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Abstract

This paper addresses a mean square exponential stability problem for a class of
switched stochastic systems with time-varying delay. The time delay is any
continuous function belonging to a given interval, but not necessary differentiable.
By constructing a suitable augmented Lyapunov-Krasovskii functional combined with
Leibniz-Newton’s formula, new delay-dependent sufficient conditions for the mean
square exponential stability of switched stochastic systems with time-varying delay
are first established in terms of LMIs. Numerical example is given to show the
effectiveness of the obtained result.
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1 Introduction

In the past decades, the problem of stability for neutral differential systems, which have
delays in both their state and the derivatives of their states, has been widely investigated
by many researchers. Such systems are often encountered in engineering, biology, and
economics. The existence of time delay is frequently a source of instability or poor per-
formance in the systems. Recently, some stability criteria for a neutral system with time
delay have been given [1-25]. Stability analysis of linear systems with time-varying delays
x(t) = Ax(t) + Dx(t — h(t)) is fundamental to many practical problems and has received
considerable attention [1-7]. In [8-17], which are not based on the method of Lyapunov
functional, one of them uses the diagonal equations for reducing systems of delay differ-
ential equations to ones of integral equations and estimates the norms or spectral radii of
corresponding integral operators obtained on the basis of the results in the book. Most
of the known results on this problem are derived assuming only that the time-varying de-
lay K(t) is a continuously differentiable function, satisfying some boundedness condition
on its derivative: /1(f) < § < 1. In delay-dependent stability criteria, the main concern is
to enlarge the feasible region of stability criteria in a given time-delay interval. Interval
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time-varying delay means that a time delay varies in an interval in which the lower bound
is not restricted to be zero. By constructing a suitable argument, Lyapunov functional and
utilizing free weight matrices, some less conservative conditions for asymptotic stabil-
ity are derived in [18-24] for systems with time delay varying in an interval. However,
the shortcoming of the method used in these works is that the delay function is assumed
to be differential and its derivative is still bounded: /1(¢) < 8. To the best of our knowl-
edge, a constructive way to design a switching rule, switching regions, and mean square
exponential stability of switched stochastic systems with interval time-varying delay, non-
differentiable time-varying delays, which are important in both theory and applications,
have not been fully studied yet (see, e.g., [25-38] and the references therein). This moti-
vates our research.

This paper gives the improved results for the mean square exponential stability of
switched stochastic systems with interval time-varying delay. The time delay is assumed
to be a time-varying continuous function belonging to a given interval, but not necessary
differentiable. Specifically, our goal is to develop a constructive way to design a switch-
ing rule to exponential stability of switched stochastic systems with interval time-varying
delay. By constructing a Lyapunov functional combined with the LMI technique, we pro-
pose new criteria for the mean square exponential stability of switched stochastic systems
with interval time-varying delay. The delay-dependent mean square exponential stability
conditions are formulated in terms of LMIs, being thus solvable by utilizing Matlab’s LMI
control toolbox available in the literature to date.

The paper is organized as follows. Section 2 presents definitions and some well-known
technical propositions needed for the proof of the main results. Delay-dependent mean
square exponential stability conditions of switched stochastic systems with interval time-
varying delay are presented in Section 3. Numerical example is provided to illustrate the

theoretical results in Section 4, and the conclusions are drawn in Section 5.

2 Preliminaries

The following notations will be used in this paper. R* denotes the set of all real non-
negative numbers; R” denotes the n-dimensional space with the scalar product (-, ) and
the vector norm || - ||; M"*" denotes the space of all matrices of (1 x r)-dimensions; AT
denotes the transpose of matrix A; A is symmetric if A = AT; I denotes the identity ma-
trix; A(A) denotes the set of all eigenvalues of A; Amin/max(4) = min/ max{Re A; 1 € A(A)};
xp = {x(t +5) 15 € [-h, 01}, llxell = supseq_po) 1% + )5 C([0, £], R") denotes the set of all
R"-valued continuous functions on [0, t]; matrix A is called semi-positive definite (A > 0)
if (Ax,x) > 0 for all x € R"; A is positive definite (A > 0) if (Ax,x) >0 forallx #0; A> B
means A — B > 0. * denotes the symmetric term in a matrix.

