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1 Introduction
Let b € BMO(R") and T be the Calderén-Zygmund operator, the commutator [b, T] gen-
erated by b and T is defined by

[6, T1(f)(x) = b(x) T (f)(x) - T(bf) ().

A classical result of Coifman, Rochberb and Weiss (see [1]) proved that the commuta-
tor [b, T] is bounded on L”(R") (1 < p < 00). In [2—4], the boundedness properties of the
commutators for the extreme values of p are obtained. In this paper, we introduce vector-
valued multilinear commutator of fractional area integral operator and prove the endpoint
estimates for the commutator ISZ’W, s|r generated by the fractional area integral operator Sy, s
and BMO functions.

2 Notations and results
We give the following definitions (see [2, 3, 5-7]).

Definition 1 Let 0 < § <, a function  satisfies:
1) Jon ¥ (x)dx =0;
(2) @) < CL+ [a)~ 12,
(3) [¥(@+y) = Y@ = Clyl*(L+ |x)) "2, 2]y] < |x].

Suppose that 1 <7 < 00, b; (j=1,...,m) are the fixed locally integrable functions on R".
Set T'(x) = {(5,t) € R"*! : |x — y| < ¢} and the eigenfunction by xr(). We define the vector-
valued multilinear commutator of fractional area integral operator by

o]

1/r
185 5N )], = (Z(Sﬁ,s(ﬁ)(x))r) ,

i=1
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where
7 : dydt\"?
o[ o)
and
Fw- [ []‘[(b,(x) : b,(z))} Yily - 2f @) dz.
j=1

Definition 2 We call a locally integrable function b in the central BMO space, namely
CMO(R"), if the function b satisfies

||b||CMo=SUF|Q(0,7”)|_1/Q|b(y)—bq|dy<oo.
We have
1Bl exo ~ sup inf| Q(0, )| / 160) —c| dy.
r>1 c€C Q

Definition 3 Let 0 <3 <n, 1< p < n/8. We call a locally integrable function b in Bf,(R”), if
the function b satisfies

WP by o llze < 0.

1B g5 = supr™
r>1

Now we state our theorems as follows.

Theorem 1 Suppose 1 <r < o0, 0< 8 < n, and b= (by,...,by) for by e BMO,1<j < m.
Then |Si’8 |, is bounded from L to BMO(R").

Theorem 2 Let1<r<o00,0<8<n,1<p<n/s, and b= (b1s...,by), with b € BMO(R"),
forl<j<m.Then |S@Y5|, is bounded from Bf,(R”) to CMO(R").

3 Proofs of theorems
We begin with a preliminaries lemma.

Lemma 1 (see [3,4]) Let1<r<oo,0<8<mn l<p<n/s,1/q=1/p—8/n. Then|Sysl, is
bounded from LP(R") to L1(R").

Proof of Theorem 1 It is only to prove that there exists a constant Cy, the following in-

equality holds:
1 R
1Ql /QHS@,(;(/‘)(x)], — Coldx =< C||If 1] pus-

Fix a cube Q = Q(xo,7), let f =g + h = {g;} + {h;} for g; = fixo, hi = fix(Q)e-
When m =1, set (b1)g = |Q|™ fQ by(y) dy, then

FM () (x,) = (b1(®) = (b1)Q) F(f) () = Fo((b1 = (51)q) &) ) = Ee((b1 — (b1)@) i) (9)s
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SO
|5 50@)], ~ Sy (((Br)2g — b1) ) (xo): |

oo 1/r
= (ZHXW) (b1(x) = (b1) Q) Fi(fi) () ||r)

i=1

o0 1/r
+ (Z”XF(x)Ft(((bl)Q - b1)g) () ||r)

i=1

+ | xreEe (b1 = (B1)0)f2) 3) = Xrwo) Ee (b1 — (1)) h) ) |,
=A(x) + B(x) + C(x).

