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Abstract

The purpose of this paper is to characterize conditions for the convergence of the

implicit Ishikawa iterative scheme with errors in the sense of Agarwal et al. (J. Math.
Anal. Appl. 272:435-447, 2002) to a common fixed point of two ¢-hemicontractive
mappings in a nonempty convex subset of an arbitrary Banach space.
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1 Introduction and preliminaries

Let K be a nonempty subset of an arbitrary Banach space E and E* be its dual space. The
symbols T and F(T) stand for the self-map of K and the set of fixed points of 7. We denote
by J the normalized duality mapping from E to 2" defined by

J@) = {f € s () = el = ||}

Definition 1.1 [1-4] (i) T is said to be strongly pseudocontractive if there exists a constant
¢ > 1 such that for each x,y € K|, there exists j(x — y) € J(x — y) satisfying

. 1
(T = Ty, jx = ) = Sl =yI*

(ii) T is said to be strictly hemicontractive if F(T') # ¥ and if there exists a constant ¢ > 1
such that for each x € K and g € F(T), there exists j(x — q) € J(x — g) satisfying

1
(Tx - Tg,j(x — q)) < ;nx—qnz.

(iii) T is said to be ¢-strongly pseudocontractive if there exists a strictly increasing func-
tion ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that for each x,y € K, there exists j(x — y) €
J(x — y) satisfying

(T - Ty, j(x - 9)) < llx = y1* = D (Ix = y1]).

(iv) T is said to be ¢-hemicontractive if F(T) # ¢ and if there exists a strictly increasing
function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that for each x € K and g € F(T), there
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exists j(x — gq) € J(x — q) satisfying

(T - Tg,j(x - @) < llx — qI* = ¢ (Ilx - qll)-

Clearly, each strictly hemicontractive operator is ¢-hemicontractive.

Chidume [1] established that the Mann iteration sequence converges strongly to the
unique fixed point of T in the case that T is a Lipschitz strongly pseudo-contractive map-
ping from a bounded, closed, convex subset of L, (or /,) into itself. Afterwards, several
authors have generalized this result of Chidume in various directions [4-12].

In 2001, Xu and Ori [13] introduced the following implicit iteration process for a fi-
nite family of nonexpansive mappings {T;: i € I} (here I = {1,2,...,N}), with {«,} a real
sequence in (0,1), and an initial point x € K:

x1 = (L —ap)xo + g T1xy,

% = (1 —aa)x1 + aa Toxo,

an = (1 —an)xn-1 + anTnxn,

a1 = (1 —ans)xn + ana T,

which can be written in the following compact form:
X, =1 —oy)x1 +a,Tyx, forallm>1, (XO)

where T, = Tymoan) (here the mod N function takes values in I). Xu and Ori [13] proved
that the process converges weakly to a common fixed point of a finite family in a Hilbert
space. They remarked further that it is yet unclear what assumptions on the mappings
and the parameters {«,} are sufficient to guarantee the strong convergence of the se-
quence {x,}.

In [14], Osilike proved the following results.
Theorem 1.2 [14, Theorem 2] Let E be a real Banach space and K be a nonempty closed
convex subset of E. Let {T; : i € I} be N strictly pseudocontractive self-mappings of K with
F =X, F(T;) # 0. Let {@, )5, be a real sequence satisfying the conditions:

(i) O0<a,<1,

(i) > (1-ay) =00,
n=1

(i) Y (1-ay)? <o

n=1
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For arbitrary xo € K, define the sequence {x,} by the implicit iteration process (XO). Then
{x,} converges strongly to a common fixed point of the mappings {T; : i € I} if and only if
lim,,_, o infd(x,, F) = 0.

It is well known that o, =1 — L%, 3" (1 - a,)? = 0o. Hence the results of Osilike [14] need

n
to be improved.

The purpose of this paper is to characterize conditions for the convergence of the im-
plicit Ishikawa iterative scheme with errors in the sense of Agarwal et al. [15] to a common
fixed point of two ¢-hemicontractive mappings in a nonempty convex subset of an arbi-
trary Banach space. Our studying results improve and generalize most results in recent
literature [4, 5, 7-9, 12].