Consider a switched stochastic system with interval time-varying delay of the form

%(2) = Ay a)*(8) + Dy (£ = B(2)) + 0y ae) (x(8), x(k = (D)), t)w(t), tE€R,

x(t) = ¢(0), te[-h,0],

(2.1)

where x(£) € R” is the state; y(-) : R” — N := {1,2,..., N} is the switching rule, which is a
function depending on the state at each time and will be designed. A switching function

is a rule which determines a switching sequence for a given switching system. Moreover,
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y(x(t)) = i implies that the system realization is chosen as the ith system, i =1,2,...,N. It
is seen that system (2.1) can be viewed as an autonomous switched system in which the
effective subsystem changes when the state x(¢) hits predefined boundaries. A;, D; € M"*",
i=1,2,...,N, are given constant matrices, and ¢(¢) € C([-}h2, 0], R") is the initial function
with the norm [|@]| = sups¢(_s, o7 1A

w(k) is a scalar Wiener process (Brownian motion) on (£2, F, P) with

E{o(t)} =0, E{o*0}=1,  Efo@o@)}=0 (%)), (2.2)

ando;:R" xR" xR— R",i=1,2,...,N, is the continuous function, and it is assumed to
satisfy that

o (x(t),x(t = h(t)), t)oi (x(2), x(¢ - h(2)), £)
< pux’ (Ox(0) + pix” (£ = h(D))x(¢ - h(2)),
x(t),x(¢t - h(t)) € R", (2.3)
where p; >0 and pp >0,i=12,...,N, are known constant scalars. For simplicity, we

denote o;(x(t), x(t — h(2)), £) by o;, respectively.
The time-varying delay function /(t) satisfies

0<h <h(t)<hy,, teR".

The mean square stability problem for switched stochastic system (2.1) is to construct a

switching rule that makes the system mean square exponentially stable.

Definition 2.1 Given « > 0. Switched stochastic system (2.1) is «-exponentially stable in
the mean square if there exists a switching rule y(-) such that every solution x(¢, ¢) of the

system satisfies the following condition:
AN > 0:E{|x(t, ¢)||} <E{Ne|¢ll}, VteR".

Definition 2.2 The system of matrices {/;}, i =1,2,...,N, is said to be strictly complete if
for every x € R" \ {0}, thereisi € {1,2,...,N} such that 7 Jix < 0.

It is easy to see that the system {/;} is strictly complete if and only if

N

YJei=r"\ (0},

ai={xeR" :x"Jx<0}, i=1,2,..,N.

We end this section with the following technical well-known propositions, which will be

used in the proof of the main results.
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Proposition 2.1 [39] Thesystem {J;},i=1,2,...,N, is strictly complete if there exist §; > 0,
i=1,2,...,N, >N, 8> 0 such that

N
Z 8z’]i <0.
i=1

IfN =2, then the above condition is also necessary for the strict completeness.

Proposition 2.2 (Cauchy inequality) For any symmetric positive definite matrix N €
M " and a,b € R", we have

+a’b<a’Na+b"N'b.

Proposition 2.3 [40] For any symmetric positive definite matrix M € M"™", scalar p > 0
and vector function o : [0, u] — R" such that the integrations concerned are well defined,
the following inequality holds:

0 T 0 0
(/01 (s) ds) M(/Ol (s) ds) < ,u(/ol ol () Mw(s) ds).

Proposition 2.4 [41, p.89-90] Let E, H and F be any constant matrices of appropriate
dimensions and FTF < I. For any € >0, we have

EFH + HTFTET < ¢EET + ¢ 'HTH.

Proposition 2.5 (Schur complement lemma [42]) Given constant matrices X, Y, Z with
appropriate dimensions satisfying X = XT,Y = YT > 0. Then X + ZT'Y™1Z < 0 if and only if

x zT -y Zz
<0 or <0.
Z -Y zT X

3 Main results

In this section, we investigate the mean square exponential stability problem for a class
of switched stochastic systems (2.1) with time-varying delay. Before introducing the main
result, the following notations of several matrix variables are defined for simplicity,