For A(x), suppose 1 < p <n/8,1/q=1/p—8/nand 1/q + 1/4' = 1, by the Holder inequality,

then

1 1
@/Q|A(x)|dx B @/Q’bl(x)—(bl)QHSw,a(f)(x)],dx

, 1/q
(IQI /|b1 )= (bief dx)

1/q
(|Q|/ Sy (N@)|?xo ) dx>

1/p
< C||b1||BMo|Q|-”q( / [f @] xo) dx)
Rn
< ClbillsmolQI™4

[(ror ) (fpane) T

- -5
< Clb1llamol QU f11 | s 1QI27P

< Clib1llsmo| If 1+

/s

For B(x), fix 1 < u < n/8,1/v =1/u — §/n, by the Holder inequality, then

|la / |B(x)| dx

|Q|f|5“ (b1 = (Br)o)g) )], dx
1 v 1/v
< (g L Ises(o - Gge)eo)a, )
1/u
= C|Q|_1/V</Rn |61x) = (1) | |f (@) x0(®) dx)

1 ) 1/u
_c(@ /Q [b1@) ~ (1)) dx) [0l

< Clbilismo ]| IF1r | s

Page 3 of 9


http://www.journalofinequalitiesandapplications.com/content/2013/1/513

Kuang Journal of Inequalities and Applications 2013, 2013:513
http://www.journalofinequalitiesandapplications.com/content/2013/1/513

For C(x), we have

x) = HXF(x)Ft((bl = (01)Q)h)®) = xree) Fe((b1 — (1)o) 1) () H,

Zd dt 1/2
< [ / /R . ( /Q Jxreo =~ xrten 510~ Gl vty 2| [f(z)|,dz) ty—l}

- C/@]bl(z)— (br)allf (),

- ”dydt // - ndydt
wyize (E+ |y — 2222 omyl<t (£ + |y —2])2m22

< C/QJ’”(Z)‘ (b)ollf @),

lyl=tlxty—zI<t

1/2
dz

(t + |x +y— Z|)2n+2—25
1 dydt\'"?
- 2n+2-28 yn—l ) dz
(t+|xo+y—z|) ¢

</ |b () - (b)) Hf(z)| (// |x—x0|t1—n p dt>l/2dz
~ Joe ! Ve 4 i<t lxry—zi<t (E+ % +y —z])2n+3-20 ’ '

Notice that when |y| <t,2t+ [x+y—z| > 2t + |x —z| — |y| = ¢t + |[* — 2|, and

* tdt _ Clx _ Z|—2n—l+25
o (£+ |x—z|)2n+3-28 - ’

then, for x € Q,

22n+3—28 |x0 _ x|tl—n dydt 172
C(x / |b1 Z) (bl)QHf Z)| (/ \/|y<t (2t+2|x+y_z|)2n+3—26 ) dz
" dydt 12
1/2
< C/ |b1(Z) (bl)QHf(Z)i |x X0 | </ ./y<t (t+ |x Z|)2n+3 28> dz

0 tdt 12
C/QE|h1(Z)—(b1)Q|V(Z)|,|x—xo|1/2</0 W) dz

|.9C0 _x|1/2
= C/QC’hl(Z)—(bl)Q‘v(z)‘,W dz
0 |l/2
= CkXI:/;k+1Q\2k [b1(2) - (hl)QHf(Z)LWdZ

< sz—k/2|2k+1Q|—l+8/n /ZMQV,I(Z) - (b1)ol|f ()|, dz

k=1

[o¢]
< Clibilisao Y _ k27| If1,
k=1

< Clib1llsuo||If 1+

nlé

nlsr
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so that

1
TGTKJCWdeS(HWHBMOWﬂr

Lnis:
When m > 1, let Z)Q =((b1)gs. - (bm)q) € R", where
a=10" [ bO)d 1=j=m
let f =g+ h={g;} + {h;} for g = fixq, hi =fi x(Q)- We have

EP(f)(x,9)