2 Main results
The following results are now well known.

Lemma 2.1 [16] Forall x,y € E and j(x +y) € J(x + y),

lla + y1> < 11l + (3, j(x + ).

Lemma 2.2 [17] Let {0,} be a sequence of nonnegative real numbers, and let {\,} be a real
sequence satisfying

Suppose that there exists a strictly increasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0. If
there exists a positive integer ng such that

02 =< 93 - )»n¢(9n+1) + 0+t Vn

n+l —

o0
for all n > ny, with o, > 0,Vn €N, 0, = 0(%,,) and >_ y, < 00, then lim,,_, o, 0, = 0.
n=0

Now we prove our main results.

Theorem 2.3 Let K be a nonempty convex subset of an arbitrary Banach space E, and let
T,S:K — K be two uniformly continuous with F(T) N F(S) # ¥ and ¢-hemicontractive
mappings. Suppose that {u,}.0, and {v,}02, are bounded sequences in K and {a,}5;,
(D)2 {en)oly a, )02y, {B),52, and {c, )2, are sequences in [0,1] satisfying conditions
(i) an+by+cy=a,+b,+c,=1,

(i) lim,—co by =1lim,_ o0 ¢y = limy, oo b}, =0,

(i) Y02, ¢, <00, and

(iv) Y02, b, = oo0.
For any xo € K, define the sequence {x,}.°, inductively as follows:

Yn = ApXp-1 + bnsxn + Cylly,

Xy =dpXn1+ 0, Ty, +C vy, n>1
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Then the following conditions are equivalent:
(@) {xn}52, converges strongly to the common fixed point q of T and S,
(b) lim,—, 0 Ty = q,
(©) {Tyn}2, is bounded.

Proof Since T and S are ¢-hemicontractive, then the common fixed point of F(T) N F(S)
is unique. Suppose that p and g are all common fixed points of T and S, then

lp-ql*>={p-ajo-2)=(Tp-Tg.jlp- ) < lp-qI> - ¢(llp - qll) < lp - 4l*,

which is a contradiction. So, we denote the unique fixed point g.
Suppose that lim,,_, » x,, = g. Then (ii) and the uniform continuity of 7" and S yield that

lim y, = lim [a,x,1 + b,Sx, + c,u,] = q,

n—00

which implies that lim,,_, oo Ty, = q. Therefore {T¥,}:°, is bounded.
Put

My = |lxo —qll + Sull)”Tyn — 4|l +sup [, — gl +sup [[v, —q]|.
=

n>1 n>1

Obviously, M; < oco. It is clear that ||xg — p|| < M. Let ||x,_1 — p|| < M;. Next we prove that

ll%, — pll < M;.
Consider
I, = qll = || @ns + B, Ty + c,vu —q||

= a1 = @) + BTy - @) + ¢, (v = @)
< (1=B) %1 = qll + DI Ty — gl + €, v — g
< (1= b,)M; + B, Ty, — qll + &, v — gl

= (1=8;)[ 10 — all+ sup [ Ty — ql + sup l1 — gl + sup v, ~ g1l
n>1

n>1 n>1
+ D1 Tyn = qll + ¢, llve — 4l

< lleo —gll + (1= 5;) sup N Ty~ gl + B}, 1 s~ gl

#sup uey — gl + (18} sup v — gl + B lva ~all)

n>1

< lro —gll + ((1=5) sup 1 Ty gl + &), sup | s~ g1l

+sup e, - gl + (1~ 6}) sup v, - gll + &, sup |, - gl
n>1

n>1 n>1

= llxo — gl + sup Ty — qll + sup ||, — gl + sup [[v, — 4|
nx

n>1 n>1

= M.

