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Abstract

In this paper, the author introduces the concept of the quasi-geometrically convex
functions, gives Hermite-Hadamard'’s inequalities for GA-convex functions in
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1 Introduction
Let a real function f be defined on some nonempty interval I of a real line R. The function
f is said to be convex on [ if inequality

fltx+ @ -0)y) <tf(x) + (L -1)f (9) )

holds for all v,y € I and ¢ € [0,1].
We recall that the notion of quasi-convex function generalizes the notion of convex func-
tion. More exactly, a function f : [a,b] C R — R is said to be quasi-convex on [a, b] if

f(tx+ 1 - t)y) < max{f(x),f(»)}

for all x,y € [a,b] and ¢ € [0,1]. Clearly, any convex function is a quasi-convex function.
Furthermore, there exist quasi-convex functions which are not convex (see [1]).

The following inequalities are well known in the literature as the Hermite-Hadamard
inequality, the Ostrowski inequality and the Simpson inequality, respectively.

Theorem 1.1 Letf :1 C R — R be a convex function defined on the interval I of real num-
bers, and let a,b € I with a < b. The following double inequality holds:

arh i@ +10)
(48) =55 [rwas ®
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Theorem 1.2 Let f :1 C R — R be a mapping differentiable in I°, the interior of I, and let
a,bel°witha<b.If|f'(x)] <M, x € [a, D], then the following inequality holds:

- 5 [{oa < A= 5=

forall x € [a,b].

Theorem 1.3 Let f : [a,b]— R be a four times continuously differentiable mapping on
(a,b) and ||fP o = supxe(a’b)[f )(x)| < 0. Then the following inequality holds:

‘%[f(d);rf(h)+2f(”;b>]_bia/ubfx) .

The following definitions are well known in the literature.

(4) _ )4
= 2880|V‘ o ®-a)"

Definition 1.1 ([2, 3]) A functionf:1 C (0,00) — R is said to be GA-convex (geometric-
arithmetically convex) if

f( Eyl= t) <tfx)+ (1 -8)f(y)
forallx,y € I and £ € [0,1].

Definition 1.2 ([2, 3]) A function f:I C (0,00) — (0, 00) is said to be GG-convex (called
n [4] a geometrically convex function) if

f( t,1— t) f lf’(y)l t)
forallx,y e I and t € [0,1].

We will now give definitions of the right-hand side and left-hand side Hadamard frac-
tional integrals which are used throughout this paper.

Definition1.3 Letf € L[a, b]. Theright-hand side and left-hand side Hadamard fractional
integrals /%, f and J;_f of order > 0 with b > a > 0 are defined by

o 1 % x\*"' dt
/ﬁf(x):m/ﬂ (hl;) f(t)T’ a<x<b

and

b a-1 d
]Z‘_f(x)=ﬁ/ <ln£) f(t)Tt, a<x<b,

respectively, where I'(«) is the Gamma function defined by I'(«) = fooo e tt* 1 dt (see [5]).

In recent years, many authors have studied error estimations for Hermite-Hadamard,
Ostrowski and Simpson inequalities; for refinements, counterparts, generalization see [4,
6-20].
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In this paper, the concept of the quasi-geometrically convex function is introduced,
Hermite-Hadamard’s inequalities for GA-convex functions in fractional integral forms are
established, and a new identity for Hadamard fractional integrals is defined. By using this
identity, author obtains a generalization of Hadamard, Ostrowski and Simpson type in-

equalities for quasi-geometrically convex functions via Hadamard fractional integrals.

2 Main results
Let f: I C (0,00) — R be a differentiable function on I°, the interior of /, throughout this
section we will take

If(x,)\.,a,ﬂ, b)
b b
=(1 —A)|:ln“ X +In“ —}/(x) + A|:]’(a) In® X +f(b) In* —]
a x a x
ST+ D[ f(@) + T4 FB)],
where a,b € I witha < b, x € [a,b], A €[0,1], « >0 and I is the Euler Gamma function.

Definition 2.1 A function f : I C (0,00)— R is said to be quasi-geometrically convex on
Iif

&) < sup{f®).f 0},
forany x,y € [ and t € [0,1].
Remark 2.1 Clearly, any GA-convex and geometrically convex functions are quasi-
geometrically convex functions. Furthermore, there exist quasi-geometrically convex

functions which are neither GA-convex nor geometrically convex. In that context, we

point out an elementary example. The function f: (0,4] — R,

)L x € (0,1],
S = (x=2)%, xe[1,4]

is neither GA-convex nor geometrically convex on (0,4], but it is a quasi-geometrically
convex function on (0, 4].

