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1 Introduction and preliminaries

The Banach contraction principle is one of the simplest and most applicable results of
metric fixed point theory. It is a popular tool for proving the existence of solution of prob-
lems in different fields of mathematics. There are several generalizations of the Banach
contraction principle in literature on metric fixed point theory [1-10]. Hitzler and Seda
[11] introduced the concept of dislocated topologies and named their corresponding gen-
eralized metric a dislocated metric. They have also established a fixed point theorem in
complete dislocated metric spaces to generalize the celebrated Banach contraction prin-
ciple. The notion of dislocated topologies has useful applications in the context of logic
programming semantics (see [12]). Further useful results can be seen in [13-23].

Definition 1.1 [11] Let X be a nonempty set. A mapping d;: X x X — [0,00) is called a
dislocated metric (or simply d;-metric) if the following conditions hold for any x,y,z € X:
(i) Ifd(x,y)=0,thenx=y;
(i) di(x,y) = di(y,%);
(ii)) di(x,y) < di(x,2) + di(z, ).

The pair (X, d;) is called a dislocated metric space or a d;-metric space. Note that when
x =y, di(x,y) may not be 0.

Example 1.2 If X = R* U {0}, then d;(x,y) = x + y defines a dislocated metric on X.
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Definition 1.3 [11] A sequence {x,} in a d;-metric space is called: (1) a Cauchy sequence
if, given ¢ > 0, there exists ny € N such that for all n,m > ny, we have d;(x,,,x,) < € or
limy, ;5 00 di(%, %,,) = 0, (2) convergent with respect to d; if there exists x € X such that

di(x,,x) — 0 as n — oo. In this case, x is called the limit of {x,} and we write x,, — x.

A d;-metric space X is called complete if every Cauchy sequence in X converges to a
point in X.

Definition 1.4 A nonempty set X is called an ordered dislocated metric space if it is

equipped with a partial ordering < and there exists a dislocated metric d; on X.

Definition 1.5 Let (X, <) be a partially ordered set. Then x,y € X are called comparable
ifx <y or y < x holds.

Definition 1.6 [1] Let (X, <) be a partially ordered set. A self-mapping f on X is called

dominating if x < fx for each x in X.

Example 1.7 [1] Let X = [0,1] be endowed with the usual ordering, and let f : X — X be
defined by fx = ¥/x. Since x < X = fx for all x € X, therefore f is a dominating map.

Definition 1.8 [1] Let (X, <) be a partially ordered set. A self-mapping f on X is called
dominated if fx < x for each x in X.

Example 1.9 [1] Let X = [0,1] be endowed with the usual ordering, and let f : X — X be
defined by fx = x” for some n € N. Since fx = x" < x for all x € X, therefore f is a dominated

map.
In the following, we give the definition of a b-dislocated metric space.

Definition 1.10 Let X be a nonempty set. A mapping b, : X x X — [0,00) is called a
b-dislocated metric (or simply b;-metric) if the following conditions hold for any x, y,z € X
and s > 1:

(ba1) If bsy(x,9) =0, then x = y;
(baz) ba(x,y) = ba(y,x);
(baz) ba(x,y) < s(ba(x,2) + ba(z,y)).

The pair (X, b,) is called a b-dislocated metric space or a b;-metric space. It should be
noted that the class of b;-metric spaces is effectively larger than that of d;-metric spaces,
since a bz-metric is a b;-metric when s = 1.

Here, we present an example to show that in general a b-dislocated metric need not be

a b;-metric.

Example 1.11 Let (X, d;) be a dislocated metric space, and b,(x, y) = (b;(x, y))?, where p > 1
is a real number. We show that b, is a b-dislocated metric with s = 2771,

Obviously, conditions (bg;) and (bgz) of Definition 1.10 are satisfied.
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If 1 < p < 00, then the convexity of the function f(x) = #” (x > 0) implies that (%)p <
%(ap +b?). Hence, (a + b)? < 2°"Y(a? + b*) holds. Thus, for each x, 7,z € X, we obtain that

ba(x,y) = (di(x,9))" < [di(x,2) + di(z,9)]
<2 (di(x,2)" + (di(z,9)"]
= 227 ba(x,2) + ba(z,9)].

So, condition (bgz) of Definition 1.10 is also satisfied and b is a b;-metric.