- /Rn |:l_[(b1(x) - bl(z)):| Vily — 2)f(2) dz

j=1
= (b1(x) = (61)q) - (bi(x) = (b)) F:(f) ()
+ (1" Fy (b1 = (51)q) - - - (B — (bi)Q)f)) )

m-1
£33 (<) (blx) - bg),

j=1 oeC}.’”
x / (Z(z)_ZQ)aclﬁr(y—Z)ﬁ(z)dz
Rn
= (b1(x) = (b1)q) - - (bi(%) — (b)) Fe(f)(y)

+ (=) E((b1 - (b1)q) - - (bm = (bm)0)g) )
+(=1)"Fy((b1 = (b1)q) -+ (b — (b)) i) (9)

+ Z > (=17 (b(x) - bq),, F.((B — bQ)ecf:) (x,9),

j=1 UECW’

by the Minkowski inequality, we have

1185 50|, = Sy (((B)g = b1) - ((bur) = b)) o)), |
< ||Xr ) (b1(%) — (b1)q )"'(bm(x)_(bm)Q)Ft(f)(y)”r

+Z§]m~ )= bo), F((B = Bo)ocf )9,

j=1 UGC’”

+||XI‘(x)Ft((b1_(b1)Q) (b = (b) ))(3’)”

+ XF(x)Ft(l_[ b)Q ) XF(xo)Ft(l_[(

j=1 j=1

= My (x) + Mo (x) + M3(x) + My(x).
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For M; (x), similar to the proof of m =1, we take 1 < p < n/8, 1/q = 1/p — 8/n, by the Holder
inequality and Lemma 1, we have

1
— d
Q /QMl(x) x

il
< | —
- (IQI o}

/
q

[ 15 - 3))0)

1/q g
dx) (IQIf'S'“(f ")|qu)
. 1/p
< Clbllamol Q™M ( fQ Lf(x)|’;’dx>

8/n
A - n/ —(Sp/n
< CliBllsuolQ ”q( N de) Q|0-Grme
Q

< ClIbllsmo]| [F 1| pus-

For M,(x), taking 1 < p < n/8,1/q =1/p — &/n, we get

1
— d.
Q f M) dx

1/p
Z > 11Bo llzaolQl ”q</ | (B( LS @ xox dx)

j=1 aECm

z; Z l o||BMo<|Q| /| (b(x) - bg) . dx) 11| s
1

Z > 8o llsmollboe laato I s

j=1 eCm

< Cl1bllzao 1| s

For Ms(x), taking 1 < p < n/8,1/q =1/p — §/n, we obtain

! 1 1/q
ol /Q My()dx < (@ /Q Su((1 = B1)o) - (b — (Bu)Q)) )" dx)

< ClQI™||(bu(x) = (B1)q) -+ (bm(x) — (bw)a) |g®)], | ,»

1 . 1/q
§C<@ /Q |(B1(®) = (b1)q) - - (Bin(x) = (b)) | dx) N1 s

< ClBlsmol If 1,

/s

For My(x), we have

Ma(x) < C/ it — x| |xg — 2|72 f (2)|, dz
QC

H (bi(2) - (b))q)
=1

o]

< CZ/ %o —x|1/2|x0 —(n+1/2-8) Lf(z | dz
1 2kQ\2k—1Q

H (bi(2) - (b))q)
=1
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[ [ - ®))q)

j=1

(@), de

2%Q\2k-1Q %o —

o 1/2
lxo — x|
< 70
- CZ/ Z|n+1/2—8
k=1

m

[ 152 - B)a)

j=1

e ] » /s S8/n
Yo 2( @!" d)
> /mvzr, :

<I2"QI ol }

<Cy k2 2T TIblsmo £,

k=1 j=1

< ClBllsmol|1F1: | s>

(@), de

<Ci2—k/2 1 /.
- py |2kQ|1—5/n 2kQ

n/(n-3) (n-8)/n
—(b; )Q) dz)

/s

SO

/s

= / M4 ()| dx < CIBlLsaio | If

This completes the proof of Theorem 1. d

Proof of Theorem 2 It is only to prove that there exists a constant Cy, for any of the cubes
Q= Q(0,d) (d > 1), the following inequality holds:

1 -
@_/Q||Sh‘/"5(f)(x)|r_c<2|dx§CllfllBg.

