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1 Introduction

By w, we shall denote the space of all real- or complex-valued sequences. Any vector sub-
space of w is called a sequence space. We shall write £, ¢ and ¢y for the spaces of all
bounded, convergent and null sequences, respectively. Also, by ¢; and £, (1 < p < 00), we
denote the spaces of all absolutely and p-absolutely convergent series, respectively. Fur-
ther, we shall write bs, cs for the spaces of all sequences associated with bounded and
convergent series.

The B-duals of a subset X of w are defined by

XP = {a = (ax) e w:ax = (arxy) € cs for all x = (xx) eX},

Let 1 and y be two sequence spaces and A = (a,) be an infinite matrix of real or complex
numbers a,x, where 1,k € N. Then we say that A defines a matrix mapping from p into y,
and we denote it by writing A : u — y if for every sequence x = (x¢) € u, the sequence
Ax = (Ax),,, the A-transform of x is in y, where

(Ax)y =) amxc (neN). (1L1)
k

The notation (u : y) denotes the class of all matrices A such that A: u — y. Thus, A €
(e : y) if and only if the series on the right-hand side of (1.1) converges for each n € N and
every x € u, and we have Ax = {(Ax),},en € y for all x € u. The matrix domain py4 of an
infinite matrix A in a sequence space u is defined by

s = {x:(xk)ea):Axeu}.
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The theory of BK-spaces is the most powerful tool in the characterization of the matrix
transformation between sequence spaces. A sequence space X is called a BK-space if it is
a Banach space with the maps p; : © —> C defined by p;(x) = x; being continuous for all
i € N, where C denotes the complex field and N ={0,1,2,...}.

The sequence spaces ¢y, ¢, £« and ¢; are BK-spaces with the usual sup-norm defined by

l6llo = supy x| and [lxlle, = 3 il [1].

2 The sequence spaces ¢y(B) and £.(B)
Let r, s and t be non-zero real numbers, and define the triple band matrix B(r,s,t) =

{bnk (I", S, t)}

r, k=n,

s, k=n-1,
bnk=

t, k=n-2,

0, otherwise.

Recently, Somez [2] introduced the sequence spaces ¢y (B) and £ (B) as the matrix domain
of the triangle B(r, s, t) in the spaces ¢y and £, respectively. It obvious that ¢ (B) and £ (B)
are BK-spaces with the same norm by

1| e Brs,e) = || B(r s, £)(x) ”loo = sup|B,(r,s,£)(x)|. (2.1)
n

Throughout, for any sequence x = (xx) € w, we define the sequence y = (yx) which will
be frequently used, as the B(r, s, £)-transform of a sequence x = (x¢), i.e.,

Yk = IXk + SXj—1 + EXjo. (2.2)

Since the spaces Ap(s) and A are norm isomorphic, one can easily observe that x = (x;) €
AB(s, if and only if ¥ = (yx) € A, where the sequences x = (x;) and y = (yx) are connected
with relation (2.2); furthermore, ||%|¢. B(s2) = |¥]l¢o,» Where X is any of the sequences ¢

or {o.

3 Compactness by the Hausdorff measure of noncompactness

In the present paper, we establish some identities or estimates for the operator norms
and the Hausdorff measures of noncompactness of certain matrix operators on the spaces
¢o(B) and € (B). Further, by using the Hausdorff measure of noncompactness, we charac-
terize some classes of compact operators on these spaces. It is quite natural to find con-
dition for a matrix map between BK-spaces to define a compact operator since a matrix
transformation between BK-spaces is continuous. This can be achieved by applying the
Hausdorff measure of noncompactness. Recently, several authors characterized classes
of compact operators given by infinite matrices on some sequence spaces by using this
method. For example, in [3, 4], Mursaleen and Noman, Malkowsky and Rakocevi¢ [5],
Djolovi¢ and Malkowsky [6] and Kara and Basarir [7, 8] established some identities or
estimates for the operator norms and the Hausdorff measure of noncompactness of the
linear operator given by infinite matrices that map an arbitrary BK-space or the matrix
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domain of triangles in an arbitrary BK-space. Further, they characterized some classes of
compact operators on these spaces by using the Hausdorff measure of noncompactness.
Now, we give some related definitions, notation and preliminary result.

