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Abstract

In the present paper, we study the operator ideals generated by the approximation
numbers and generalized de La Vallée Poussin's mean defined in (Simsek et al. in J.
Comput. Anal. Appl. 12(4):768-779, 2010). Our results coincide with those in (Faried
and Bakery in J. Inequal. Appl. 2013, doi:10.1186/1029-242X-2013-186) for the
generalized Ceséro sequence space.
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1 Introduction
By L(X, Y) we denote the space of all bounded linear operators from a normed space X into
a normed space Y. The set of nonnegative integers is denoted by N = {0,1,2,...} and the
real numbers by R. By w we denote the space of all real sequences. A map which assigns
to every operator T’ € L(X,Y) a unique sequence (s,(7)):°, is called an s-function and the
number s,(7T) is called the nth s-numbers of T if the following conditions are satisfied:

@ TN =s0(T)>5s(T)>--->0forall T € L(X,Y).

(b) $,(T1 + Ty) <5,(T1) + || To|| for all T1, T, € L(X,Y).

(©) $u(RST) < |IR||s,(S)IIT| forall T € L(Xy,X),S€ L(X,Y)and Re L(Y, Yy).

(d) s,(AT)=|A|s,(T) forall T e L(X,Y), A e R.

(e) rank(T) <nmifs,(T)=0forall T € L(X,Y).

(f)

1 forr<mn,
Sr(ln) =
0 forr>n,

where I, is the identity operator on the Euclidean space £7,.
As examples of s-numbers, we mention approximation numbers o, (T'), Gelfand numbers
¢,(T), Kolmogorov numbers d,,(T) and Tichomirov numbers 4 (T') defined by:
(I) a,(T)=inf{||T - A| : A € L(X,Y) and rank(A) < n}.
(I1) ¢u(T) = a,(Jy T), where Jy is a metric injection (a metric injection is a one-to-one
operator with closed range and with norm equal to one) from the space Y into a
higher space £°°(A) for a suitable index set A.
() du(T) = infgimy<n SUP |y <1 infyey | Tx = y.
(IV) d(T) = d, 0y T).
©2013 Bakery; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2013/1/518
mailto:awad_bakery@yahoo.com
mailto:awad_bakry@hotmail.com
http://dx.doi.org/10.1186/1029-242X-2013-186
http://creativecommons.org/licenses/by/2.0

Bakery Journal of Inequalities and Applications 2013, 2013:518 Page2of 8
http://www.journalofinequalitiesandapplications.com/content/2013/1/518

All these numbers satisfy the following condition:

(&) Susm(T1+ Ta) <5,(T1) + su(T2) forall T1, Ty € L(X, Y).
An operator ideal U is a subclass of L = {L(X, Y); X and Y are Banach spaces} such that its
components {U(X, Y); X and Y are Banach spaces} satisfy the following conditions:

(i) Ix € U, where K denotes the 1-dimensional Banach space, where U C L.
(i) T, T, e U(X,Y), then M Ty + A2 T5 € U(X, Y) for any scalars Aj, ;.
(iii) If V € L(Xo,X), T € U(X,Y) and R € L(Y, Yy), then RTV € U(X,, Yy). See [1, 2]
and [3].

For a sequence p = (p,) of positive real numbers with p, > 1, for all n € N, the generalized

Cesdro sequence space is defined by

Ces(p) = { (xx) € w : p(Ax) < 0o for some A > 0}

where p(x) Z<n+1 Z|xk|)

The space Ces(p) is a Banach space with the norm ||x|| = inf{A > 0: p(5) <1}.

If p = (p,) is bounded, we can simply write Ces(p) = {x € w: Y - 0(”+1 Y ieo Xk )Pr < 00}
Also, some geometric properties of Ces(p) are studied in [4—6] and [7].

Let A = (X,) be a nondecreasing sequence of positive real numbers tending to infinity,
andlet Ag =land A,.,; <A, +1.