However, if (X, d;) is a dislocated metric space, then (X, b,) is not necessarily a dislocated
metric space. For example, if X = R is the set of real numbers, then d;(x,y) = |x| + |y| is a
dislocated metric, and by(x,y) = (x| + |y|)? is a b-dislocated metric on R with s = 2, but
not a dislocated metric on R.

Recently, Sarma and Kumari [15] established the existence of a topology induced by a
dislocated metric which is metrizable with a family of sets {B(x,&) U {x} : x € X, ¢ > 0} as
a base, where B(x,&) = {y € X : dj(x,y) < ¢} for all x € X and ¢ > 0. Also, B(x,&) = {y € X :
di(x,y) < €} is a closed ball.

On the similar lines, we show that each b-dislocated metric space on X generates a topol-

ogy 15, whose base is the family of open b,-balls
By, (x,€) = {y €X:by(x,y) < 8}.

Definition 1.12 We say that a net (x, : @ € A) in X converges to x in (X, b;) and write

limgea Xy = x if limgep bg(xy,%) = 0.

Note that the limit of a net in (X, ;) is unique. For A C X, we write D(A) = {x € X :
x is a limit of a net in (4, by)}.

Proposition 1.13 IfA,B C X, then
(i) DA) =g ifA=92,
(i) D(4) S D(B) ifACB,
(iii) D(AUB)=D(A)UD(B),
(iv) D(D(A)) < D(A).

Proof To prove (i), (ii) and (iii), we refer to [15]. To prove (iv), let x € D(D(A)). Suppose
that for each @ in A, (xy, : B € A(w)) is a net in A such that xa = limgea (q) ¥ay- Thus, for
each positive 1nteger i, there is o; € A such that by(xq,, %) < 2” and B; € A(w;) such that
bd(xa, ,xal) < 5. Take Uiy, =Vi for each i, then (v, 2, ¥3,...} isadirected set y; < y; if i < j,
and bd(x,, ,X) < s(bd(xyl Xa;) + ba(xa,, %)) < -. This implies that x € D(A). O

As a corollary, we have the following.

Corollary 1.14 Let, for all A C X, A = AU D(A). Then the operation A — A on P(X) sat-

isﬁes Kumtowski’s closure axioms [2]:
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Consequently, we have the following.

Theorem 1.15 Let Y be the family of all subsets A of X for which A = A and T, , are the
complements of members of Y. Then the 1}, is a topology for X and the 1y, ,-closure of a
subset A of X is A.

Definition1.16 The topology 7;, obtained in Theorem 1.15 is called the topology induced
by by and simply referred to as the b,-topology of X; and it is denoted by (X, by, 74,).

Now we state some propositions and corollaries in (X, by, 7;,) which can be proved fol-
lowing similar arguments to those given in [15].

Proposition 1.17 Let A € X. Then x € D(A) iff for every § > 0, Bs(x) N A # @.
Corollary 1.18 x € A <= x € A or Bs(x) NA # 3, V8 > 0.

Corollary1.19 Aset A C X isopen in (X, ba, Tp,) ifand only if for every x € A, thereis § > 0
such that {x} U Bs(x) C A.

Proposition 1.20 Ifx € X and § > 0, then {x} U Bs(x) is an open set in (X, by, tp,).

Corollary 1.21 Ifx € X and V,(x) = B,(x) U {x} for r > 0, then the collection {V,(x)|x € X}
is an open base at x in (X, bg, T,). If by is a b-metric and V = B(x), then Ty, coincides with
the metric topology.

Proposition 1.22 (X, by, 13,) is a Hausdorff space.
Proof If x,y € X and % =r>0, then V.(x) N V,(y) = @. O

Corollary1.23 Ifx € X, then the collection {V (x)|x € X} is an open base at x for (X, by, tp,).
Hence, (X, bg,Ty,) is first countable.

Remark 1.24 The above corollary enables us to deal with sequences instead of nets.

Motivated by Proposition 3.2 in [11], we have the following proposition for the b-dislo-
cated metric space.

Proposition1.25 Let (X, b;) be a b-dislocated metric space. The following three conditions
are equivalent:
(i) Forall x € X, we have by(x,x) = 0.
(ii) by is a b-metric.
(iii) Forallx € X and all r > 0, we have B,(x) # @.