Let X and Y be Banach spaces. Then we write B(X, Y) for the set of all bounded (contin-
uous) linear operators L : X —> Y, which is a Banach space with the operator norm given
by L]l = sup,cs, IIL(x)|ly for all L € B(X,Y), where Sx denotes the unit sphere in X, the
sequence (L(x,)) has a subsequence which converges in Y. By C(X, Y), we denote the class
of all compact operators in 5(X,Y). An operator L € B(X, Y) is said to be of finite rank
if dimR(L) < oo, where R(L) denotes the range of L. An operator of finite rank is clearly
compact.

If (]| - ||, X) is a normed sequence space, then we write

o0
lally sup Y larx] (3.1)

xSy k=n

for a € w provided the expression on the right-hand side exists and is finite, which is the
case whenever X is a BK-space and a € X? [9]. Let S and M be subsets of a metric space
(X,d) and ¢ > 0. Then S is called an e-net of M in X if for every x € M there exists s € S
such that d(x, s) < . Further the set S is finite, then the ¢-net S of M is called a finite £-net
of M, and we say that M has a finite e-net in X. A subset of a metric space is said to be
totally bounded if it has a finite e-net for every ¢ > 0. By Mx we denote the collection of
all bounded subsets of a metric space (X,d). If Q € My, then the Hausdorff measure of
noncompactness of the set Q, denoted by x (Q), is defined by

x(Q) = inf{e > 0: Q has a finite e-net in X}.

The function yx : My — [0, 00) is called the Hausdorff measure of noncompactness [9,
p-387].

The basic properties of the Hausdorff measure of noncompactness can be found in [10,
Lemma 2]; for example, if Q, Q; and Q are bounded subsets of a metric space (X, d), then

x(Q)=0 ifand onlyif Q is totally bounded,

Q1 CQ, implies x(Q) < x(Q2).

Further, if X is a normed space, then the function x has some additional properties con-
nected with the linear structure, that is,

x(Q1+Q2) < x(Q1) + x(Qa),
x(@Q) = |a|x(Q) foralla eC.

We shall need the following known result for our investigation.

Lemma 3.1 [10, Lemma 15(a)] Let ¢ D X and Y be a BK -space. Then we also have (X,Y) C
B(X,Y), that is, every matrix A € (X,Y) defines an operator Ly € B(X,Y) by La(x) = Ax for
allx e X.
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Lemma 3.2 [11, Theorem 3.8] Let T be a triangle. Then we have
(a) For arbitrary subsets X and Y of w, A € (X, Yr) ifand only if B=TA € (X,Y).
(b) Further, if X and Y are BK -spaces and A € (X, Yr), then ||La|| = || Lg]|.

Lemma 3.3 [12, Lemma 5.2] Let ¢ D X be a BK-space and Y be any of the spaces c, c or
loo- IfA € (X, Y), then we have

[ILall = Al ) = sUp |Anl} < 00.
n

Lemma 3.4 [11, Theorem 1.29] Let X denote any of the spaces c, co or L. If XP = €1 and
llall% = llalle, for all a € ¢;.

Lemma 3.5 Let X denote any of the spaces co(B) and Loo(B). If a = (ay) € XP, then we have
a = (ax) € ¢1 and the equality

oo oo
> axie= @ (3.2)
k=0 pa

holds for every x = (xx) € X, where y = B(r, s, t)(x) is the associated sequence defined by (2.2)
and

P s V2 atr\ R s - /s2 —atr iaj

ar = ~

k — £ 2r 2r r
j=k i=0

Theorem 3.6 Let X denote any of the spaces co(B) or £ (B). Then we have

[o¢]
lallx = @lle, = Y _ @] < 00
k=0

forall a = (ay) € XP, where @ = (a}) is as in Lemma 3.5.