So, from the above discussion, we can conclude that the sequence {x, — g},>¢ is bounded.
Since S is uniformly continuous, so {||Sx,, —¢l|};°; is also bounded. Thus there is a constant
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M, > 0 satisfying

M = sup |lx, — ql| + sup [|Sx, — gl + sup | Ty, — 4l
n>1 n>1

n>1
+sup [lu, —qll +sup[lv, —ql|. (2.2)
n>1 n>1

Denote M = M; + M,. Obviously, M < co. Let w,, = || Ty,,— Tx, || for each n > 1. The uniform
continuity of T ensures that

lim w, =0. (2.3)
n—00
Because
”yn - xn” = an(sxn _xn—l) + b;,(xn—l - Tyn) + Cn(un _xn—l) - C;,(Vn _xn—l) ”
=< bnnsxn _xn—IH + bly,”xn—l - Tyn” + Cn”un _xn—IH + C:«,”Vn _xn—ln
< 2My(by + ¢, + b, + )
-0
as n — oQ.

By virtue of Lemma 2.1 and (2.1), we infer that

1 = 11 = | @ + B, Tyn + v — g

= @) (en1 — @) + B, (Tyu — @) + €, (v - )

< (1=8) 101 = ql* + 26, Ty — 4,jn — @)
+2,{Vn = q,j(@n — 9))

< (1= 161 — qlI + 28, (T — Tt j(xn — @)
+ 28Ty — 4, j(0%n — @) + 2,11V — gl — ]

<(1- b;)zllxm —ql* + 25,11 Ty — Tl %0 — gl
+ 20}, 1% — q1* — 26,6 (Ilxn — qll) + 2M>c,

< (1= 8,)* %01 — ql> + 2MB,,w, + 2B, |, — g

= 20,¢(Il%x — qll) + 2M>c),. (2.4)
Consider

/ / 2
% = qll* = || @%-1 + b, Tyn + Cvu = 4|
2
= ||, (-1 = @) + B (Tyn — @) + ¢, (v — 9|
< @, %01 = qI* + B Tyn = q1* + ¢, v — gl

< 1%n1 — qll* + M*(b), + c,), (2.5)

where the first inequality holds by the convexity of | - [|.
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Substituting (2.5) in (2.4), we get

1%, - gl1?
<[(1-8},)" + 2] ]Ilsn1 - qII* + 28], (wy + M (b, + ) + 2M°C,
- 2b,¢ (Il —qll)
= (14 b)) -1 = I + 205, (w, + M(B, + ) + 207,
- 2b,¢ (Il —qll)
< l%u-1 — qll* + MB,(3MD), + 2w, + 2MD),,) + 2M>c,,

-2b,¢(llx. - ql)

= ln-1 — qlI* + B),by + 2Mc, — 26,9 (I1x0 — qll), (2.6)

where

Ly = M(3MD), + 2w, + 2Mb),) — 0 (2.7)
as 71 — OQ.

Denote

On = llxn — 4l

An = 2D,

0, =b 1,

Yn = 2M>C),.

Condition (i) assures the existence of a rank 7y € N such that A,, = 20, <1 for all n > n.
Now, with the help of conditions (ii), (iii), (2.3), (2.7) and Lemma 2.2, we obtain from (2.6)

that
lim [lx, — ¢l =0,
completing the proof. O

Using the method of proof in Theorem 2.3, we have the following result.

Corollary 2.4 Let E, K, T, S, {un}21, {(Vulocy (Xu)ooq and {y,}5o2, be as in Theorem 2.3.
Suppose that {a,}21, {bu}ooq, {cutodss 1a, )01, (D))o, and {c,}52, are sequences in [0,1]
satisfying conditions (i), (ii), (iv) and c,, = o(b),). Then the conclusions of Theorem 2.3 hold.

Proof From the condition ¢, = o(b},), set c;, = b} t,,, where lim,,_, o £, = 0. Substituting (2.5)

in (2.4), we get

llocr — q||2
< [(1= 8 + 20,1t — 1> + 28], (wyy + M(B, + €, + £,))
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=26, (I%n — qll) llx — g

= (1+ B 1 — 1> + 205, (w,, + M(B} + ¢, + 1))
- 2b,¢(llx. - ql)

< 1%u-1 — qlI> + MB), (2w, + M(3b), + 2c,, + 2t,,))
= 26,0 (%, — qll)

= %1 = qll* = 26,0 (I1xn — q1l) I — gl + b1,

where

L, = M(2w, + M(3b,, + 2, + 2t,)) — O

n

as n — oQ.