Proof We show that (iii) implies (i). Since B3 (x) # @ for all r > 0, there exists some y € X
with b4(x, y) < 5. But for all y € X, we have bu(x,x) < 2sba(x,y). Therefore, by(x,x) < r for
all 7 > 0. Hence, b;(x,x) = 0. (]

If (X, b,) is a b-dislocated metric space, then (X', b;), where X' = {x € X|b,(x,x) = 0} is
a b-metric space. Indeed, (X', b;) is a b-dislocated metric space, so assertion now follows
immediately from the above proposition.
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Definition 1.26 A sequence {x,} in a b-dislocated metric space (X, b;) converges with
respect to b, (b;-convergent) if there exists x € X such that b,(x,,x) converges to 0 as
n — 00. In this case, x is called the limit of {x,}, and we write x,, — x.

Proposition 1.27 Limit of a convergent sequence in a b-dislocated metric space is unique.

Proof Let x and y be limits of the sequence {x,}. By properties (bqz) and (bgs) of Defini-
tion 1.10, it follows that b;(x,y) < s(by(x, %) + ba(x,4,y)) — 0. Hence, b,(x,y) = 0, and by
property (bg;) of Definition 1.10 it follows that x = y. O

Definition 1.28 A sequence {x,} in a b-dislocated metric space (X,b,) is called a b,-
Cauchy sequence if, given ¢ > 0, there exits ny € N such that for all n,m > ny, we have
ba(Xms %) < € OF limy, 1y 00 Dy (% %) = 0.

Proposition 1.29 Every convergent sequence in a b-dislocated space is bs-Cauchy.

Proof Let {x,} be a sequence which converges to some x, and ¢ > 0. Then there exists
no € N with by(x,, %) < 5; for all n > ng. For m, n > ny, we obtain by (x,, %) < s(ba(%,, %) +
ba(xm, %)) < 2s5- = . Hence, {x,} is bs-Cauchy. O

Definition 1.30 A b-dislocated metric space (X, b,) is called complete if every b,;-Cauchy
sequence in X is b;-convergent.

The following example shows that in general a b-dislocated metric is not continuous.

Example 1.31 Let X = NU {oo} and b, : X x X — R be defined by

$+% if m, n are even or mn = oo,
ba(m,n) = {5 if m and n are odd and m # n,
2 otherwise.

Then it is easy to see that for all m,n, p € X, we have

ba(m,p) < 5(ba(m,n) + ba(n,p)).
Thus, (X, b,) is a b-dislocated metric space. Let x,,, = 2# for each n € N. Then
1
bys(2n,00)= — — 0 asn— oo,
2n

that is, x, — 00, but b;(x,,,1) =2 - by(00,1) as 1 — oo.

We need the following simple lemma about the b,;-convergent sequences in the proof
of our main results.

Lemma 1.32 Let (X, b,) be a b-dislocated metric with parameter s > 1. Suppose that {x,}
and {y,} are b;-convergent to x, y, respectively. Then we have

1 .. .
S_Zbd(x’y) = hnrgg.}fbd(xn:yn) < limsup bd(xnryn) = Szbd(x!y)'

n—00
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In particular, if by(x,y) = 0, then we have lim,_, ob,(x,,y,) = 0 = by(x,y). Moreover, for
each z € X, we have

1
—by(x,z) <liminf by(x,,z) < limsup by(x,,z) < sby(x,z).
S n— 00 n—00

In particular, if by(x,z) = 0, then we have lim,,_, oob4(x,, 2) = 0 = by(x, 2).

Proof Using the triangle inequality in a b-dislocated metric space, it is easy to see that

ba(x,) < sba(x,%,) + $°ba (%, ¥) + bV, y)

and

bd(xnryn) < de(xnrx) + Szbd(xry) + S2bd(y’yn)-

Taking the lower limit as # — oo in the first inequality and the upper limit as #» — oo in
the second inequality, the result follows. Similarly, using again the triangle inequality, the
last assertion follows. O

Definition 1.33 [3] Let f and g be two self-maps on a nonempty set X. If w = fx = gx, for
some x in X, then x is called a coincidence point of f and g, where w is called a point of
coincidence of f and g.

Definition 1.34 [3] Letf and g be two self-maps defined on a set X. Then f and g are said
to be weakly compatible if they commute at every coincidence point.

Definition 1.35 Let (X, b,) be a b-dislocated metric space. Then the pair (f,g) is said to
be compatible if and only if lim,,_, o b4 (fgx,, gfx,) = 0, whenever {x,} is a sequence in X so
that lim,_,  f,, = lim,,_, o gx,, = ¢ for some t € X.