Proposition 2.1 If f : I C (0,00)— R is convex and nondecreasing, then it is quasi-

geometrically convex on 1.

Proof This follows from

FEYT) <f(tx+ 1= 2)y)
< tf(x) + (L-£)f(y) < sup{f(x).f )},

forallx,y € I and ¢ € [0,1]. O
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Proposition 2.2 Iff :1 C (0,00)— R is quasi-convex and nondecreasing, then it is quasi-
geometrically convex on I. If f : I C (0,00)— R is quasi-geometrically convex and nonin-
creasing, then it is quasi-convex on I.

Proof These conclusions follows from
f(x'fy1 t) <fltx+1-2) ) < sup{f x)f(y)}
and
fltx+ @ -1t)y) <f(x'y"™) < sup{f(x),f ()}
for all x,y € I and t € [0, 1], respectively. O

Hermite-Hadamard’s inequalities can be represented for GA-convex functions in frac-
tional integral forms as follows.

Theorem 2.1 Letf:1C (0,00) — R be a function such that f € L{a,b], where a,b € I with
a < b.Iff is a GA-convex function on [a,b], then the following inequalities for fractional

integrals hold:
b
$/a) = S e o) g s} <L ®

with a > 0.

Proof Since f is a GA-convex function on [a, b], we have for all x,y € [4, b] (witht =1/2 in
inequality (1)),

sy <TEI0)

Choosing x = a’b'™t, y = b'al™*, we get

tpl-t t 1-t
f/ab) <LEP ST, @

Multiplying both sides of (4) by £*71, then integrating the resulting inequality with respect
to t over [0, 1], we obtain

<_{/f tbltdt+/fbtlt }
o« / Inb—-Inu\“" / Inu—Ina 1f( ) du
“2|J, \Inb-1na uln— Inb-1Ina " ulng

ol ()

i 2(1I1 Q)a {]g+f(b) +]g_f((l)}

- Z)l L s o)+ @),

and the first inequality is proved.
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For the proof of the second inequality in (3), we first note that if f is a convex function,
then for ¢ € [0,1], it yields

f(@b'™) < tf(@) + (1= 1)f (b)
and
f(Ba") < tf(b) + (1~ )f ().
By adding these inequalities, we have
f(@b'™) +f(b'a™) <f(a) +£ (). 5)

Then multiplying both sides of (5) by %1, and integrating the resulting inequality with
respect to ¢ over [0,1], we obtain

1 1 1
/ fla'b"™) e de + / f(Bfa")e* de < [f(a) + ()] / L dt,
0 0 0

ie.,
% {]Zl+f(b) +]ba,f(ﬂ)} Sf(g) +f(b)
The proof is completed. .

In order to prove our main results, we need the following identity.

Lemma 2.1 Letf :1 C (0,00) — R be a differentiable function on I° such that f' € L|a, b],
where a,b € I with a < b. Then for all x € [a,b], A € [0,1] and « > 0, we have:

a+l 1 t
Ir(x, X, 0, a,b) = a(ln g) /0 (t"‘ _ A)(Zﬁ) f/(xtﬂl—t) dt

b a+l  nl x t
- b(ln —) / (2= 1) (—) f/(x'b") dt. (6)
X 0 b
Proof By integration by parts and twice changing the variable, for x # a, we can state that
x [t Ay
In— | (=)= )f(x'a)dt
ana/O( )<a>f(xa )
1
- f (¢ = 2) df (xa?)
0

x a-1
- g [ (%) L

a u
Mo +1)
(in 2)e

=1 -2)f () +Af (@) - Jif(a), 7)

Page 5 of 15
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and for x # b, similarly, we get

t

om? | (e 4)(%) 7 b) e
- (=) df ()

o £yt RN
= (£ = A)f (D )|:’_(1naé)a/x (m;) —=d

IMNa +1)
(In 2)e

= (L=2)f (x) + 2f (b) - LS () (8)

Multiplying both sides of (7) and (8) by (In%)* and (In z)"‘, respectively, and adding the
resulting identities, we obtain the desired result. For x = 2 and x = b, the identities

o+l 1 t
yaraan=p(m2) " [e-n)(4) 5@y
0

a

and

b a+l 1 b t
Ir(b, A, a;a,b) =a<ln—> / (¢ —A)(—) f('d"),
a 0 a

can be proved respectively easily by performing an integration by parts in the integrals
from the right-hand side and changing the variable. d