De La Vallée Poussin’s means of a sequence x = (xx) are defined as follows:

t,(x lejl, where I, = [n - A, +1,n], for k e N.
]EIH

The generalized de La Vallée Poussin’s mean sequence space was defined in [8].

V(A,p):{xew:p(kx)<oof0rs0mek>0}, wherep(x)-Z( lek|>

n=0 k€1

The space V (A, p) is a Banach space with the norm

Il :inf{k > 0:,0(;) < 1}.

If p = (p,) is bounded, we can simply write

V(Ap)—{xea) Z( Z|xk|> <oo}.

" kel

Also, some geometric properties of V(A,p) are studied in [9, 10] and [11].
Throughout this paper, the sequence (p,) is abounded sequence of positive real numbers
with
(bl) the sequence (p,) of positive real numbers is increasing and bounded with
limsup p, < oo and liminfp, > 1,
(b2) the sequence (%,) is a nondecreasing sequence of positive real numbers tending to
infinity, Ao = 1 and A,y < A, + 1 with Zﬁo(ﬁ)“ < 00.
Also we define ¢; = (0,0,...,1,0,0,...), where 1 appears at the ith place for all i € N.
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Different classes of paranormed sequence spaces have been introduced and their differ-
ent properties have been investigated. See [12—15] and [16].

For any bounded sequence of positive numbers (p,), we have the following well-known
inequality |a, + b,["" < 2""Y(|a,|P" + |b,|P"), h = sup, p,, and p,, > 1 for all n € N. See [17].

2 Preliminary and notation
Definition 2.1 A class of linear sequence spaces E is called a special space of sequences
(sss) having the following conditions:
(1) Eisalinear space and e, € E for each n € N.
(2) Ifxew,ye Eand |x,| <|y,| forall m e N, then x € E ‘i.e., E is solid’
(3) If (%)%, € E, then (x[ Do = (X0, %0, %1, %1, %2, %2, ...) € E, where [7] denotes the
integral part of 7.

Example 2.2 ¢, is a special space of sequences for 0 < p < co.
Example 2.3 ces, is a special space of sequences for 1 < p < oo.

Definition 2.4 U™ := {U;""(X,Y); X, Y are Banach spaces}, where UzP(X,Y) := {T ¢
LX,Y): (n(T))52, € E}.

Theorem 2.5 U}’ is an operator ideal if E is a special space of sequences (sss).
Proof See [18]. (N

We give here the sufficient conditions on the generalized de La Vallée Poussin’s mean
such that the class of all bounded linear operators between any arbitrary Banach spaces
with nth approximation numbers of the bounded linear operators in the generalized de
La Vallée Poussin’s mean form an operator ideal.

3 Main results
Theorem 3.1 U ;p(ip) is an operator ideal, if conditions (bl) and (b2) are satisfied.

Proof (1-i) Let x,y € V(A, p) since

Z( lek+yk|> 2h‘1<2( Z|xk|> +Z;< ZW) )

n=0 An kel An kely, An kel

h=sup, py, thenx +y € V(%,p).
(1-ii) Let A e R, x € V/(A, p), then

Z( Zlkxkl) <83PIAIP"Z< Z|xk|) < 00,

n=0 nke[ n=0 "keI

we get Ax € V(A,p), from (1-i) and (1-ii), V(,p) isa linear space.
To show that e,, € V(1,p) for each m € N, since ), (5= )" < 0o. Thus we get

o0 " oo

S S

n=m n kel n=m
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Hence e,, € V(A,p).