2 Common fixed point results
Suppose that

v = {W : [0, 00) — [0, 00) | is a continuous non-decreasing function with

Y(t)=0<t=0}
and

D= {(p : [0, 00) = [0, 00)|¢ is a lower semi-continuous function with
p(H)=0&t=0}.
Theorem 2.1 Let (X,b,, <) be an ordered complete b-dislocated metric space, and let f,
g, S and T be four self-maps on X such that (f,g) and (S, T) are dominated and dominat-

ing maps, respectively, with fX € TX and gX C SX. Suppose that for all two comparable
elements x,y € X,

¥ (25*ba(fr, gy)) < ¥ (Mi(x,y)) — 0 (M(x,)) (2.1)
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is satisfied, where

(2.2)

b X by(fx, T’
Ms(x,y):maX{bd(Sx, Ty), ba(fx, Sx), ba(gy, Ty), a(5%.8y) + balfx y)},

4s

Y eV and ¢ € O. If for every non-increasing sequence {x,} and a sequence {y,} with y, <
X, for all n such that y, — u, we have u < x,, and either

(1) (f,S) are compatible, f or S is continuous and (g, T) is weakly compatible, or
(ag) (g, T) are compatible, g or T is continuous and (f,S) is weakly compatible,

then f, g, S and T have a common fixed point. Moreover, the set of common fixed points
off, g, S and T is well ordered if and only iff, g, S and T have one and only one common
fixed point.

Proof Let x( be an arbitrary point in X. We define inductively the sequences {x,} and {y,}
in X by

Yon+l :fx2n = Tx2n+1’ YVon+2 = 8X2n+1 = Sx2n+2: n= O’ 1; 2: cees

This can be done as fX € TX and gX C SX. By given assumptions, x5,41 < Tx2,41 = fXo, <
%9, and xy, < Sxo, = gxoy-1 < %9,-1. Thus, we have x,,; < x, for all n > 0. We will show
that {y,} is b;-Cauchy. Suppose that b;(y2,, y2u+1) > O for every n. If not, then for some &,
ba(Yax> Yax+1) = 0, and from (2.1), we obtain

Y (baaks1s y2ks2)) < V(25 ba(y2ke1, yakr2))
= ¥ (25" ba(fxok, gx2k1))

< Y (M (e2k %2041 ) — @ (M (%2 X2141) ) (2.3)

where

M (%2k, Xok41) = MAx { ba(Sxak, Txoks1)> ba(fok, Sxok), ba(gxaks1, Thoks1),

ba(Sxak, goka1) + ba(frak, Thoks) }
4s

= max { ba(Voks Y2k41)s ba(Woks1s Y2i)s ba(YVok+2, Yoks1)s

ba(yors Yare2) + ba(Yors1s Yaks1) }
4s

ba(yaks Yok+2) + ba(Yake15 Yore1) }

= max { 0,0, ba(Yoks1) Yok+2)s
4s

= ba(Yok+15Y2k+2)s (2.4)

since

ba(yars Y2k+2) + ba(Yok+1, Yore1) - $ba(Yaks Yak+1) + Sba(Yaks1, Yok+2) + 28ba(yaks Yak+1)
4s - 4s

_ 804 (Yoks1> Yak+2)

< bd(yzk+1,y2k+2)~
4s

Page 7 of 21
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So, from (2.3) and (2.4), we obtain that

14 (bd()/2k+1,y2k+2)) <y (bd(yzku,yzkm)) - <ﬂ(bd()’2k+1>)’2k+2)),

which gives ¢(bs(yak+1,Y2k+2)) < 0 and S0 Yaxs1 = Yak+2, which further implies that yx.0 =
yak+3- Thus, {y,} becomes a constant sequence, hence, y, is a Cauchy sequence.
Now, take b, (Y2, Y2n11) > O for each n. As x,, and x,,,; are comparable, so from (2.1) we

have

¥ (ba2ne1, Yone2)) < V¥ (25 ba(Vane1 Yane2))
V(25" ba(fnr g%2ns1))
v
v

< U (M2, %2041) ) — @ (M(X20 X241))
< U (M2 %2041)). (2.5)
Hence
ba(y2ns1,Y2n+2) < Ms(Xan, %2441), (2.6)
where

Ms (xZn: x2n+1) = max { bd(SxZVU Tx2n+1): bd(fom SxZn): bd(gx2n+1; Tx2n+1),

bd(stn,ngnH) + bd(fon, TX2141) }
4s

= max { ba(Yans Yon1) baWone1s Yon)s ba(Vone2s Yona1)s

bd()’zmyzmz) + bd(y2n+1ry2n+l) }
4s

IA

max { bd (yZmy2n+1)r bd (y2n+1 ) y2n+2);

