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Abstract

Motivated by the definition of geometric-arithmetically s-convex functions in
(Shuang et al. in Analysis 33:197-208, 2013) and second-order fractional integral
identities in (Zhang and Wang in J. Inequal. Appl. 2013:220, 2013; Wang et al. in Appl.
Anal. 2012, doi:10.1080/00036811.2012.727986), we establish some interesting
Riemann-Liouville fractional Hermite-Hadamard inequalities for twice differentiable
geometric-arithmetically s-convex functions via beta function and incomplete beta
function.
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1 Introduction

Fractional calculus, which is a generalization of classical differentiation and integration
to arbitrary order, was born in 1695. In the past three hundred years, fractional calculus
developed not only in pure theoretical field but also in diverse fields ranging from physical
sciences and engineering to biological sciences and economics [1-8].

The classical Hermite-Hadamard inequalities have attracted many researchers since
1893. Researchers investigated Hermite-Hadamard inequalities involving fractional inte-
grals according to the associated fractional integral equalities and different types of con-
vex functions. For instance, one can refer to [9-11] for convex functions and to [12] for
nondecreasing functions, to [13-15] for m-convex functions and to [16] for (s, 71)-convex
functions, to [17] for functions satisfying s-e-condition, to [18] for («, m)-logarithmically
convex functions and see the references therein.

In [19], Shuang et al. introduced a new concept of geometric-arithmetically s-convex
functions and presented interesting Hermite-Hadamard type inequalities for integer inte-
grals of such functions. In [20], the authors used the definition of geometric-arithmetically
s-convex functions in [19] and applied first-order fractional integral identities in [9, 10, 14]
to establish some interesting Riemann-Liouville fractional Hermite-Hadamard inequali-
ties for once differentiable geometric-arithmetically s-convex functions.
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However, fractional Hermite-Hadamard inequalities for twice geometric-arithmetically
s-convex functions have not been reported. In this work, we continue the development in
[20]. Note that Wang et al. [13, 16] presented some elementary fractional integral equali-
ties for twice differential functions. Motivated by [13, 16, 19], we study Riemann-Liouville
fractional Hermite-Hadamard type inequalities for geometric-arithmetically s-convex
functions by means of first-order fractional integral equalities.

2 Preliminaries
In this section, we introduce notations, definitions, and preliminary facts.

Definition 2.1 (see [3]) Let f € L[a,b]. The symbols J*.f and J;_f denote the left-sided
and right-sided Riemann-Liouville fractional integrals of the order « € R* and are defined
by

1

(]Z+f)(x) = m

/x(x -0 (t)dt (0<a<x<b)

and

o _ 1 b a1 d O<a< b
(]bf )(x)-m/x (t-x)"f(®)dt (0<a<x<b),

respectively, here I'(-) is the gamma function.

Definition 2.2 (see [19]) Let f:1 C R* — R* and s € (0,1]. A function f(x) is said to be
geometric-arithmetically s-convex on [ if for every x,y € I and ¢ € [0,1], we have

FEYT) <E(fW) + A-0°F ().

Definition 2.3 (see [21]) The incomplete beta function is defined as follows:

B.(a,b) = / (1 -0 dt,
0

where x € [0,1], 4,b > 0.
The following inequality will be used in the sequel.

Lemma 2.4 (see [18]) Fort € [0,1], we have

Q-0 <2 —¢" fornel0,1],

(1-g) =217 " forn e [1,00).

The following elementally inequality was used in the proof directly in [19]. Here, we
revisit this inequality from the point of our view and give a proof in [20].

Lemma 2.5 (see [20]) Fort € [0,1], x,y > 0, we have

tx+ (1 —t)y > y"al,
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We introduce the following integral identities.

Lemma 2.6 (see [16]) Let f : [a,b] — R be a twice differentiable mapping on (a, b) with
a<b. Iff” € La, b], then the following equality for fractional integrals holds:

b r 1
fla) ;rf( ) 2(205_;)()1 U/ 6) + @]
1 a+ ¥
_ (@ —2a)2 /0 1-(1 —at)+ 11 — 1f,/(m - (L= 0)b) dt.