Proof Let Y be the respective one of the spaces cy or £, and take any a = (a;) € X?.
Then we have by Lemma 3.5 that @ = (a@;) € ¢; and equality (3.2) holds for all sequences
x = (xx) € X and y = (yx) € Y which are connected by relation (2.2). Further, it follows by
(2.1) that x € Sy if and only if y € Sy. Therefore, we derive from (3.1) and (3.2) that

00
E aiyk

k=0

00
E aArXk

k=0

llallx = sup
xESX

= sup
yESY

= |ally,

and since @ € {;, we obtain from Lemma 3.4 that
lall = 115 = 1@l <oc. .

Lemma 3.7 Let X be any of the spaces co(B) or £oo(B), let Y be the respective one of the
spaces ¢y or Lo, Z be a sequence space and A = (au) be an infinite matrix. If A € (X, Z),
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then A € (Y, Z) such that Ax = Ey for all sequences x € X and y € Y which are connected
by relation (2.2), where A= (@x) is the associated matrix defined by

ind —s+ —ar\ R s - —A4tr\ ay
SIS e

Proof Tt can be similarly proved by the same technique as in [4, Lemma 2.3]. d

Theorem 3.8 Let X be any of the spaces co(B) or £o(B), let A = (aui) be an infinite matrix
and A = (@uk) be the associated matrix. If A is any of the classes (X, ¢o), (X,¢) or (X,£x),
then

[ee]
IZall = 1Al (x o) = SUP (Z @u) <00,
n

n

Proof This is immediate by combining Lemmas 3.2 and 3.6. 0

The following result shows how to compute the Hausdorff measure of noncompactness
in the BK-space cg.

Lemma 3.9 [13, Theorem 3.3] Let Q be a bounded subset of the normed space X, where
X is €, for 1 <p<ooorco. If pp : X — X (r € N) is an operator defined by p.(x) =
(%0,%1,...,%,0,0,...) for all x = (x) € X, then we have

=1 I - r )
x(Q rggo(iggll( p,,)

where I is the identity operator on X.

Further, we know by [11, Theorem 1.10] that every z = (zx) € c has a unique representation
z=12ze+ Z (2, — 2)e™, where Z = limy,_, o0 2,. Thus, we define the projectors p, : ¢ — ¢
(reN) by

=Ze+ Z(zy, -2)e"” (reN)

for all z = (zi) € ¢ with Z = lim,,_, o 2,,, where e = (1,1,1,...) and ™ is the sequence whose
only non-zero term is 1 in the nth place for each n € N, where N ={0,1,2,...}. In this situ-
ation, the following result gives an estimate for the Hausdorff measure of noncompactness
in the BK-space c.

Lemma 3.10 (10, Theorem 5(b)] Let Q € M. and p, :c —> c (r € N) be the projector onto

the linear span of (€©,e,...,e"). Then we have
1. .
S lim (i‘éE” (1-pI@|,.) = x(Q = lim <i‘£8” U-p@|,.), (3.4)

where I is the identity operator on c.
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The next lemma is related to the Hausdorff measure of noncompactness of a bounded

linear operator.

Lemma 3.11 [11, Theorem 2.25] Let X and Y be Banach spaces and L € B(X,Y). Then we
have

ILally = x (L(Sx)) (3.5)
and
LeC(X,Y) ifandonlyif |Lal,=0. (3.6)

4 Compact operators on the spaces ¢,(B) and £.(B)

In this subsection, we establish some identities or estimates for the Hausdorff measures of
noncompactness of certain matrix operators on the spaces c¢o(B) and £, (B). Further, we
apply our results to characterize some classes of compact operators on those spaces. We
begin with the following lemmas which will be used in proving our results.