Theorem 2.2 Let f : I C (0,00) — R be a differentiable function on I° such that ' €

Lla,b), where a,b € I° with a < b. If |f'|1 is quasi-geometrically convex on [a, b] for some
fixedq>1,x € [a,b], » €[0,1] and « > 0, then the following inequality for fractional inte-
grals holds:

I (x, A, 0, a2, b)|

L a+l 1 1
Am,»{a(lni) (ol @[ 5 (0

b a+l 11
+b(ln;) (sup{ LI )]} gx,a,k,q)}, )
where
20017 +1
Ao, ) = —————— —A,
oa+1

1 t
Bl(x,akq)—/ |¢ —x|( )q dt,
By(x,0,),q) = /|t —)»‘( )

Proof Since |f'|? is quasi-geometrically convex on [a, b], for all £ € [0,1],

[ (&'a’)|" = sup{lf ) f (@)}

Page 6 of 15
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and

@) < sup{ [ [ [ @)}
Hence, using Lemma 2.1 and power mean inequality, we get

|I;(x, 1t a, b)|

) ([ ([ s
o) 1) e i
reraan = ([ 1 —x\dr)l_%
) e e o)
et ot oy ([ )

1 o+l 11
Ai_q (o, ) {a(ln g) (sup{|[f'@)|% |f'@)|"}) 5qu (%, a,A,q)
b a+l :
+ b(ln ;) (sup{

which completes the proof. O

q’ lf/(a)’q} dt) 7

q’ lf,(b)|q}dt)§,

©1F)|7}) 7B (x,a,x,q)},

Corollary 2.1 Under the assumptions of Theorem 2.2 with q = 1, inequality (9) reduces to
the following inequality:

a+l
|1Jr(x,k,a,a,b)| < {a(lng) Bi(x,a,2,1) sup{ 4 /(a)|}

o+l
+ b(ln ;) By(x,a, A, 1) sup{ Lf/(x)i, [f/(b)| } }

Corollary 2.2 Under the assumptions of Theorem 2.2 with o = 1, inequality (9) reduces to
the following inequality:

-1
(ln é) |If X, A, O a,b)|

x b
- (1—A)]’(x)+k[f(a)ln“+};f(b)lnx:| f(u) I
In? ln u

- (ﬂ)(%) {a(mg)Zsl L) sl @I @)

ACT

QU

2
i b(ln é) B (x, LA, q)(sup{|f'(x)

X

Page 7 of 15
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where

q q
Bl(x’l’)"’q)zhk<<;_c> )r Bz(x71’)\"q)=h}\,<(g) );

2wt —u—-1 (A-Nu-»xr
I, 3) = u(m;;z + m)Z . we(0,00\{1}, (10)

specially for x = /ab, we get

l(l—k)f(mh (f(a) +f(b)> / ‘

B () @
+ b ((9”) (sup{[F'(Vab)|%, | (&)]*)) 7 } 1)

Corollary 2.3 In Theorem 2.2,
1. Ifwetakex =~/ab, . = %, then we get the following Simpson-type inequality for
fractional integrals:

2N +1
# Vi S @) +%+f<b>]\

< 57 (o falsol Va1 @15 (Vaa )
+ b[sup{ | (Vab)|", [ ) }J%Bé(ﬁa, )}

‘ /(@ + 4 (ab) +£(1)] -

specially for « =1, we get

1 1 b ( )
‘g[f<u>+4fw% SO / fTMdu‘

G o
ol i o (2) 1))

where h is defined as in (10).

Remark 2.2
1. Ifwe take x = Vab, X = 0, then we get the following midpoint- type inequality for
fractional integrals:

a-1
P(«/a_b) _ 2(127(;‘);”[% @)+ 1% f )]

4 \a+1

+ b[sup{ Lf/(\/c%)

In2 1 1_% 11
() om0
©IF'(6)|"}]7 B (Vab,1,0,q)},



http://www.journalofinequalitiesandapplications.com/content/2013/1/491

iscan Journal of Inequalities and Applications 2013, 2013:491 Page 9 of 15
http://www.journalofinequalitiesandapplications.com/content/2013/1/491

specially for o« =1, we get

p(\/_ f(u) ‘

QIS

a
1
24 In
<

< {a[sup{
fsup [ /B 0| é((g) o)}

where /1 is defined as in (10).