(2) Let |x,| < |y,| for each n € N, then 372 (L 3" Il < 32020 (G- Yoy, o)
sincey € V(,p). Thus x € V(A, p).
(3) Let (x,,) € V(A, p), then we have

i( > b 1)

n= " kel

(i L)

n=0 kelz

2n

o 1 P2n+1
+ Z( Z |"[§1|>

A
n=0 2n+1 kel

() ) (i ()

(S eg)  SGp))
23 ()

" kel

<2 (2" + Z( Zw) +2"Z( Dm)

n=0 ” kely n kely
o0
< (277 420 4 2N Z( Z |xk|) < 00.
n=0 " kel,

Hence (x11)7%, € V(%,p). Hence from Theorem 2.5 it follows that L[‘a/p&p) is an operator
ideal. O

Corollary 3.2 L[Cfg‘zp is an operator ideal if (p,) is an increasing sequence of positive real

numbers, lim,,_, o, sup p, < 00 and lim,_, o infp, > 1.
Corollary 3.3 Ucesp is an operator ideal if 1 < p < 0o.

Theorem 3.4 The linear space F(X,Y) is dense in Lls,p(l;’p) (X, Y) if conditions (bl) and (b2)

are satisfied.

Proof First we prove that every finite mapping T € F(X, Y) belongs to U, ap p (X ,Y). Since
em € V(X,p) for each m € Nand V(2, p) is a linear space, then for every ﬁmte mapping T €
F(X,Y), i.e., the sequence (o,(T))5, contains only finitely many numbers different from
zero. Now we prove that L[app )(X Y) C F(X,Y). Since letting T € L[app (X, Y) we get
(on(T))520 € V(A,p), and since p((a,(T))52,) < 00, let & €]0,1], then there exists a natural
number s > 0 such that p((«r,,(T))3,) <

Sz, for some ¢ > 1, where § = max({1, > )1’”}
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Since «,(T) is decreasing for each #n € N, we get

Z( Z“zs(T)) < Z( Zanm)

n=s+1 ke] n=s+1 I<€1
Pn
&
< -
YL ) <o o
”ke]

then there exists A € F(X, Y), rank(A) < 2s with

Z( 2IT- AII) SZ( S IT-4 ||) < e @)

n=2s+1 " kel, n=s+1 keI

and since (p,) is a bounded sequence of positive real numbers, so we can take

Pn P
s?fp(Z ||T—A||> < i’ 3)

kel

also o, (T) = inf{||T — Al : A € L(X, Y) and rank(A) < n}. Then there exists a natural num-
n—0oQ
ber N > 0, Ay with rank(Ax) < N and || T — Ax|| < 2an(T). Since «,,(T) —> 0, then

N—
IT - Anll — 0, sowe can take Z( >IT- A||> <t (4)

h+3
n=0 keln 236c
Since (p,) is an increasing sequence, by using (1), (2), (3) and (4), we get

(T, A) = p(a(T - A4),

3s-1

Z( > (T - A)) +Z( > (T - A))
keI kel
[ee] 1 Pn+2s
< < >IT- An) +Z<r Zak(T—A))
=0 ke] n=s " kelyyos
<3 ( D oIT- A||>
”kel
1 P
+ ( (T - A)+A— > ak(T—A))
n=s kelzb 1 ke€lpi2s\I2s5-1
=3y (1 ST- AII)
A
n=0 kel

Pn

+2h_1<2(% > ak(T—A))

n=s " kehs

+ i(/\i > ak(T—A)>pn>

n=s " kelpios\I2s-1

Z( doIT- A||>

=0 ”keI
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+2h-1<2< D IT- A||> +i( > iens(T - A)) )

” kel n=s n kel

<3Z< ZHT A||>

An k=0
1 00 pn X 1 \?" 1
2" sup( D IT-Al) D (=) +2 Z Zak T) <e.
=5 Nkel, n=s An n=s " kel, O