5bd(y2n;y2n+1) + de(y2n+1:y2n+2) + 25bd(y2n)y2n+l) }
4s

max { ba(yan Y2ri1)s baYons1, Yous2),

35b4(Yans Yone1) + 5ba(Yons1, Yans2) }
4s

= max { bd (y2nry2n+l)x bd (yZn+1;y2n+2) }

If for some n, bd(yZn+l:y2n+2) > bd(y2n7y2n+1) > 0, then (26) giVeS that Ms(x2mx2n+1) =
ba(Y2n+1>Y2n+2) and from (2.1) we have

U (25*ba(yans1s Yone2))
1// (Ms (xZVH Xon+l )) L (Ms (x2m Xon+l ))
14 (bd(y2n+1,y2n+2)) - (bd(y2n+lry2n+2)):

4 (bd(y2n+l»)’2n+2))

=
=
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which yields that ¢(b;(y2,41, Y2n+2)) < 0, or, equivalently, b;(y241,Y21+2) = 0, a contradic-
tion.

Hence, Ms(x2nr x2n+l) = bd(yZn:y2n+l)' Since Ms(x2nr x2n+1) = bd(yZVny2n+l)’ therefore,
baYans1> Yons2) < My(%2n, X2141) = ba(Yaus Yons1). Following similar arguments to those given

above, we have

bd(y2n+2:y2n+3) =< Ms(x2n+1;x2n+2) = bd(y2n+17y2n+2)- (27)

Therefore, {b,;(y,, y1+1)} is @ non-increasing sequence and so there exists r > 0 such that

lim bd(,)/n—l,yn) = lim M(x,, %pi1) = 7.
n—00 n—00

Suppose that > 0. As

W (de2n+17y2n+2)) =< W(254bd(y2n+1:y2n+2))

=y (Ms(xZn: x2n+1)) - §0(Ms(x2m x2n+1));

by taking the upper limit as » — oo, we obtain

I/f(f’) =< W(’") —lim inf(p(Ms(XZVu x2n+1))

= Ip(r) - (p(hnn_l)g.}st(xZ}’u x2n+l))
= Y (r) - o(r),

a contradiction. Hence
lim by(y,-1,y,) = 0. (2.8)
n— 00

Now, we prove that {y,} is a b;-Cauchy sequence. To do this, it is sufficient to show that the
subsequence {y,,} is b;-Cauchy in X. Assume on the contrary that {y,,} is nota b;-Cauchy
sequence. Then there exists & > 0 for which we can find subsequences {y,,,, } and {y2,, } of
{y2u} so that ny is the smallest index for which 2ny > 2my > k,

baomysYom) = € (2.9)
and

baYomyr Yan—2) < &. (2.10)
Using the triangle inequality and (2.10), we obtain that

& < baam> Yan) = SBaYamps Yamy+1) + $baVamy+15 Yany)-
Taking the upper limit as k — oo and using (2.8), we obtain

< lim sup bd(yka+17y2nk)- (211)

&
N k— o0
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Using the triangle inequality and (2.10), we have

&< bd(yka,yan)
< $bg(Yomys Yom—2) + szbd(yan—2ry2nk—1) + Szbd()’an—l:yan)

<E&s+ Szbd(yZHk—Z:yZHk—l) + Szbd(yan—l:yZHk)'
Taking the upper limit as k — oo and using (2.8), we obtain

& <limsup by (Yamys Yon,) < €5. (2.12)

k— o0

Also,

&£ = bd(ykaryan) = de(yka»yan—l) + de()/an—lryan)«
Hence

& .

5 < limsup by (y2my» Yang-1)-

k—o0

On the other hand, we have

baYamps Yon—1) < Sba(Vomp Yom) + $ba(Yons Yang-1)-

So, from (2.8) and (2.12), we have

1im sup b (Y2 Yong-1) < SHimsup ba(yamy, yan) < €5°.

k— o0 k— o0
Consequently,
& .
- =< lim sup bd(yka:y2nk—l) = 832~ (213)
N k— o0
Similarly,
& .
5 = lim sup bd(ykaH’yan—l) = 852' (214')
§ k— 00