Lemma 4.1 [3, Lemma 3.1] Let X denote any of the spaces cy or L. If A € (X, ¢), then

ax = lim a,  exists for every k € N,
n—0oQ

o= (ak) € El;
o0
sup(Z |k —ak|) <00,
n
k

lim A, = Zakxk forall x = (x;) € X.

n—00
k

Lemma 4.2 [14, Theorem 3.7] Let X D ¢ be a BK-space. Then we have
(a) IfA € (X, cy), then

[IL4lly =limsup [|A, ]}

n—00

(b) IfA € (X, Lo), then

0 <|lLall, <limsup||A,ll.
n—00

Theorem 4.3 Let X denote any of the spaces co(B) and £~ (B). Then we have
(@) If A € (X, o), then

o0
IZally =Tim sup(Z @m) (4.1)

n—00 k=0

and

Ly is compact ifand only if lim (Z |’ciy,k|) =0. (4.2)
n—00 o

Page 6 of 11
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(b) If A € (X, Lss), then

o0
0 < |[Lally <lim sup(Z @u)

n—00 k=0

and

o0
Ly is compact ifand only if lim <Z |’ciy,k|) =0.
n—00 =0

Proof Let A € (X, co). Since A,, € X? for all k € N, we have from Lemma 3.6 that

o0
1Aullx = Anlley = Y @m] (4-3)
k=0

for all k € N. Thus, we get (4.1) and (4.2) from (4.3) and Lemma 4.2(a). Part (b) can be
proved similarly by using Lemma 4.2(b). O

Theorem 4.4 Let X denote any of the spaces cy(B) or £o(B). If A € (X, ¢), then we have

1 o0 [o¢]
 limsup (Z @k —&k|> < |ILally <limsup (Z @k —@4) (4.4)

n—00 k=0 n—0o00 k=0

and
[o.¢]
Ly is compact  ifand only if  lim (Z |k —&k|> =0, (4.5)
n—00
k=0

where lim,,_, o0 Ayi = Olk.

Proof By combining Lemma 3.7 and Lemma 4.1, we deduce that the expression in (4.4)
exists. We write S = Sy for short. Then we obtain by (3.5) and Lemma 3.1 that

[ILally = x(AS) (4.6)
and AS € M, where is the class of all bounded subsets of ¢. Then we are going to apply
Lemma 3.10 to get an estimate for the value of x (AS) in (4.3). For this, let p, : c —> cbe the

projectors defined by (3.4). Then we have for every r € N that (I - p,)(z) = > oo (2, — 2)e"
and hence

| -p)@], =suplz-Z (4.7)
n>r
for all z € c and every r € N. Thus, from (4.6) and applying Lemma 3.10, we get that

1
3 Jim (supl[ (=P (AR, ) = sl < Jim (supl[( ~p)(an)],., ) 48)

Page 7 of 11
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Now, for every given x € X, let y € Y be an associated sequence space defined by (2.2),
where Y is the respective one of the spaces ¢y or £. Since A € (X,c), we have by
Lemma 3.7 that A € (Y, c) and Ax = Zy. Further, it follows from Lemma 4.1 that the limits
G = lim,,_, o0 Gy exist for all k, @ = (@) € 1 = Y and lim,,_, o0 A,(y) = > roo @Yk Thus we
derive from (4.7) that

= sup
n>r

|t -pAx)|,_ = |t -pI@y)|,_ -SUPA ) - Zakyk

k=0

Z(ﬂnk — &)Y

for r € N. Furthermore, since x € S = Sx if and only if y € Sy, we obtain by (3.1) and
Lemma 3.1

sup|[(1 = p,)(A) ., = sup(sup [3"@o ~ x| ) = sup I, ~@l = sup |4, -l
XeS n>r \YeSy

n>r

for all r € N. Thus, we get (4.4) and (4.5) from (4.8) and (3.6), respectively and this con-
cludes the proof. d

Now, let F denote the collection of all finite subsets of N, and let 7, (r € N) be the
subcollection of F consisting of all nonempty subsets of N with elements that are grater
than r.