2. If wetake x = v/ab, A =1, then we get the following trapezoid-type inequality for

fractional integrals:

b 20{—11‘* 1
‘f(m /) . (b";* 2 flay 1 f®)]

Sln%(_l_)kaahmﬂ

4 \a+1

+b[sup{|f' (Vab)|,|f'®)["}]

©|f'(a)|"}]7 BY (vab,, 1, )

1

57«/—ba1q)}

»Q\'—'

specially for o =1, we get

b
f@)+f) 1 / f) du’

2 Int u
a
1
24 In

2 el ((2) 1)

ofsllr /) el e ((5) ) ]

YIS

=<

where /4 is defined as in (10).

Corollary 2.4 Let the assumptions of Theorem 2.2 hold. If |f'(x)| < M for all x € [a, b]
and \ = 0, then we get the following Ostrowski-type inequality for fractional integrals from

inequality (9):
2\ b\ . )
l[(l ;) ' (“‘ ;) }”"’ =+ Dz f (@) +f¢;b+f<b>]\
a+l a+l
= Ll[ﬂ<lnf) Bf(x,a,O,q)+b<lné) Bg(x,a,O,q)i|.
(@+1)"7 a x

Theorem 2.3 Let f : I C (0,00) — R be a differentiable function on I° such that f' €
Lla,b), where a,b € I° with a < b. If |f'|1 is quasi-geometrically convex on [a, b] for some
fixed q>1,x € [a,b], A €[0,1] and o > 0, then the following inequality for fractional inte-
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grals holds:

Ir(x, ), 0,a,b)
f

g v«amﬁ("“"qf

< Af(a,k,p){a(ln ;—C> ’ (sup{|f’(x) .

+ b(ln g)‘“p (sup{|f'(x)

1/ p1— i
q,lf/(b>|"})q<—qqxq) } (12)

where
Az(a, 2 p)
1
m: )\120;
S (B p 1) 22
= a a’ p+1
XoF(+p+Lp+Lp+21-2)), 0<i<l,
1p+1,2) =1,

oFy is hypergeometric function defined by

1 1
2Fi(a, b;¢;z) / A - )P A —zt)dt, c¢>b>0,|z] <1 (see [21]),

" Bbrc—b) Jo
and L +1=1.
' q

Proof Using Lemma 2.1, the Holder inequality and quasi-geometrical convexity of |f’|9,
we get

Ir(x, ), 0,a,b)
f

atl s pl s qt 1
5a<1n;_“) ( /0 |t“—k|pdt> ( /0 (g) sup{[f’(x)\q,[f/(a)mdt)
l’) a+l 1 }7 1 qt ) ) %
+b(ln;) (/0 |t“—k|pdt) (/0 (%) sup{|f'(x) q,[f(b)\"}d:) :
|1f(x,x,a,a,b)|§(/1|t“-x{pdt>p
0
o+l 1 t %
x {a(ln f) (sup{|f'@)|% |f'@)|"}) 7 (fl(f>q dt)
a 0o \4
a+l L ¢ %
+b(lné) (sup{[f’(x)‘q,[f’(b)’q})q(/l<f>q dt) }
X 0 b
1 X\ %% L/ xd g\ §
§A§(a,)\,p){a(ln;) (sup{|f'(x) q,[f’(a)|q})q( Z >
srer(P2)'

b a+1—%
+ b(ln 9—C> (sup{|f'(x)
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here, it is seen by a simple computation that

1
Az(a,)\,p)=/ |t —|f at
0

1 —
ap+1’ A =0,

oc+1
(1—)»)1”1
- BGp+1)+ 5
szl(a+p+1,p+1,2+p;1—k)}, 0<Xr<l,
1pp+1L1), A=1

Hence, the proof is completed. d

Corollary 2.5 Under the assumptions of Theorem 2.3 with « = 1, inequality (12) reduces
to the following inequality:

f(a)InZ +f(b)1n§ 1 (Pf(u)
[ In’ ]__/a w

Int
a

’(1 —A)f (x) + A

a

-1 +1 41N &
5(1&) (” +A-AP )"
a p+1

x l+1%
In —
x{a(na) (sup
b 1+}7
bl In—
; (nx) (sup]

specially for x = ~/ab, we get

fla) +f(b) 1 (P fu)
‘(I"AV(“/E)J“A(f)‘@/u Td”‘

1(In2G+ (-2 p , , b (Vb —at\
(M) [l @l @l ()

o (E52)
wuﬁ( )

