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1 Introduction

The calculus on time scales has been introduced in order to unify the theories of contin-
uous and discrete processes and in order to extend those theories to a more general class
of the so-called dynamic equations. In recent years there has been much research activity
concerning the oscillation and non-oscillation of solutions of neutral dynamic equations
on time scales.

In this paper we consider the higher-order nonlinear dynamic equation

[y + Pepy(z@)]* + Y Q)i (y(i(0)) = 0, (L1)
i=1

where n > 2, P(t),Qi(t) € Cyy [ty,00) for i = 1,2,...,m; P(f) is an oscillating func-
tion (P(¢) : T — R), Q;(¢t) are positive real-valued functions for i = 1,2,...,m; ¢;(t) €
Cra [to,00) 1, ¢ (£) > 0, the variable delays 7,¢; : [to,00) 1 — T with 7(¢), ¢;(£) < ¢ for all
t € [tg,00)1, ¢i(t) > ocoast— oo fori=1,2,...,m; 7(t) - o0 as t — o0; fi(u) € C(R,R)
are nondecreasing functions, uf;(u) >0 foru #0andi=1,2,...,m.

The purpose of the paper is to study oscillatory behaviour of solutions of equation (1.1).
For the sake of convenience, the function z(¢) is defined by

2(t) = y(t) + P@)y(z (2)). (1.2)

2 Basic definitions and some auxiliary lemmas
A time scale T is an arbitrary nonempty closed subset of the real numbers R. For ¢ € T,
we define the forward jump operator o : T — T by

o(t):=inf{se T:s>t}
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while the backward jump operator p : T — T is defined by
p(t):=sup{seT:s<t}.
If o (£) > t, we say that ¢ is right-scattered, while if p(f) < t, we say that ¢ is left-scattered.

Also, if o (£) = ¢, then ¢ is called right-dense, and if p(£) = ¢, then ¢ is called left-dense. The
graininess function u : T — [0, 00) is defined by

w(t):=o(t)—t.

We introduce the set T which is derived from the time scale T as follows. If T has left-

scattered maximum w1, then T = T — {m}, otherwise T = T.

Definition 1 [1] The function f : T — R is called rd-continuous provided it is continuous

at right-dense points in T and its left-sided limits exist (finite) at left-dense points in T.

Theorem 1 [1] Assume that v :T — R is strictly increasing and T .= v(T) is a time scale.
Let w: T — R. If vA(¢£) and w™ (v(¢)) exist for t € T, then

(wov)® = (wZ ) v)vA,
where we denote the derivative on T by A.

Definition 2 [1] Letf: T — R be a function. If there exists a function F : T — R such that
F2(t) =f(¢) for all £ € T, then F is said to be an antiderivative of f. We define the Cauchy
integral by

b
/ f(t)A(x) = F(b) - F(a) fora,beT.

Theorem 2 [2] Let u and v be continuous functions on [a, b] that are A-differentiable on
la,b). If u® and v® are integrable from a to b, then

b b
/ U (@)Wv() A + / u® (WA (D) AR = ud)v(b) — ul@)v(a).

LetT = TU {supT}U{inf T}.Ifco € T, we call oo left-dense, and —oo is called right-dense
provided —oo € T. For any left-dense ¢ € T and any ¢ > 0, the set

L(to))={teT:0<ty—t<e}
is nonempty, and sois L(co0) = {t e T: ¢t > é} ifooeT.

Lemmal [3] Letn € Nandf be n-times differentiable on T. Assume oo € T. Suppose there
exists € > 0 such that

f@®>o, sgn(fAn(t)) =se({-1,+1} forallte L. (oc0)
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and f2"(t) # 0 on Ls(00) for any 8 > 0. Then there exists p € [0,n] NNy such that n + p is
even for s =1 and odd for s = -1 with

(PN (E) >0 forallt € Ly(00),j € [pn—1] NNy,
() >0 forall t € Ly (00) (with & € (0,¢)),j € [1,p 1] N No.