Lemma 2.7 (see [13]) Let f : [a,b] — R be a twice differentiable mapping on (a, b) with
a<b.Iff" € Lla,b], then

Ma+1) N a+b
2b_ay Uef (b) + Ji-f (@)] - f ( 5 )
(b-a)

1
-2 /0 m(O)f" (ta + (- b) dt,

1—(1—)2+1 g+l 1
£ tel0,3),

1_(1_t)a+l_ta+1 1

l_t_T, te[i,l).

Lemma 2.8 (see [13]) Let f : [a,b] — R be a twice differentiable mapping on (a,b) with
a<b. Iff" €Lla,b],r>0, then

o0 oo\ ) b Jof (b) +Ji-f (@)]

r(r+1) r+1

fla)+f(b) 2 (ﬂ+b> F(a+1)[

1
=(b-a)? /0 k(@)f" (ta + (1 -t)b) dt,

where

1_(1_t)zx+l_tot+l t
_ r(a+1) r+l’
k(t) - 17(17t)oc+17ta+1 1-t
r(a+1) r
3 The first main results

By using Lemma 2.6, we can obtain the main results in this section.

Theorem 3.1 Let f : [0,b] — R be a differentiable mapping. If |f"| is measurable and |f"|
is decreasing and geometric-arithmetically s-convex on [0, b] for some fixed a € (0,00),
s €(0,1], 0 < a < b, then the following inequality for fractional integrals holds:

f@+fb) Tl+1) ., .
2 B 2(b _ 61)0‘ []m—f(b) +]b—f(d)]

<(b—a)z(lf”(a)lﬂf”(b)l)( 1 1 )

- 2(x +1) s+1 a+s+2
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Proof By using Definition 2.2, Lemma 2.5 and Lemma 2.6, we have

f(a) +f(b) [(o + 1)
Z(b

[ 2 f (0) +Ji-f (@)]

(b — ﬂ)z 1 _ (1 _ t)Ot+l _ ta+1 ,
== e If"(ta + (1 - 1)b)|dt
a+l a+l 17
~ 2@ +1) Jo A=) — ) |f"(ta + (1~ )b)| dt
(b_ )2 ' o+ o+ 10 t11-t
Sz(afn/o(l‘(l‘” L) |f (@'t e
(b_ )2 ' o+t o+ Z slgr
SZ(afl) (1= =0 == [E|f (@) + - 27| B)]] dt
G- @] [, b= @]
2(e +1) / d + 2(a +1) /tsdt
_ -2’ (@) ai
T 2@+l /ts £ dt
W] (1 ta+s+1dt w a+1
2(x +1 2a +1)
(b= aPIf" () s
+W/ 1-1t)dt

(b-al|f"(a)] 1 (b-a?f"@) 1
- 2 +1) oz+s+2+ 2 +1) s+1

_(b-a?|f"(a)l

2ot D) B(s+1,a+2)
_B-a?fr ) 1 (b-a)if" b)) 1
2@+1) a+s+2 2 +1)  s+1
(b—a)*|f" ()|
—WB(S‘FI,(X‘FZ)
<(b—a)z(lf”(a)lﬂf”(b)l)( 11 )
= 2(x +1) s+1 a+s+2)
The proof is done.

— by dt

O

Theorem 3.2 Letf : [0,b] — R be a differentiable mapping and 1 < q < co. If |[f"|? is mea-

surable and |f"|? is decreasing and geometric-arithmetically s-convex on [0,b] for some

fixed o € (0,00), s € (0,1], 0 < a < b, then the following inequality for fractional integrals

holds:

fla)+f(b) T(a+ 1)

[/ f(b) + T f(@)]

2 2b-
- (b —a)?max{l —217%,2"¢ _1} /|f"(a)|1 + |f" (D)9 i
- 2 +1) ( s+1 ) ’

Proof To achieve our aim, we divide our proof into two cases.