As X9, and %, are comparable, from (2.1) we have

¥ (25" baamg1,¥2m)) = ¥ (25 ba(fXomy » §¥am 1))
= 1;[/(1\/Is(952r71,(»9C2rzk—1)) - (ﬂ(Ms(mekyxan—l)),

where

M (X2 X2y 1) = maX{bd(stVnk) Txop-1)s bafomy » Sxamy )s ba(@Xam -1, Th2n, 1),

ba(Sxymy > &%an,—1) + ba(fozmy Txom, 1) }
4s
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= max { bd()’ka,yan—l)r bd(Ykau,yzmk), bd(y2nk1y2nk—1);

bd(Yka;y2nk) + bd(y2mk+1vy2nk—1) }
4s '

Taking the upper limit and using (2.8) and (2.12)-(2.13), we get

IA

lim sup My(X2,m; 5 %2, 1)

k— 00

k— o0

max { lim sup by (Yamy» Y2n-1)5 05 0,

lim supy_, oo ba(yamy Yo, ) + imsupy_, oo ba (Yo +15 Yam-1) }
4s

, &s+es® )
< max{es?, = es%,
4s

Hence, we have

£
&+ ) . 5
< lim sup M (X2 » X2 -1) < €57

S k— 00

Similarly, we can obtain

3
8+52

< liminf My (%2 , X2 1) < es.
S k— o0

1# (2S4bd(y2mk+lry2nk )) = w (2S4bd(fx2mk ’ngnk—l))

. W(Ms(xZVnk»xZWk—l)) - (p(Ms(mek,xan—l)):

so, by taking the upper limit as k — oo, and from (2.11) and (2.15), we obtain

o)

< ¥ (2s*limsup bd(y2mk+lyy2nk))

k— 00

< v (1im Sup My (2, 20, -1)) = lim inf (M (%2, 1))
k—00 —
(es®) - o (lim inst(xzmk,xZHk,1)>
k— o0
(265%) = @ (lim inf My (2 20 1) ).
—00

which implies that

(P<liklgiorolst(x2mk1x2nk—l)> =0,

(2.15)

(2.16)
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so liminf M(%2, ,%2,,-1) = 0, a contradiction to (2.16). Hence {y,} is a bz-Cauchy se-

quence in X. Since X is complete, there exists y € X such that

lim fxy, = lim Txy,, = lim gxy,,; = lim Sxp, = y.
n—0oQ n— o0 n—0oQ n— o0

Now, we show that y is a common fixed point of f, g, S and T

Assume that (a;) holds and S is continuous. Then
lim $%%y,,0=Sy and lim Sfxy, = Sy.
n—00

n—00

Using the triangle inequality, we have

ba(fSx20, Sy) < 5(ba(fSxon, Sfxan) + ba(Sfxan, Sy)).

Since the pair (f, S) is compatible, lim,,_, oo b (fSx2,, Sfx2,) = 0. So, by taking the limit when
n — oo in the above inequality, we have

nlijgo ba(fSx2,,Sy) <s (nlij;o ba(fSxan, Sfxan) + n]Ln;o ba(Sfxan, S}’)) =0.
Hence, lim,,—, o0 fSx2, = Sy. As Sxo,40 = g@%2,41 = X241, from (2.1) we obtain

Y (25 ba(fSxans2, @02n1)) < VU (M(Sxamas %2n41)) — @ (M(Sx242, ¥2n11)) (2.17)
where

Ms (Sx2n+2’ x2n+1)

= max { ba(S*x2n42> Thone1) ba (%22, S*Xone2) ba (@21 TH2ne1),

bd(52x2n+21gx2n+l) + bd(fsx2n+21 Tx2n+1) }
4s '

Now, by using Lemma 1.32, we get

$2ba(Sy,y) + $*ba(Sy,y) }

lim sup M (Sx2n+2r x2n+1) < max { Sz bd (SJ’, y)r 0,0, 4
S

n—00
= 5%by(Sy, ).
Hence, by taking the upper limit in (2.17) and using Lemma 1.32, we obtain
1
v (25°b4(Sy,9)) = ¥ (2S4S—2bd(5y,y)) <Y (sba(Sy,9)) — 9(s*ba(Sy,y))

< ¥(25°b4(Sy,y)) - 0(s*ba(Sy,y))

which gives go(szbd(Sy, ¥)) <0, or, equivalently, Sy = y.
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Now, since gxy,,1 < %2441 and gy, — y as 1 — 00, then y < xy,,,; and from (2.1) we

have

1ﬁ(2S4bal(fy,gx2n+l)) = ‘[/(Ms(%xbtﬂ)) - (p(Ms(y’xZer)): (2.18)

where

My, %2041) = maX{bd(Sy, Tx241), ba(fy, SY), ba(@x2us1, Th2n41),

ba(Sy, g%ani1) + ba(fy, Txopi1) }
4s )

Taking the upper limit as # — oo in (2.18) and using Lemma 1.32, we have

V@bl ) = ¥ (25 5a5)) = ¥ (0a) -0 0a5)

< ¥ (25°ba(f) - 0(ba(7,9))s
which implies that ¢(b,(fy, y)) <0, so fy = y.