Lemma 2 (3] Let f be n-times differentiable on T, t € T, and o € T¥". Then with the
functions hy defined as h,(t,s) = (-1)"g,(s, £),

ho(r,s) =1 and hk+1(r,s):/hk(r,s)As for k € Ny,

we have
n-1 ‘ ") .,
f(t) = th(t,oz)fA (o) +/ hn_l(t,a(r))fA (1)A~.
k=0 «

Lemma 3 [3] Let f be n-times differentiable on T<" and m € N with m < n. Then we have,
forallo € T and t € T<",

n-m-1

pn—m—l (t)

Z (¢, fAan () + f l/B— l(t o )fA (r)A
0 o

Lemma 4 [3] Suppose f is n-times differentiable and gy, 0 < k < n — 1, are differentiable
att e T with

Zon®) =g(o (@) forall0<k<n-2.
Then we have
n-1 A
k LeAT o
[Z(—l)ka gk:| = fgl + (-1 A g
k=0

3 Main results
Lemma 5 Let f be n-times differentiable on T<". If f* > 0, then for every 1, 0 < 1 <1, we
have

SO 2 11"y (o (T7), )F " (0). (31)

Proof Letp,0 <p <n-1,bethe integer assigned to the function f as in Lemma 1. Because
of f2 > 0, we always have p > 0. Furthermore, let T* > T be assigned to f by Lemma 1.
Then, by using the Taylor formula on time scales, for every p"~(¢) > T*, we obtain

f(t) - /pn—l(t)(_l)n—l A"
> gy,_l(a(t),t)f (1)Ar. (3.2)

£l

By using Theorem 2 and (3.2), we have

. ") -
f() = (—1)"_1gn-1(0(t)»t)fAni () - /;* (-1)" g, (o(x), f)fA (T)At.
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Since f is n-times differentiable on T<" and m € N with m < 1, we have with # and f sub-
stituted by # — m and f2", respectively

A" P _q\y-m-1 A"
foo= (1" g (o (2), 1) () AT,

T*

Also, for every p"L(t), s with p""1(¢) > T* and T* < s < t, we have
£ = ()" g (0 (T7), )2 (0).

This is obvious for m = n —1 and, when m < n — 1, it can be derived by applying the Taylor
formula. Thus, for all t > T*, we get

FO = (0 g (o (17,6 @
and therefore the proof of the lemma can be immediately completed. d

The result of Lemma 5 is an extension of studies in [4] and [5]. In order that the reader
sees how the results in [4] (1.8.14) and [5] (Lemma 2) follow from (3.1), it is at this point
only necessary to know that in the case T = Z, we have p(¢) =t —1,0(t) =t + 1 and

. (t-T*-1)"D
& (0 (1)) = =0 =5

then we get the inequality in [4]

1
u(t) > T (n— nl)(”‘l)A”_lu(Z”‘m_ln);

and in the case T = R, we have p(f) = o(¢) = t and

(t _ T*)(n—l)

&m(o(T) 1) = = =5

then we get the inequality in [5]

u(t) > " " (2).

(n—=1)
For the cases T = Z and T = R, some sufficient criterias for oscillatory behaviour of the
solutions of the equation (1.1) were obtained by Bolat and Akin in [6] and [7], respectively.
Furthermore, there might be other time scales that we cannot appreciate at this time due

to our current lack of ‘real-world” examples.

Theorem 3 Assume that n is odd and

(C1) limy o P(2) =0,
(C2) ftzo s Qils)As = 0.