Page 4 of 13
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Case 1: « € (0,1). By using Definition 2.2, Lemma 2.4, Lemma 2.5, Holder’s inequality

and Lemma 2.6, we have

U/ ®) 4 f @)

’f(a) +f() r<a+1)
2 2(b -

(b-a)? (!
< fo
0= ([ era) ([ A
S2(a+1)(/0 1= (-o o] dt) (/ (ta+(1-1)b)| dt)
1 4 )( // tlt q >
d atb d
/Oil -ty — | de /[f )| de
1 1;0 1 %
/ il—(l_t)o‘_taipdt) (/ [fslf//(ﬂ)|q+(l_t)slf”(b)|q]dt>
0 0
@)+ 1" BN [ [ 1
— ) (/0 (-0 + ]dt)

B-a? (@1 + ' OIN (e P
S2(0{+1)( s+1 ) (/0 [2 _1] dt)

_ - (Lf”(a)lq + W(b)ﬁ)é
2(x +1) s+1 ’

1— (1 _ t)a+1 _ toz+1
o+l

If"(ta+(1-10)b)|dt

- (b-a)*
~ 2(a +1)

A

=

|

3

[’v]
/N N N

where 1 » é =1.
Case 2: « € [1,00). By using Definition 2.2, Lemma 2.4, Lemma 2.5, Holder’s inequality

and Lemma 2.6, we have

fla)+f(b) T(a+1)
2 2b-a

(b—aP (If'@+ "B\ 7 [ [ e aw )\’
S2(oz+1)( s+1 ) (fo [1_(1_t) _t] dt)

_b-ra-2 (lf”(a)lq + W(b)m)é
2(x +1) s+1 '

[J“ f(b) +Ji-f @)

The proof is done. 0

4 The second main results
By using Lemma 2.7, we can obtain the main results in this section.

Theorem 4.1 Letf : [0,b] — R be a differentiable mapping. If |f”'| is measurable and |f"| is
decreasing geometric-arithmetically s-convex functions on [0, b] for some fixed o € (0, 00),
s€(0,1], 0 < a < b, then the following inequality for fractional integrals holds:

o+ 1)
2(b -

s @) -1 (40|

b-a)?|f"(@)|[a-a2™ =271 o+l
2a +1) [ B

1+s 2+s
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where

1
+2B(s+ L +2) + :|
a+s+2
b—a)lf" (b o-s-1 4 o-s-1 _q 1
b-a)y|f"®)|[a + + +2B(@+2,5+1)],
2 + 1) 1+s a+s+2

1
/ FA-t)""Ydt=B(s+1,a +2).
0

Proof By using Definition 2.2, Lemma 2.5 and Lemma 2.7, we have

MMa+1) a+b
‘Z(b L e s )+ 52 f@)] f(T)‘
<& _2”)2 /0 lm(®)||f" (ta + (0 - Ob)| dt
S(19—61)2

< 5 ;
_ 2 rl

<(ba)/1
2 1

1
/O Im(0)||f” (a5 di

7

+ (1= |f"(b)|] dt

1_(1_t)a+1_ta+1
a+1

[£]F"(@)] + - £ |f"(b)] ] de

2

" (b—zﬂl)Z/Oé

b 2
;(aj)l) f oo =t — £+ (1=t + [ | (@) + (=2 (B)]] at

1-— (1 _ t)a+l _ ta+1
a+l

[£]f"(@)] + @ -0 |f"(b)|] dt

- )2 : o+ a+ 1 slen
+2(a+1)/ ta+ =1+ Q=0+ e [E]f" (@] + A= 2)°|f" ()] dt

o )1) r@l ), ot — (o DE 4 £ 0
;]Za :ll) ()| , [“(1 ) = (@ + DL -t + (L) 4 21— o)) dt
* i‘ia i )1 @) f [~ + (@4 DT 20— 0 4 2 e
+ ;b(oz_j)l) If" ()| /07 [~ =0 + (o + DA = O + (L= ) 4+ 22411 - £)°] it
< %lf” a \[al_li_:l ~ (o + 1)1_22:2 +B(s+La+2)+ %]

—a—s-2

b— 2 B 2—s—1
(b-a)r . b)|| o —(x+1)B(2,s+1) +
a+s+2

+2(a+1)v( )|_

b a) r 2—5—1 2—s—2
1 _ 1
2(a+1)v()|_ s+1+(05+ )s+2

B 1-— 2—5—1

+2(a+1)lfﬁ( )|__ 1+s

+Bla +2,5+ 1)]

2—a—s—2
a+Ss+ 2:|
—a—s-2

1-2
+(@+1)B(2,s+1) +
o+Ss+2

+Bla+2,s+1)+

+ Bl +2,s + 1)}
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(b—-a)?|f"(a)] [oc — 275 — g5l _a+l

2(ax +1) 1+s 2+s

1
+s5+2

+2B(s+ 1, +2) +
o

(b-a)?|f"b)| a2t +2751 1 1
+
2(a +1) 1+s a+s+2
The proof is done.