My My Mz My Mis

* My 0 My My
M= = *  Msz Msy Mss |,

* * *x My Mys

* * * * Mss

My = ATP+ PA; + 2aP — e MR
- e_zo‘th + Q + 2[71'11,
M, = eizath - SzAl',

Mz = eizath -S54,
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Mg = PD; - $1D; — S44;,

Mis = 51 -S54,

Moy = —e~2M Q — g2 R _ g=2ahy ]
Moy = e —S,D;,

Ms =S,

M33 — _e—2ah2 Q _ e—ZahZR _ e—Zahz U,

Msy = e M2 — $3D;,

Mss =S,

May = =28,D; — 22211 + 2pp1,

Mys =S4 = SsD;,

Mss =S5 + S + H2R + W3R + (hy — ) U,
Ji=Q-Si1A; - Al'S],

ai:{xeR”:xT]ix<0}, i=1,2,...,N,
i-1

m=a, =\ J& i=23..N,
j=1

)"1 = )\min(P)¢
22 = Amax(P) + 2M2 kmax(Q) + 2/ Amax (R)

+ (hZ - hl)z)‘max(u)'

The following is the main result of the paper, which gives sufficient conditions for mean
square exponential stability problem for a class of switched stochastic systems (2.1) with

time-varying delay.

Theorem 3.1 Given o > 0. The zero solution of switched stochastic system (2.1) is o-
exponentially stable in the mean square if there exist symmetric positive definite matrices
P, Q,R, U, and matrices S;, i =1,2,...,5, satisfying the following conditions:

(i) 36,>0,i=1,2,....N, >N, 8:50: 3N 87 <0,

(i) M;<0,i=1,2,...,N.

The switching rule is chosen as y (x(t)) = i, whenever x(t) € a;. Moreover, the solution
x(t, @) of the switched stochastic system satisfies

A
E{|xto)|} < E{\/;je"‘”nqsn } VteR".

Proof We consider the following Lyapunov-Krasovskii functional for system (2.1):

6
E{V(t,x)} =E{Z v}
i=1
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where
Vi = 2L (£)Px(t),

V2=/t T (5)Qu(s) dis,
t—hy

t
Vs = / 22T (5)Qu(s) dis,
t-ho

0 pt
Vi=h / / DT (O Rx(t) dT ds,
—hy Jt+s

0 pt
Vs = hy / / DT (O Rx(t) dr ds,
hy Jt+s
t-h t
Ve =(hy - hl)/ / 05T (D Ux(t) dr ds.
t—hy Jit+s
It easy to check that

E{n|x@®)|*) < E{V(tx)} < E{aalxil?), VE>o0. (3.2)

Taking the derivative of V; along the solution of system (2.1) and taking the mathematical
expectation, we obtain

E{Vi} = E{2x" (£)P&(2)}

{2
= E{x" ()[A] P + A;P]x(t) + 2x" (£)PDix(t - h(2)) + 2x” (£)Poieo(t) };
E{Va) = E{«T ()Qu(t) — e 12" (t - ) Qu(t — ) — 2a V> };
E(V3) = E{x" ()Qu(t) — e **"2x" (¢ — ho) Qx(t - ha) - 20 V3 };

E{Vy) = E{h T (ORx(t) - /tth 05T (5)Ri(s) ds—2av4}
< EV T (t)Ri(t) — hye M /tth &7 (s)Ri(s) ds—2aV4};
E{V5}=E{ T (O)Rx(t) - hy /t th ez"‘(’t)a'cT(s)Ra'c(s)ds—ZaV5}
o
E{h (t)Ri(t) — hpe™ "2 /:h &7 (s)Ri(s) ds—2a\/5};
E{Ve) < E{ (hy — )27 (£ U(E) — (hy — )R /t o &7 (s)Ux(s) ds — 2a Vs }

—hy

Applying Proposition 2.2 and the Leibniz-Newton formula, we have

t t T t
E{—hi / 7 (s)Rx(s) ds} SE{—[ / x(s) ds] R[ / x(s) ds“
t—h; t—h; t—h;

< E{~[x(t) - x(t - )] R[x(®) - x(t - )]
= E{—xT(t)Rx(t) + 22T (ORx(t = h;) — x7 (¢ — h;)Rx(t — hi)}.

Page 6 of 14
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Note that

t—hy t—h(t) t—hy
. T . _ - T . . T .
E{/t x (S)L[x(s)ds} —E{/t_h2 x (S)Ux(s)ds+/ X (s)Ux(s) ds}.