Then every bounded solution of equation (1.1) is either oscillatory or tends to zero as

t— oQ.
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Proof Assume that equation (1.1) has a bounded non-oscillatory solution y(¢). Without
loss of generality, assume that y(¢) is eventually positive (the proof is similar when y(¢)
is eventually negative). That is, y(£) > 0, y(z(£)) > 0 and y(¢:(¢)) > O for £ > #; > ¢, and
i=1,2,...,m. Assume further that y(¢) does not tend to zero as t — oc. By (1.1), (1.2), we

have fort >

(6 ==Y Q)fi(y(¢:(1))) <0. (3.3)

i=1

It follows that zN(t) (f € [0,n — 1] N Np) is strictly monotone and eventually of constant
sign. Since P(t) is an oscillatory function, there exists a ; > # such that if ¢t > t;, then
z(t) > 0. Since y(t) is bounded, by virtue of (C1) and (1.2), there is a ¢3 > £, such that z(¢)
is also bounded for ¢ > t3. Because # is odd and z(¢) is bounded, by Lemma 1, when p = 0
(otherwise z(¢) is not bounded), there exists £, > t3 such that for ¢ > £, we have (—lyzAj(t) >
0,j€[0,n—-1] N Ny.

In particular, since z2(¢) < 0 for ¢ > 4, z(¢) is decreasing. Since z(¢) is bounded, we
write lim;_, o 2(¢) = L (—00 < L < 00). Assume that 0 < L < 00. Let L > 0. Then there ex-
ists a constant ¢ > 0 and a £5 > £, such that z(¢£) > ¢ > 0 for ¢ > 5. Since y(¢) is bounded,
lim;_, oo P(£)y(z (t)) = 0 by (C1). Therefore, there exists a constant ¢; > 0 and a ¢ > ¢5 such
that y(¢) = z(¢) — P(£)y(z (t)) > c1 > 0 for t > t¢. So that we can find a t; with #; > t¢ such that
y(¢i(t)) > ¢ > 0 for t > £;. From (3.3) we have

m
() == Qut)file) <0 (3.4)
i=1
for ¢ > t;. If we multiply (3.4) by £"~! and integrate it from ¢; to ¢, we obtain

F(t)-F(t)) < ~f(1) | ) Qil9)s" " As, (3.5)

7 a1

where
F(t) _ (_1)i+1(tn—1)AizA”_i (O’i(t))
and

olt) =0 (oi_l(t)).

Since (—l)szk(t) >0 fork=0,1,2,...,n—1and t > t;, we have F(¢) > 0 for ¢t > ¢;. From
(3.5) we have

m

~F(i) =) [ 3 Qs

7 i
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By (C2) we obtain

—F(t;) < —f(c1) Z Qi(s)s" T As = —00

7 21

as t — oo. This is a contradiction. So, L > 0 is impossible. Therefore, L = 0 is the only
possible case. That is, lim;_, », z(£) = 0. Since ¥(¢) is bounded, by (C1) we obtain

lim y(¢) = lim z(¢) — lim P(t)y(t) =0
t—00 t—00 t—00

from (1.2).
Now let us consider the case of y(¢) < 0 for ¢ > #;. By (1.1) and (1.2),

2(6) ==Y Q)fi(y(¢:(1)) >0

i=1

for t > t;. That is, z2" > 0. It follows that zN(t) (f € [0,n — 1] N Np) is strictly monotone
and eventually of constant sign. Since P(¢) is an oscillatory function, there exists a t, > #
such that if ¢ > #,, then z(£) < 0. Since y(¢) is bounded, by (C1) and (1.2), there is a £3 > £,
such that z(¢) is also bounded for ¢ > ¢;. Assume that x(¢) = —z(¢). Then x2” (¢) = —z%" (¢).
Therefore, x(t) > 0 and x2” (¢) < 0 for ¢ > 5. Hence, we observe that x(¢) is bounded. Since
n is odd, by Lemma 1, there exists a £, > 3 and p = 0 (otherwise x(¢) is not bounded) such
that (1% (£) > 0,j € [0,n—1] N Ng and ¢ > t,. That is, (-1yz% (£) < 0, j € [0,n = 1] N N,
and ¢ > t,. In particular, for ¢ > ¢4 we have z2(t) > 0. Therefore, z(¢) is increasing. So, we
can assume that lim;_, » 2z(¢) = L (—oo < L < 0). As in the proof of y(¢) > 0, we may prove
that L = 0. As for the rest, it is similar to the case of y(t) > 0. That is, lim;_, o y(£) = 0. This
contradicts our assumption. Hence the proof is completed. d