Theorem 4.2 Let f : [0,b] — R be a differentiable mapping. |f”| is measurable and 1 <
q < oo If |f"|1 is decreasing and geometric-arithmetically s-convex on [0, b] for some fixed

a €(0,00),s€(0,1], 0 < a < b, then the following inequality for fractional integrals holds:

o+ 1)
2(b -

s o)+ g e - (457

+ 2B(a +2,s+1):|.

_(b-ap (W(aw g lf”(b)l">31 ((a #1274 (o 0.5 -

T 2(x +1) s+1

where L +1=1.
rq

Proof By using Definition 2.2, Lemma 2.5, Holder’s inequality and Lemma 2.7, we have

Ma+1) o, a+b

’2(19 Ve s @)+ (@] f( : )‘

< (b-ay f\m(t)\ "(ta + (1-t)b)|dt
0

Y 1 2 1 :
< (b ;) (/ |m(t)|"’dt> </O [f”(m+(1—t)b)|th>
1
Pd 1/ tblt qd
fimara) ([iramra)

: ;
A |m<t>lpdf) ([rrera-vrorna)

/ lm(t)|” dt>

(b- a)2

s+1

(
-
<lf” |"+lf”b)|">(
<lf” a)|q+lf”(b)|q> (

s+1

1-— (1 )a+1 ta+1

a+1

1-¢-

/_ pdt)"

2

—

g (b_d)z (Um(a)|‘1+ lf//(b)|q)§ (/%|at+t—1+(1_t)a+l +ta+lipdt
0

2(x +1) s+1

1
1 »
+/ o —t+ @1 -2 + t°‘”|”dt>
1
2
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(b—a)® (If" @I+ [f' D)7\ 7 ! ! !
S2(01+1)( s+1 ) <(°‘+1)/0 tpd”/%(ot—tﬂ)?dt)

_(b=ap (@I + " B)I° 1/ (@+1)277 4 ( + 0.5 — P\ »
_2(a+1)( s+1 ) ( p+1 ) '

The proof is done. O

5 The third main results
By using Lemma 2.8, we can obtain the main results in this section.

Theorem 5.1 Let f: [0,b] — R be a differentiable mapping. If |f"| is measurable and |f"|
is decreasing and geometric-arithmetically s-convex on [0, b] for some fixed a € (0,00),
s €(0,1], 0 < a < b, then the following inequality for fractional integrals holds:

b 2 b r
Tl e B e VRV

(b-a)*
“r(r+1)(a+1)
—s=2| £/
- r(O[ + 1)|:2Tlfz(a)| + Bo.5(2,s + l)lf”(b)

s+1 s+1

}

—s=2| £
rlo + 1)|:2Tlfz(ﬂ)| +Bo5(2,s + 1)[f”(b)|] }

max{ [r+1-(r+1)27] [2‘5—1 (@) . (1 =271 f"(b)| :|

2
%max{[;w 1-(r+1)27% - r(a +1)]

x [(1 -2 (@)l 2+11f”(b)|}

s+1 s+1

—s=2 1/
+r(a+ l)l:w +Bos(s +1,2)|f"(b) ],
s+2
rlo +1) [ A -2 (@) -2 [f" ()|
s+1

(-2 @]

s+2

Bo'5(S +1, 2)[f”(b)‘j| }
Proof By using Definition 2.2, Definition 2.3, Lemma 2.5 and Lemma 2.8, we have

fla) +f(b) 2 a+b Cle+1) N
Crr+l) " mf< 2 ) " (b -a) [Jmf(b) +]1rf(61)]