—hy t-h(t)
Using Proposition 2.2 gives

t—h(z)
E{ [hz - h(t)] f T (s)Ux(s) ds}

~hy

t-h(t) T t-h(t)
> E{ [/ x(s) ds] LI|:/ x(s) ds:| }
t—hy t=hy

> E{[x(t - h(z)) — (¢ — )" Ul(t = h(2)) — (¢ - ha)]}.

Since hy — h(t) < hy — hy, we have

t—h(®)
E{ [l — ] / T (s)U(s) ds}

_hy

> E{[x(¢ - h(®)) - x(¢ - 1)) U[x(t - h(®)) - x(t - h2)]},

then

t=h(t)
E{—(hz —hl)/ T (s)Uk(s) ds}

—hy

< E{~[x(t - h(®)) - x(t — )] U[x(¢ - h(8)) - x(t — )]}

Similarly, we have

t—h
E{—(hz—hl) / J'CT(S)Ua'c(s)ds}

—h(t)
< E{~[x(t — ) — x(t = h(®)]" U[x(t - 1) — (2 - h(2)) ]}
Therefore, we have
E{V()+2aV(-)}
<E{«"©)[A] P+ AP + 2aP + 2Q]x(t)}
+ E{2xT (t)PD; x(t h(t )) + 2xT(t)Paia)(t)}

+
h'l

—e 2T (¢ — hy)Qu(t — hl)}

E{~eM5T (¢ — hy) Que(t — ha) }

+

+ E[FT O (12 + B2)R + (hy — m)*UJ&(0))

{
{-
{-
{
+ Ef—e M [x(t) — x(t — )] R[x(t) — x(t — )]}
{-
{-
{-

+
h'i

_g2eh [x £) — x(t — hy) ] [x(t x(t — hz)]}
_p2th [x( ) x(t - ]’12)] [ (t - h(t)) —x(t - hz)]}
22 x(t = ) — (e — h(0)) | Ut - ) — x(¢ - B(®))]}- (3.3)

+
h‘l

+E

Page 7 of 14
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By using the following identity relation
x(t) — Aix(t) — Dix(t - h(t)) =

and multiplying by 2x7(9)S1, 2xT(t — 1)Sa, 2x7(t — hy)Ss, 2xT(t — h(t))Ss, 2%7(£)Ss,
20T (t)o” both sides of the identity relation, we have
267 (£)S1(t) — 27 (£)S1A(8) — 227 (£)S1Dyx (¢ — h(t)) — 2" ()S10700(8) = 0,
257 (¢ — 1) Sa(t) — 2x7 (¢ — 1) SrAs(2)
—2x"(t — ) SaDix(t — h(t)) — 227 (t — 1) S20300(2) = 0,
2x7 (¢ — hy)S3i(t) — 27 (t — ) S3.A,x(t)
— 227 (t = h2)S3Dix (¢ — h(t)) — 2x" (t — hp)S30700(t) = 0, (3.4)
xT (£ h(2))Sak(t) — 2x7 (t — h(2)) SaAix(2)
—2x7 (¢ = h(£))SaDix(t — h(2)) — 22" (¢ — h(t))Saoi(2) = 0,
2&7 (£)Ssa(8) — 2&7 (£)SsAix(t) — 257 (£)Ss Dy (¢ — h(2)) — 2&7 (£)Ss0:0(2) = 0,

ZwT(t)aiTic(t) - ZwT(t)UiTAix(t) - 2a)T(t)oiTD,»x(t - h(t)) - Za)T(t)oiTJia)(t) =0.
Adding all the zero items of (3.4) into (3.3), we obtain

E{V()+2aV()} < E{«" @)[A] P+ PA; + 2aP — e R]x(t)}
E{x"(t)[-e"2R + $A; + AT ST +2Q]x(8)}
267 () [e MR — S, A |x(t — )}

267 ()72 R - S3A;]x(t — hs)

2x" (£)[PD; - $1D; — SaAlx(t - h(t)) }

27 (£)[S1 - SsAilx(t)}

2" (£)[Po; - Si0; — A 07]w(?)}

E{ax"(t - m)[-e M Q- e MR — e "2 |x(t — In))
267 (t — ) [e"2U - $,D;]x(t - h(2)) }