Definition 3.5 A class of special space of sequences (sss) E, is called a pre-modular spe-
cial space of sequences if there exists a function p : E — [0, oo satisfying the following
conditions:
(i) p(x) >0VxeE,and p(x) =0 < x =0, where 0 is the zero element of E,
(ii) there exists a constant / > 1 such that p(Ax) < I|A|p(x) for all values of x € E and
for any scalar A,
(iii) for some numbers k > 1, we have the inequality p(x + y) < k(p(x) + p(»)) for all
x,y€E,
(iv) if [x,| < [yn| for all m € N, then p((x,)) < p((¥,)),
(v) for some numbers ko > 1, we have the inequality p((x,)) < p((x[%])) < kop((x,)),
(vi) for each x = (x(i))3S, € E, there exists s € N such that p(x(i))7; < 00. This means the
set of all finite sequences is p-dense in E,
(vii) for any A > 0, there exists a constant ¢ > 0 such that
p(%,0,0,0,...) > ¢Ap(1,0,0,0,...).
It is clear from condition (ii) that p is continuous at 6. The function p defines a metrizable

topology in E endowed with this topology which is denoted by E,.

Example 3.6 ¢, is a pre-modular special space of sequences for 0 < p < 0o, with p(x) =

2o lenl”.

Example 3.7 ces, is a pre-modular special space of sequences for 1 < p < oo, with p(x) =

Zn 0(n+1 ZZ:O [ ).

Theorem 3.8 V(1,p) with p(x)=> - 0( ZkeI,, |%,4|)P" is a pre-modular special space of
sequences if conditions (bl) and (b2) are satzsﬁed.

Proof (i) Clearly, p(x) > 0 and p(x) =0 < x = 0.

(ii) Since (p,) is bounded, then there exists a constant / > 1 such that p(Ax) < [|A|p(x)
for all values of x € E and for any scalar A.

(iii) For some numbers k = max(1,2"1) > 1, we have the inequality p(x + y) < k(o(x) +
p(y) forallx,y € V(A,p).

(iv) Let |x,| < |y,| foralln € N, then Y2 ( Zkeln )P < D02 pw Zkeln [V |)P

(v) There exist some numbers ko = 2/~ 1(2h +1) + 2" > 1; by using (iv) we have the in-
equality p((x4)) < p((x(7))) < kop((x4)).

(vi) It is clear that the set of all finite sequences is p-dense in V(% p).

(vii) For any A > 0, there exists a constant 0 < ¢ < A?°! such that p(%,0,0,0,...) >
c2p(1,0,0,0,...). 0
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Theorem 3.9 Let X be a normed space, Y be a Banach space, and let conditions (bl) and

(b2) be satisfied, then U:‘,i lzx,p) (X, Y) is complete.

Proof Let (T,,) be a Cauchy sequence in U;ilzk'p)()(, Y). Since V(A,p) with p(x) =
Ziio(ﬁ > ke, [¥al)" is a pre-modular special space of sequences, then, by using con-
dition (vii) and since L[f,l;fzk,p)(X, Y) € L(X,Y), we have p((,(T; — T}))52g) = plao(T; -
7;),0,0,0,...) = p(IT; — T;|,0,0,0,...) > ¢ T; — Tjllp(1,0,0,0,...), then (T},,) is also a
Cauchy sequence in L(X,Y). Since the space L(X,Y) is a Banach space, then there ex-
ists T € L(X,Y) such that | T,, — T|| m:)ooo and since (,(T)n))ep € EforallmeN, p is
continuous at 6 and using (iii), we have

p(en(D))" s = p(n(T = Tn+ Tn),- g < k(e (T = T)) g + ko (a1 (Ton) o

< k,o((|| Ty — T||):i0) + kp(a,,(Tm))zzO <& forsomek > 1.
Hence (a,(T))32, € V,(A,p)assuch T € U?,ilz)\yp)()(, Y). O

Corollary 3.10 Let X be a normed space, Y be a Banach space and (p,) be an increasing
sequence of positive real numbers with limsup p,, < 00 and liminfp, > 1, then Ucey,, (X, Y)

is complete.

Corollary 3.11 Let X be a normed space, Y be a Banach space and (p,) be an increasing

sequence of positive real numbers with 1 < p < 0o, then ujé’s‘; (X, Y) is complete.
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