Theorem 4 Assume that n is even and (C1) holds. If the following condition is satisfied:

(C3) There is a function ¢(t) such that ¢(t) € C}d [£9, 00) 7. Moreover,

Jim sup [ 093 Q) As = o0
i=1

to

and

| ¢ P
1 A
Jim, sup / 068 0@, "

foro(t)andi=1,2,...,m. Then every bounded solution of equation (1.1) is oscillatory.

Proof Assume that equation (1.1) has a bounded non-oscillatory solution y(¢). Without
loss of generality, assume that y(t) is eventually positive (the proof is similar when y(¢) is
eventually negative). That is, y(¢) > 0, y(7(£)) > 0 and y(¢;(¢)) > 0 for £ > t; > £,. By (1.1)
and (1.2), we have (3.3) for £ > #,. Then z2" (£) < 0. It follows that z% (¢) (j € [0,n-1]NNp)
is strictly monotone and eventually of constant sign. Since P(t) is an oscillatory function,
there exists a t; > ¢; such that for ¢ > ¢,, we have z(¢) > 0. Since y(¢) is bounded, by (C1)
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and (1.2), there is a t3 > £, such that z(¢) is also bounded for ¢ > #3. Because # is even,
by Lemma 1 when p =1 (otherwise z(¢) is not bounded), there exists ¢, > t3 such that for
t > t, we have

-1y"2Y @) >0, je[0,n-1]NN,. (3.6)
In particular, since z2 () > 0 for ¢ > t,, z(¢) is increasing. Since y(¢) is bounded,

tliTOP(t)y(r(t)) =0
by (C1). Let § > 1; i.e., there exists a £5 > t4 such that by (1.2)

1

(0 = 2(0) = Pe)y(x(8) > 52(6) > 0

for t > t5. We may find a £ > ¢5 such that for t > tg and i =1,2,...,m
1
y(i(0) > 52(i(0) > 0. (37)

From (3.3), (3.7) and the properties of f, we have

() < - ZQ, t)f( 2(i( t)))

ZQL( AL ;Ei’t()))” (6:0)) (38)

for ¢ > ¢6. Since z(t) > 0 is bounded and increasing, lim;_, 2z(¢£) = L (0 < L < 00). By the
continuity of f, we have

i fi32($:0))) _i
t=oo z(i(2))

L
‘3)>0.

Then there is a 7 > 5 such that for ¢t > t7,i=1,2,...,m, we have

FG2o®) _ 5 _

A60) = 2L > 0. (3.9)
By (3.8), (3.9),
zM(t)f—oziQ,-(t)z(@(t)) fort > t;. (3.10)
1
Set
w(t) = % (3.11)

We know from (3.6) that there is a tg > ¢; such that for a sufficiently large ¢ > tg, w(t) > 0.

Page 7 of 10
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Therefore, A-derivating (3.11) we obtain

A" (¢) An-1 1 A
FErYE RGN 40 <z(6—1¢i<t>)>
270 59RO (0 (6)22 (57 i)

wh(t) =

= - 3.12
A5719i0) 271 4u()2(6719,(0 (1) 12
0 0 @) (57 i(1)
" 2(571¢u(0) 2679 (1)

AU S0 90)
= -6 —_—. 3.13
e 0 e w) 12

We know from (3.6) that there is a t > o such that z2(¢£) > 0 and zM_l(t) > 0 for an
even . Since z(t) > 0 is increasing z(8 1¢;(0 (¢))) > z(571¢i(¢)) for i = 1,2,...,m. Therefore,
by Lemma 5,

2(87' (1) = M=1)""gu1 (0 (:(0)), $:(6))2>" ($:(0)). (3.14)

Then by A-derivating (3.14) and using g2, (o' (£),£) = g%, (o (¢), £), we get
[2(67'0:(0)]" = A1l (0 (4(8), 9i(0) ™" (91(2))
> M-1"2g7, (o (0i(0), $u(0) 2" (4(0))
by Lemma 2

22(574(0)) 87 32 (1) = M=1)""2g7, (o ($:(0)), $i(£))z>" ($:(0)).