+ b(sup{|[f' (Vab)|", [f B)|')) (M_T*/“_bqy} (13)

Corollary 2.6 In Theorem 2.3,
1. Ifwetakex=+ab, = %, then we get the following Simpson-type inequality for

fractional integrals:

a1
Ema) +4f(Vab) +f(B)] - % . f@ +Ij%+f(b)]‘
In2@1+204)\» N AN
<3P+1(p+1)2> { [surt Lra@f }]q( q - )

+ b[sup{|f'(Vab)|’, lf’(b)|q}];(bq_TW>%}’
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specially for « =1, we get

‘é[7c(6l)+4f(«/_)+f(b)]_i a Md ‘
{ [sup{|f’ ~ | (@) }];(\/_q )
+b[sup{|f' (Vab)|", |[f'B)|* H%( «/_> }
Remark 2.3

1. If wetake x = v/ab, A = 0, then we get the following midpoint- type inequality for
fractional integrals:

a-1
R e Y Xy )|

<3 () ettt o (2=
+b[sup{|f (Vab)|", |f' )" }]%<bq‘q“_ q) }

specially for o = 1, we get

Ut (V)

1/ Ink \» )
55(2(;_51)) {a[sup{V( ab) p
Y

. )

+fsonl | (VB @) ))

2. If wetake x = v/ab, A =1, then we get the following trapezoid-type inequality for
fractional integrals é Bp+1, é)

(@) +f(b) 2°'T(@+1), a

b Iy 4
<1 1n;}3(p+1,5) p
- 2«

N

< {a[sup{ '

« fsup{f (VB 0 }]5(751’3%},
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specially for o« =1, we get

fla)+fb) 1 [(°f(w)
‘72 1—/ 7”1“\

1/ Int \»
SE(Z(;:I)) {a[sup{[f/(«/%)

ol (VL)

L (b1 - Jab'\
+ b[sup] [ Vab)|, |f ()] "}]7 (TW_> ' }
Corollary 2.7 Let the assumptions of Theorem 2.3 hold. If |f'(x)| < M for all x € [a, b]

and ) = 0, then we get the following Ostrowski-type inequality for fractional integrals from
inequality (12):

x\* 2% « «
’[(m;) +<ln;> }/(x)—l‘(aﬂ)[l o f@)+] mj(b)]‘

1 1 1
a+ q _ 49 = o+ qd _ +q =
(ap +1)7 a q * q

3 Application to special means

Let us recall the following special means of two nonnegative numbers a, b with b > a:

=

1. The arithmetic mean
b
A=Ala,b)= 222
2
2. The geometric mean
G = G(a,b) :=ab.

3. The logarithmic mean

b-a

zlnb—lna'

L=1L(a,b):
4. The p-logarithmic mean

bp+1 _ ap+1

b= (G g

)p, pER\(-1,0}.
Proposition 3.1 Forb>a>0,n>0 and g > 1, we have
|1 -2)G"*(a,b) + AA(a",b™") - (n + 1)L(a, b)L!}(a, )|

Din2 232 - 23 +1\"7 b\?
- (n+ )na( + > q{aGn(a’b)h}I((_> ’A)

4 2 a

%

1((a
bn+1h— - ,)\ ,
i ((5) )}

where h is defined as in (10).

Page 13 0of 15
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Proof Let f(x) =

xn+l

*4,%>0,n>0and g > 1. Then the function |f’(x)|? = x™ is quasi-

geometrically convex on (0, 00). Thus, by inequality (11), Proposition 3.1 is proved. O

Proposition 3.2 Forb>a>0,n>0 and q > 1, we have

|(1 —A)G"(a,b) + LA (a”*l, b”*l) —(n+1)L(a,b)L(a, b)|

Ll <1n A k)’”“))‘l’ {aGﬂ(a, b)(—Gq(“’s) - aq)}]

= 2 20 +1)
+bn+1<bq—Gq(a,b)>é}.
q

Proof Let f(x) = %, x>0, n>0 and g > 1. Then the function |f'(x)|7 = ™ is quasi-
geometrically convex on (0, 00). Thus, by inequality (13), Proposition 3.2 is proved. [
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