Lemma 4.5 [9, Proposition 4.3] Let X D ¢ be a BK-space. If A € (X, {,), then
1Al xep) = 1Lall < 4l Allx e

where
00 *
D A

neN

< 0Q.
X

lIAll ox,e) = sup

Ne

Lemma 4.6 [3, Lemma 3.5] Let x = (xx) € ¢1. Then the inequalities

IE

neN

Z |%y| <4 - sup

n=r+l NeFr

sup
NeF;

>

neN

Theorem 4.7 Let X denote any of the spaces co(B) or £ (B). If A € (X, {1), then we have
: (n _ : (r)
Tim AN ) = ILall <4 lim AR, (4.9)
and

Ly is compact ifand only if lim ”A”EQQ) =0,
r—>00 7

where

AN ¢,y = sup Z

kO

2k

neN

(reN).
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Proof Since Fy D F1 D F;y -+, the sequence (||A|| *x01) )°°0 of nonnegative reals is nonin-

creasing and bounded by Lemma 4.5. Thus, the limit in (4.9) exists.

Now, let S = Sy. Then we have by Lemma 3.2(a) that L4(S) = AS € M,,. Hence, it follows

from (3.5) and Lemma 3.9 that

ILall, = x(AS) = lim (sup( > }An(x)\))

€S n=r+l

Since, A € (X, £;), we obtain by Lemma 4.6 that

ZA ()| <

neN

sup
NeF,

Z|A (x)| <4- sup

NeF,

ZA (%)

neN

n=r+1

(4.10)

(4.11)

for all x € X and every r € N. On the other hand, since 4, € XP for all n € N, we derive

from (3.1) and Lemma 3.4

sup
xeS

ZA (%)

neN

Z(ZA )xk

k=0 ‘neN

ZA

neN

= sup ZA

neN

for all N € F, (r € N). This, together with (4.11), implies that

sup
NeF;

> 4,

neN

> 4,

neN

<sup<z |A, |> <4 sup
4

n=r+1 NeFy

5]

(4.12)

for every (r € N). Thus, we get (4.9) by passing to the limits in (4.12) as » — oo and using

(4.10). This completes the proof.

Theorem 4.8 Let X denote any of the spaces co(B) or £ (B). Then we have
(a) If A € (X, csg), then

n—00

[ee]
IZal, = hmsup(Z |bnk|>

k=0
and
L, is compact ifand only if lim (Z |an|> =0.
n—00 —
(b) If A € (X, bs), then
0<|L <limsu
IZall, < nwp(Z )
and
=0.

Ly is compact ifand only if lim (Z |an|>
n—00

O

(4.13)

(4.14)

(4.15)

(4.16)

Page 9 of 11
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(c) IfA € (X, cs), then

L S . e
5 hmsup(Z Bk - bk|) < Lally < hmsup(Z e bk|> (4.17)

n—oo \'To n—oo \47,

and
L, is compact ifand only if lim (Z ﬁ;,,k —/b\k|> =0, (4.18)
n— o0
k=0

where by =Y _o Ak and limy,_, o by = by.

Proof Let A = (a,) be an infinite matrix and S = (s,x) be the summation matrix, and we
define B = (b,x) by

n
Dy = Z anc forall (n,k e N),

m=0

that is, B = SA, and hence

[e.¢]

B, = isnmAmk = (i amk) (n,k € N).
m=0 m=0

k=0

Further, let A = (@) and B= (Z,,k) be the associated matrices, respectively. Then it can be

easily seen that

n
Doy = Z&‘mk for all (n,k € N),

m=0
and hence
§n = anm;{mk = (Z/ﬂ\mk) (n,k € N).
m=0 m=0 k=0
Furthermore, we define the sequence b= (Zk) by
br = lim Za’"" for all (1, k € N), (4.19)
m=0

provided the limits in (4.19) exist for all kK € N which is the case whenever A € (X, cs).
Since bs = (£so)s, €So = (co)s and c¢s = (¢)s, (4.13)-(4.18) are obtained from Theorems 4.3
and 4.4 by using Lemma 3.2. This completes the proof. O
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