27 (t = 1) S2i(0) )

227 (¢ — ) [-Sa0:]w(d) )

E{x"(t - hy)[-e "2 Q - e R — e U |x(t — hy) }
27 (t — hy)[e7 "2 U - S3D;]x(t — h(p)) }

E{2x7(t - h3)S3x(0)}

27 (t - ) [=S301]o0(t) )

& (£ = h(o)[-2e7"2U - 28,D;)x(t - h(2))}

+E{
+E|
+E
+E|
+E{
+E
+E|
+E{
+E|
+E{
+E
+E|
+E{
+E|
+E{
+E|

27 (& = h(£))[Sa — SsDJi(£) )
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2x" (¢t = h(t))[~Sa0i - 0 Di]w(t)}
E{&T(O[S5 + ST + IR+ I3R + (hy — ) U#(2) }
257 (t)[o] - Ss01]w(®)}

E{20" ()]0 0i]w(t)}.

+E{
+E|
+E|
+E|

By assumption (2.2), we have

E{V() +20[V()} EE{xT(t)[ATP+PA, +2ap_e—2ah1R]}
xT [ —2ah2R+SlA +ATST+2Q] ( )}

2x

T(O)[e™MR - SrA;]x(t — )}
27 ()

)[e22R — S3A; ]x(t — h) )

2" (£)[PD; - $1D; - SaA)x(t — h(2)) }

27 (£)[S1 — SsAJi()}

E{" (¢t = m)[-eM Q- e MR - e Ux(t — )]

267 (¢ = ) e U — $uDiJx(t - (1)) }

+E{

+E{

+E{

+E{

+E{

+E{

+E{

+E{2x7(t — ) S2&(0)}

+E{x"(t - hy)[-e"2Q — e R — e U |x(t - hy) }
+ EaT (¢ — ) [e221 - S5, )x(t - h(2)))
+ E{2x7 (£ — hy) S3(t) }
+E{x" (t - h(t))[-284D; — 2e7 "2 U |x(¢ - h(2)) }
+ E{2x" (£~ h(¢)) [Sa — SsD1i(t) }
+E{&T(6)[S5 + S + H{R + I3R + (hy — n)* U Ji(8)}
+E{2[~0] ai]}.

Applying assumption (2.3), the following estimations hold:

E{V()+2aV()} < E{«" (0)[ATP + PA; + 24P — ¢ "1 R]}

{ [ —Zath + SlAi +AzTSIT + ZQ + 2,0,11]96“)}
{2 () [ “2amp SzAi]x(t - hl)}
+ E{2x" (O] R - S3A]x(t ~ o))

+E{2x" (t)[PD; - $1D; — S4A)x(t - h(2)) }

+E{2xT (0)[S1 - S5A)x(8)}

+E{x"(t - ) [-e M Q- e MR — e "2 U |x(t — )}
+E{2x" (¢ — m)[e7"2U — $,D;|x(¢ - h(t))}

+ E{2x7 (= ) Syil(e))
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+E{x"(t - hy)[-e"2Q - e R — e "2 U |x(t — hy) }
+E{x"(t - hy)[e"2U - S3D;]x(t - h(t)) }

+E{2x7 (¢ — h) S3(t) }

+ E{x" (t = h(t))[~2S4D; — 2¢72*"2U + 2 pp1 |x(t - h(1)) }
+E{2x7 (t - h(2))[Ss — SsDi1x(2)}

+E{&"(6)[Ss + Sz + iR + H5R + (o — n)* U Ji(2)}

= E{x" @)ix(®) + £ T (Mg (0)}, (35)

where ¢7(t) = [xT(£), 2T (t — ly), T (t — hy), xT (£ — h(1)), T (£)].
Therefore, we finally obtain from (3.5) and condition (ii) that

E{V() +2aV()} <E{x"@)x(®)}, Vi=1,2,...,N,teR".