Since f(X) € T(X), there exists a point v € X such that fy = Tv. Suppose that gv # Tv.

Since v < Tv =fy < y, from (2.1) we have

U (ba(Tv,gv)) = ¥ (ba(fy,gv)) < ¥ (M (3,v)) — o(M(y,v)), (2.19)

where

ba(Sy, ba(fy, Th
Ms(y’ V) = max{bd(syr TV)r bd(fy: Sy)r bd(gV; TV)’ d( ) gV) i d(fy V) }

4s
=by(gv, Tv).

So, from (2.19) we have
¥ (ba(Tv,gv)) < ¥ (balgv, Tv)) — @(ba(gv, Tv)),

a contradiction. Therefore gv = Tv. Since the pair (g, T) is weakly compatible, gy = gfy =
gTv = Tgv = Tfy = Ty and y is the coincidence point of g and T'. Since Sx,, < %y, and Sx,, —

y as n — 00, it implies that y < x5, and from (2.1) we obtain

V(25 ba(foon g)) < ¥ (M2, 7)) — (M (%2,)), (2.20)

where

MS(xZVlry) = max{bd(stVl: Ty)’ bd(foVlr szn), bd(g)/: Ty);

(2.21)

ba(Sx21,8) + ba(fxo, Ty) }
4s ’

Page 13 of 21
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Taking the upper limit as # — oo in (2.21) and using Lemma 1.32, we have

max{ ~by(y,8y),ba(gy, Ty), bd()’ g)’)}
< liminf M(x2,,, %)

< lim sup M(x2,,, %)

n—00

< max{sbd(y 29),ba(gy, Ty) bd()’ gy)}

= max{sba(y,gy), ba(gy,8y)}
< max{sbd(y, ), Zde()’:g)’)}
=2sb4(y,2y). 222)

Taking the upper limit as # — oo in (2.20) and using Lemma 1.32 and (2.22), we have

0@ bang) v (2 L))

< (hm sup M;(xo,, y)) - 11m1nf go( (%21, y))
= v (2ba(r, ) — ¢ (liminf M (x2,,)
= V(25°ba(y,29) - o (liminf Mq(32,,5) ),
n—o0
which implies that liminf,_, . M(x2,,7) = 0, so we have y = gy. Therefore, fy = gy = Sy =
Ty =y.
The proof is similar when f is continuous.
Similarly, if (a;) holds, then the result follows.
Now, suppose that the set of common fixed points of f, g, S and T is well ordered. We
show that they have a unique common fixed point. Assume on the contrary that fu = gu =
Su=Tu =uand fv =gv=_Sv="Tv=v,butu #v. By assumption, we can apply (2.1) to obtain

v (2sba(u,v)) = ¥ (2sba(fur, gv))
< ¥ (25"balfi.gv)) < ¥ (Ms(,v)) = o (M(w,v)),

where

=max1 by(Su, Tv), by(fu, Su), by (gv, Tv),

by(Su,gv) + by(fu, Tv)
4s }

{ ba(u,v) + by(u,v) }
max{

ba(u,v), by(u, u), by(v,v), s

= ba(u,v), by(u,u), by(v, )}
< max{hd(u, v),2sb,;(u,v), 2sby(u, v)}

< 2sby(u,v).
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Hence

v (2sba(u, v)) < ¥ (25ha(u,v)) — o(M(u, v)).
So, we have M,(u,v) = 0, a contradiction. Therefore # = v. The converse is obvious. O
In the following theorem, we omit the continuity assumption of f, g, T and S and replace
the compatibility of the pairs (f,S) and (g, T') by weak compatibility of the pairs, and we

show that f, g, S and T have a common fixed point on X.