<(b-a)? /1|k(t)| [f”(m +(1- t)b) | dt
0
1
<(b-ay /0 k()| (') | e

1
< (b-a)* fo k@)|[£]f" @] + 1 -0 |f"b)|] dt

s(b—a)zfoé

1-— (1 _ t)oz+l _ t(x+1
r(a +1)

t 1 S 1
- [ @]+ a0l )] de
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1 1_(1_t)a+l_to¢+l 1—t¢
r(a +1) S+l

[£1f"(@)| + @ - )| (b)|] dt

+(b-a)?
%

(b-a)
r(r+1)(a+1) Jo

—tra+l)’[t5[f” a ‘+ l—ts[f”(b Hdt

IA

1
el (e )(Er 4 (1 -0

(b o(+ o+
(r+1—(2+1/|r+1+tr(a+l) (r+1)( Ly@1-9 1)
—rla+ D|[£]f"@)] + Q- t7|f"(b)|] dt
(b-a) —on[ 277 (@) (=27 (D)]
5mmax{[r+l—(r+l)2 ][ e + Tl ]
—r(a+ 1)[% +Bos(2,5 + 1)[f”(b)’:|,
—s=2 |1/
rlo + 1)|:2T[f2(a)| +Bo5(2,s+ l)v/’(b)|:|}

(b-a)®
D@+l
8 |:(1 _ 2—s—l)lfl/(ﬂ)| ~ Zsllf//(b)|:|

s+1 s+1

max{ [r +1-(r+1)27% —r(a + 1)]

erta [ 42220

o+ 1) [ -2 @I - 2B A =2 a)]

s+1 s+2

+Bos(s+1,2) V”(b)|],

~Bos(s+ 1»2)lf”(b)|] },

where we have used the following inequalities:

/ [ra1- (e DE + (1 - 0% — (e + D][E]F@)] + Q- 0° | (b de
0

1

<[r+1-(+1)27] / [Ef @] + -t ]f0)]] de

0

e +1) fo [ @) + - 0 )] i
2@ | 1=2 B ]

s+1 s+1

}

< [r+1—(r+1)2‘°‘]|:
22If (@)
s+2

1

—r(a+1)|:

and

fi [—r -1+ (r+ 1)(t"“rl +(1- t)‘“l) +tr(o + 1)] [ts V”(a)| +(1-2t° [f”(b) |] dt
0

<[-r-1+(+1)] / 21 @)] + - 0] )] de

0
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sre+ D) /O [EF@)] + o - o | )] ] de

—s=2 £/
|:2T[f2(ﬂ)| +B0.5(2,s + 1) lf//(b) ],

<r(e+1)

and

1
[r+1+tw(e+1) - (r+ (e + 1 -0)*")

—

—r(o + 1)] [ts [f”(a)| +(1-2° [f”(b) |] dt
1

< [r+ 1-(r+1)2™ —r(a + 1)]/1 [tsv//(a)} +(1- t)sv//(b)|]dt

+r(a+1) ﬁl[tﬁl [f”(a)| +t(1-12)° Lf”(b) H dt
2

s+1 s+1

I

< [l’ +1-— (I" + 1)2—ot _ I"(Oé + 1)] |:(1 — 2_5—1)lf//(a)| B 2—5—1 lf//(b)l]

+ 305 (S +1, 2) lf”(b)

+r(a

—s=2\| £
+1)[(l—2s+)2lf @|

and

1
[—r —1-trl@+1)+(r+ 1)(t"“rl +(1- t)‘”l)

_—

+r(a+ 1)][ts [f”(zz)‘ +(1-2)° Lf”(b)” dt
1

< [—r 1+ +1)+r(a+ 1)] / [ts[f”(a)| +(1- t)slf”(b)H dt

1
—rle+1) ) [t“l [f”(a)| +t1-1¢)° Lf”(b)” dt

(1 _ Z_S_l)[f//(ﬂ)l ~ 2—5—1 lf// (b)| i|

s+1 s+1

<r(a+ 1)|:
1-2"2)|f"(a)|

s+2

—rle + 1)|: +Bos(s+1,2)|f"(b) |]

(-2 Y@ -2 (B)  (1-2)|f ()]

s+1 S+2

§r(a+1)[

— Bo‘5(S + 1, 2) V”(b) |] .