Fix a cube Q = Q(0,d) (d > 1). Let f = g + h = {g;} + {l;}, where g = fixq, hi = fix(q- and
bo = (b)) -, (bm)o). For (b))o = 1QI™" [, 16;(»)| dy, 1 <j < m, we have

o (f) ) = f [1‘[ (1)~ b (2) } Vly - 2)f(2) dz
j=1

= (b1(®) = (b1)q) - - (bim(%) = (b)) Fe(fi)(¥)
+ (=) F((b1 = (b1)q) - - (b — (bin)0)g1) )
+ (=) F((b1 = (b1)q) - - (b — (b)) 1) ()

m-1

£33 (1" (bl) - bq),, Fi((b - bo)ocf:) (,9).

j=1 UEC;”
By the Minkowski inequality, we have

1S5 50|, = [Sys (B = 1) - - ((bundg = b)) (x0)],|
< | xrw (Br@) = (B1)q) -+ - (bm(®) = (bm)Q) E:(NW)],

m-1

33 e (B) — bo) e (b~ bo)ocf ) (5,9) |,

j=1 UEC;”
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+ | xreFe((Br = (B1)Q) - - (b = (bin))2) ) |,

+ xmﬂ(l—[ - (B))q) )(Y)—Xr(xo)Ft(l—[( (b)o)h >(y)

j=1 j=1

= Hl(x) + Hz(x) + Hg(x) + H4(x)

For Hi(x), take 1/q = 1/p — §/n, by the Holder inequality and Lemma 1, we have

M/mwm

m

1 q 1/q 1/gq
< (@/Q !;[(bj(x)_(bj)Q) d) <|Q|/|Sw(f) )|! dx)
. 1/p
< Clbllgmol QI ( f F @) xo) dx)
Rn
< ClIblzatod ™ 7" | 1f | xal

< ClBllawo |1 -

For Hy(x), taking 1 < u <p <n/é,1/v=1/u—8/n, we get

|Q|/H2(" CZ 2 (|Q|f| ~ba), | dx>w

EC’”

1 u 1/u
X (@/;|S‘/f’a((b_bQ)aCf)(x)|r dx>

m-1 1/u
SCZ Z 150 11 3a0l QI UV(/ |(b(x) - bq) . f )| XQ(x)dx)

j=1 UECm

m-1
<CY S ke a0l Q1™ P Il x|

j=1 UEC]m

1
(g [ Ieeo=so)..

m-1
<CY Y Bo llsaollBocllsrod ™7 | f 1 xo

j=1 aeCj"‘

i) dx) (p—u)/pu

< Cliblzmo |If 1] .

For H3(x), taking 1 < u < p < n/8,1/v =1/u — §/n, we obtain

1
— d
Q /QHs(x) x

1/v
<(IQ|/ [Su.5((b1 = (Ba)o) - (m—(bm)e)g)(x>|:d">
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1/u
< CIQI'“”(/QKbl(x) = (b1)q) -+ (bm(x) - (bm)Q)g(x)|fdx>

< ClQI™ | (b1(%) = (B1)q) - - (bi(®) = (b)) If Ir Xa|
< Cllbllaao [ 1| 55-

LV

For Hy(x), we have

m 2 1/2
dydt
= | (] i st T - 0ol w20, e ) 5
+ j=1
00 m
<C | Y2y = (41/2-25) b:(z) — (b; d
B g/;k+1Q\2kQ o=l =2 [1[( e 1)Q) V(Z)L )
o0 m
< sz—k/zpkﬂQ’—lﬂ?/n/ [ [(52) - (B)q) |f 2)], dz
P 2k+]Q j=1
= C Y k2 2RI Bl o | f |t
k=1
< Cliblizuo| 1+ .
s0
L/|H ()] dx < CllBllawio |11
QI Jg I = Ry
This completes the proof of Theorem 2. d
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