmonically convex on R.

Proof Let A(y) = ]_[f=1 yil Zle ;. According to the proof of Theorem 5, ¢(y) is Schur har-

monically concave on RX. Let A(y) = (p(#y). From the definition of Schur harmonically con-

vex, it follows that A(y) is Schur harmonically convex on R¥. Let g(2) = A(z, %2, ..., %) = Zli—il,
where a = Zf:z xi, b= ]_[512 x;. Then h(z) := 2%¢'(2) = éi‘;ﬁg. With the fact that /#'(z) =
% > 0 for z € R,, it follows that ¢ is HA convex in its single variable on R,. So, from

Theorem 2, ¥(x) is Schur harmonically convex on R’. O

Remark 3 From Theorem 6 and (10), it follows that

KXip Xy, - Hk_lcl};

p— 7
Xig +o X k

(12)

1<ij<--<ix=<n
where x; >0,i=1,...,n.

Remark 4 It needs further discussion that y/(x) is Schur geometrically convex on R”.
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