We now apply condition (i) and Proposition 2.1, the system J; is strictly complete, and the
sets «; and &; by (3.1) are well defined such that

N

Jai=r"\ {0},

N

Jai=r"\{0}, a&na=0 iz

Therefore, for any x(t) € R", t € R*, there exists i € {1,2,...,N} such that x(¢) € &;. By

choosing a switching rule as y (x(£)) = i whenever y (x(¢)) € &;, from (3.5) we have
E{V(-) + 2 V(~)} < E{xT(t)]ix(t)} <0, teR",
and hence
E{V(t,x)} <E{-2aV(t,x,)}, VteR". (3.6)
Integrating both sides of (3.6) from 0 to ¢, we obtain
E{V(t,x)} <E{V(¢)e >}, VteR".
Furthermore, taking condition (3.2) into account, we have
E{m |2t 9)|*} <E[V(x)} < E{V($)e ™} < E{rze 1%},

then

El|lx@ )|} EE{\/%EWIWII}, teR".
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By Definition 2.1, system (2.1) is exponentially stable in the mean square. The proof is

complete. O

To illustrate the obtained result, let us give the following numerical example.

4 Numerical example

Example 4.1 Consider the following switched stochastic systems with interval time-
varying delay (2.1), where the delay function /(¢) is given by

h(t) = 0.2 +1.5329 sin’ ¢

and
-2 1 -2.5 3
A= 0 ) Ay = 0 )
0.2 =25 0.2 =29
-0. 2 -0. 2
D, = 0.3 0 ’ D, = 05 0 ‘
0.1 -0.39 01 -04

It is worth noting that the delay function /(¢) is non-differentiable and the exponent o > 1.
Therefore, the methods used in [3, 21, 22, 2428, 30—39] are not applicable to this system.
By LMI toolbox of Matlab, we find that conditions (i), (ii) of Theorem 3.1 are satisfied with
h =01, hy =1.7329,8,=0.5,8, =0.3, . = 1.5, p;1 = 0.1, p13 = 0.2, py = 0.1, ppp = 0.2 and

p_ (12397 -03984 o (17931 00079
- \-0.3984 13112 )’ - \-0.0079 02397 /)’
oo (23297 -om o 17394 -0.0982
“\-0.121 13397 )’ - \-0.0982 0.6321 /)’
o _ (-06210 -0.0335 o _ (03602 00170
"" 100499 -03576)° >\ 00208 -03550)’
o _ (-03602 00170 s _ (06968 —0.0401
7\ 00208 -03550)/" *“\-0.0525 07040 ]’

o _(-14043 00265

*"1-0.0028 -0.9774)"

In this case, we have
G- (] 715667 -0.0031] [-15511 00029
2771 20,0031 19712 7] 0.0029 -1.3297 )"

Moreover, the sum

-0.3269 0
811(R, Q) + 82/2(R, Q) = |: 0 -0 7239:|
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x1
..... xz
45 2 4 6 8 10
Time (sec)
Figure 1 The simulation of the solutions x; (t) and x;(t) with the initial condition ¢(t) = [10 517,
t € [-0.4,0].

is negative definite; i.e., the first entry in the first row and the first column —-0.3269 < 0 is
negative and the determinant of the matrix is positive. The sets «; and a5 are given as

ay = {(%1,%2) : 1566747 — 0.0062x1%; — 1.9712x3 < 0},

ay = {(x1,%2) : 1.5511x7 — 0.0058x1x; +1.3297x3 > 0}.

Obviously, the union of these sets is equal to R? \ {0}. The switching regions are defined

as

@ = {(x1,%2) : 1566747 — 0.0062x1%; — 1.9712x3 < 0},

5{2 =0y \C_(l

By Theorem 3.1, switched stochastic system (2.1) is 1.5-exponentially stable in the mean
square and the switching rule is chosen as y (x(¢)) = i whenever x(t) € @;. Moreover, the
solution x(t, ¢) of the system satisfies

E{|x(t¢)|} < E{1.0239¢7*|p]l}, VreR*.

(The trajectories of solution of switched stochastic systems is shown in Figure 1, respec-

tively.)

5 Conclusions

In this paper, we have proposed new delay-dependent conditions for the mean square
exponential stability of switched stochastic systems with time-varying delay. Based on the
improved Lyapunov-Krasovskii functional and the linear matrix inequality technique, a
switching rule for the mean square exponential stability of switched stochastic systems
with time-varying delay has been established in terms of LMIs.
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