It follows from Lemma 2.2 that lim,,_, « ||x,, — gl = 0.

(2.8)

(2.9)

d

Corollary 2.5 Let K be a nonempty convex subset of an arbitrary Banach space E, and

let T : K — K be a uniformly continuous and ¢-hemicontractive mapping. Suppose that

{u,):0, and {v,}o2, are bounded sequences in K and {a,}°,, {b,}021, {cu)oci {a), ooy, {0,500,

and {c,}>2, are sequences in [0,1] satisfying conditions
(i) an+by+c,=a,+b,+c, =1,
(i) limy_ o0 by =1imy,_ o0 ¢, = lim, o0 ), = 0,
(iii) ¢, = o(b}), and
(iv) Y02 b, = oo.

For any xo € K, define the sequence {x,}.°, inductively as follows:

Yn = QX1 + b Txy + Cplty,

Xp=d Xy 1+ b, Ty, +c, vy, n>1

Then the following conditions are equivalent:
(@) {x1}52, converges strongly to the unique fixed point q of T,
(b) lim,_ o Tyn =9
(c) {Tyn}2, is bounded.

Corollary 2.6 LetE, K, T, {u,};21, {Vitoors {xn)io, and {y, )2, be as in Corollary 2.5. Sup-
pose that {a, )02, {bu}oy, {catooy, {a, 021, A, )52, and {c,}°2, are sequences in [0,1] satis-
fying conditions (i), (ii), (iv) and > o, ¢/, < 0co. Then the conclusions of Corollary 2.5 hold.

n=1"n

Corollary 2.7 Let K be a nonempty convex subset of an arbitrary Banach space E, and let

T,S: K — K be two uniformly continuous and ¢-hemicontractive mappings. Suppose that

{an}oly, {Buloe, are any sequences in [0,1] satisfying
(1) 1m0 By = 0 =1imy,_ o0
(ii) D07, oy = 00.

For any xo € K, define the sequence {x,};°, inductively as follows:

Yn = 1- ﬁn)xn—l + BnSxp,

xp =1 —ay)xy1 +o, Ty, n>1

Page 7 of 9
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Then the following conditions are equivalent:
(@) {x.}52, converges strongly to the common fixed point q of T and S,
(b) lim,;, o Tyn =4,
(©) {Tyn}2, is bounded.

Corollary 2.8 Let K be a nonempty convex subset of an arbitrary Banach space E, and
let T : K — K be a uniformly continuous and ¢-hemicontractive mapping. Suppose that
{2y, {Bulie, are any sequences in [0,1] satisfying

(i) limy,_ 00 By =0 =1im,_, o oy,

(i) Y 02 o, = 00.

For any xo € K, define the sequence {x,};°, inductively as follows:

Yn = (1 - B)xu1 + BuTxy,

xn= (1 —an)xy + Ty, n>1

Then the following conditions are equivalent:
(a) {%,)52, converges strongly to the unique fixed point q of T,
(b) limy, o0 Ty, = q,
(©) {Tyn}2, is bounded.

Corollary 2.9 Let K be a nonempty convex subset of an arbitrary Banach space E, and
let T : K — K be a uniformly continuous and ¢-hemicontractive mapping. Suppose that
{a, )2, is any sequence in [0,1] satisfying

(i) lim,_ o, =0,

(i) Y o2 oy = 00.

For any xo € K, define the sequence {x,};°, inductively as follows:
Xy =Xy + (1 —0,)Tx,, n>1.

Then the following conditions are equivalent:
(@) {xn}52, converges strongly to the unique fixed point q of T,
(b) limy—o Tx, = g,
(c) {Tx,}52, is bounded.

All of the above results are also valid for Lipschitz ¢-hemicontractive mappings.
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