The proof is done.

O

Theorem 5.2 Let f : [0,b] — R be a differentiable mapping. |f"| is measurable and

1<g<oo. If|f"|1 is decreasing and geometric-arithmetically s-convex on [0, b] for some

fixed o € (0,00), s € (0,1], 0 < a < b, then the following inequality for fractional integrals

Page 10 0of 13
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holds:

et G Bl VIRV NI0)

r(r+1) r+1

f(a) +f(b) 2 (a+b) F(a+1)

(b-a) (lf”(ﬂ)lq + lf”(b)lq>’f
T r(r + 1)(a + 1)) s+1

p+1 p+1
)

x (max{[r+1-(r+1)27)" = [1+0.5r(1 —a) = (1 +7)27°]

[r(a + 1)]p+12’1”1}

p+1

tmax{[r+1-(r+12°F" = [1+05rQ-a)+ @ +r27]",

[050(@ + D] )7,

where L +1=1.
r o q

Proof By using Definition 2.2, Lemma 2.5, Holder’s inequality and Lemma 2.8, we have

fl@+f(b) 2 (a+b> T +1)

P\ r(b—a)y

r(r+1)  r+l [Jo.f(b) +;-f (@)]

1
<(b-a)? / |k@)||f" (ta+ 1 -t)b)|dt

<(b-a) </ |k(t)|"dt> (/ If"(ta+ (1~ t)b)|th)
< b— 2 k Pd>p< 1" tblft qd>q
<( a)(/0|<t)| ; flf(a )| de
b az(fl|k(t)ypdt>”<f [£]f"(@)]"+ 1~ t)S[f“b)\]dt>
"(a)|” + |f" (D)
o (PO (f o)
o @)1+ |f"(B)| ([
s (PEEE) (]
11_(1_t)a+1_to¢+1 l—tp }l,
+/5 ra +1) T+l dt)

(b-a)? (lf”( )|4+W(b)|q>q< / [re 1=+ D+ -0
0

T r(r+1)(a+1) s+1

4

1-— l_toz+1_ta+1
-2 gt

rlo +1) r+1

—tr(ee + 1) [P dt
1

1
+./1 [r+1+tr(e+1) - (r+D)( + 01— ") - r(a +1)[” dt)p
(b—a)? (W(a)w ¥ W(b)ﬁ)é
“r(r+1)(a+1) s+1
[r+1=(r+1)27%P*" —[1+0.5r(1 — &) = (1 + r)27¢]P*!
(max{ ra+ 1)+ 1)

’
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[r(a +1)]Pri2»-1
rle+1)(p+1) }

{ [r+1—(r+1)271P*"' — [1+0.57(1 - a) + (1 + r)27}*!
+ max )
rle+1)(p+1)

[0.5¢(a + )P |\ 7

- (b-a) (lf”(ﬂ)lq+ Lf”(b)lq)‘lf
T r(r+ 1) (o + D)) s+1

x (max{[r+1-(r+ 1)2""]p+1

~[1+05r(1-a) -1 +r2]",
[r(a + 1)]‘“12—17—1}
+ max{[r +1-(r+ 1)2—a]19+1 3 [1 +05r(1—a)+(1+ r)2—a]19+1’

[0.5r(a + 1)]erl }) , ,

where we have used the following inequalities:

1

[2 [r+1-(+D(E" + 1 -0)*") - (e + )] dt
0

12t 140571 - ) - (L+ )27
= rla+1)(p+1)

’

and

1

/2 [-r=1+ @+ + 1 -0)"") + (e + )]  dt
0

[r(a +1))P+i221
rla+1)(p+1)

and

1

/; [r+1+tr(e+1) - (r+ (™ + Q- 0*") —r(a + 1)) dt
- [F+1-(F+1)27P1—[1+0.5r(l—a)+ (1 +7r)27%]PH
- rle+1)(p+1) ’

and

1
[-r-1-t(@+ D)+ (r+ (" + Q-0 +r(e +1)]  dt

_—

[0.5¢(c + 1)}
T rle+Dp+l)’

The proof is done. 0
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