Since ¢;(t) < ¢, we obtain

SAL) gy 5(0 (Hi(0)), Bi(1)z™" (1)

22 (57 i(t) > 250

(3.15)

Hence by (3.10), (3.14) and (3.15), we have

Y Q1)
W = )
S GO O A
-8 1.0 i
v 62 (0) 26 4o 0)
_ o Y QA0
26-16,(0)
s PGB O) 50000 2 (0(0)
P2 (2) 2(81¢i(o (1))

< —a ) Qi) — A1), (0 (1), i) (W (1)),

i=1

Page 8 of 10
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and then

a > Qilt) < -wh(e) - AM-1)"wA(t)g, (o (i(D)), 4i(2) (3.16)

i=1

for t > ty0. If we multiply (3.16) by ¢(¢) and integrate it from #o to ¢, we obtain by Theo-

rem 2

Ol/t: ‘/’(S)iXml:Qi(S)ASS - /tt (s)w™(s)As

0 10

. / M1 2(s)WR(5)gE o (0 (64(5)), bi(s)) As

to

< - [go(t)w(t)—w(tm)w(tlo)— / <pA(s)w"(t)As}

10

_ / M2 WP (5)g7 (0 (91(9), d1(s)) As

to

S‘P(tlo)w(tlo)+/ P2 ()W’ (£)As

10

Y / PSWS)Z 5 (0 ($1(9), $1(5)) As

10

< o(t0)Wto) — 1 / ()¢ (0 (64(5)), ()
P2 (s) T As
20¢(5)g_o (0 (i(s)), Pi(s))

X [w(s) -

) / t [p™(s)]? S
1o 4r(s)g0_5 (0 (¢i(s)), dils))

t [p?(s)]?
< p(tio)w(tio) + /n o 420(9)g7_, (0 (¢1(5)), Pi(s)) as

Therefore by (C3),

t m
o0 = atlil})losup/t (p(s)ZI:Qi(s)As

10

1 t [p2(s)]?
< ¢lhopwlto) + 35 lim sup / P0G ) i)

< 0oQ.

This is a contradiction.
Now let us consider the case of ¥(¢) < 0 for ¢ > ¢;. By (1.1) and (1.2), we have

28 =~ Z Q®)fi(y(:(8))) >0
i1
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for t > t;. That s, z2" > 0. It follows that zN(t) (f € [0, —1] N Np) is strictly monotone and
eventually of constant sign. Since P(¢) is an oscillatory function, there exists a £, > ; such
that z(£) < 0 for ¢ > ¢,. Since y(¢) is bounded, by (C1) and (1.2), there is a #3 > £, such that
z(¢) is also bounded for ¢ > #3. Assume that x(¢) = —z(¢). Then x2" () = —z2" (¢). Therefore,
x(t) > 0 and 2" (¢) < 0 for t > 3. Hence, we observe that x(¢) is bounded. Since # is odd,
by Lemma 1, there exists a £, > #3 and p = 1 (otherwise x(¢) is not bounded) such that
(~1)*x2“(£) > 0, k € [0,n = 1] NNy and £ > t,. That is, (<1)*z2(£) < 0, k € [0,n - 1] NN,
and ¢ > f4. In particular, for ¢ > ¢, we have z%(¢) > 0. Therefore, z(t) is increasing. For the
rest of the proof, we can proceed the proof similarly to the case of y(¢) > 0. Hence, the
proof is completed. d
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