Theorem 2.2 Let (X, b,, <) be an ordered complete b-dislocated metric space, and f, g, S
and T be four self-maps on X such that (f,g) and (S, T) are dominated and dominating
maps, respectively, with fX C TX and gX C SX, and TX and SX are b,-closed subsets of X.
Suppose that for all two comparable elements x,y € X,

¥ (2s*d(fx, gy)) < ¥ (Mi(x,)) - o(Mi(,)) (2.23)

is satisfied, where

bl bl T
M;(x,y) = max{bd(Sx, Ty), by(fx, Sx), by(gy, Ty), ba(Sx,&y) + balfx, Ty) },

4s

Y eV and ¢ € O. If for every non-increasing sequence {x,} and a sequence {y,} with y, <
X, for all n such that y, — u, we have u < x,,, and the pairs (f,S) and (g, T) are weakly
compatible, then f, g, S and T have a common fixed point. Moreover, the set of common
fixed points of f, g, S and T is well ordered if and only iff, g, S and T have one and only

one common fixed point.

Proof Following the proof of Theorem 2.1, there exists y € X such that
klim bd()/k,y) =0. (2.24)

Since T(X) is by-closed and {y,,,,1} € T(X), therefore y € T'(X). Hence, there exists u € X
such that y = Tu and

nllngo ba(yane1, Tu) = nlingo ba(Txyne1, Tu) = 0. (2.25)
Similarly, there exists v € X such that y = Tu = Sv and

nlingo by(yan, Sv) = nlingo b4(Sx2,,Sv) = 0. (2.26)
Now we prove that v is a coincidence point of f and S.

Since Txy,,1 — ¥ = Svas n — 00, so, by assumption, Tx,,,; < Sv. Therefore, from (2.23)

we have

1/f (2S4bd(fV)gx2n+l)) =< 1/f (Ms(Vv x2n+1)) —Q (Ms (V) x2n+1)): (227)
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where

MS(V’ x2n+1) = max { bd(va Tx2n+1): bd(fV’ SV)r bd(gx2n+l: Tx2n+1)x

bd(SV’ngIHI) + bd(fvr Tx2n+1) }
4s

= max { bd(Tu; Tx2n+1): bd(fvr y)» bd(gx2n+lr Tx2n+1),

ba(SV, yous2) + ba(fv, Txopi) }
4s '

Taking the upper limit as # — oo and using (2.25)-(2.26) and Lemma 1.32, we obtain
that

1 1
max{bd(fv,y), S—zbd(y,y), Ebd()’:y)}

< liminf My (v, %2,.41)

n— 00

< lim sup M,(v, %2;,41)
n—00

0 + s2by(fv,
< maX{O,bd(fv,y),szbd(y,y), H—dw}

4s

< max{ba(fv,y),25*ba(fv,y)}
=2y (fi ). (2.28)

Taking the upper limit as # — oo in (2.27) and using (2.28) and Lemma 1.32, we obtain
that

1
¥ (233d(fv,y)) =Y (254 ;d(fv,y))
= ¥ (2%bulfr,y)) - o (liminf My (v, %20.1))
= ¥ (25°ba(fv,) - o (liminf My(v, 53,11 ),

which implies that liminf,,_, oo Ms(V, %2,41) = 0, so from (2.28) we obtain fv =y = Sv.

As f and S are weakly compatible, we have fy = fSv = Sfv = Sy. Thus, y is a coincidence
point of f and S.

Similarly, it can be shown that y is a coincidence point of the pair (g, 7). Now, we show
that fy = gy. From (2.23) we have

v (2s*d(y.29) < ¥ (M(0,9)) - ¢(M:(2,9)),

where

ba(Sy,gy) + ba(fy, Ty)
Mi(y.y) = maX{bd(Sy; 1), balfy ), balgy, T9), =2 alfy. Ty }

ba(fy,gy) + ba(fy,gy) }
4s

= maX{bd(fJ’»g)’), bd(fy'fy)’ bd(gy’gy)»
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= max{ba(fy,gy), ba(y, 1), ba(2y, )}
< max{by(fy,gy), 2sba(fy, g¥), 2sba(fy, gy)}
= 2sba(fy, gy).

So, we have

v (2s*d(fy.9) < ¥ (M;(»,9) — o (M;(5,9))
< ¥(2ba(fr,) - ¢(M,(3,))
< ¥ (25ba(y,29)) — 0(Ms(3,9)),

which implies that M;(y, y) = 0, so we have fy = gy. Therefore, fy = gy = Sy = Ty.

Now, similar to the proof of Theorem 2.1, indeed from (2.20)-(2.22), we have gy = y.
Therefore, fy = gy = Sy = Ty = y, as required. The last conclusion follows similarly as in the
proof of Theorem 2.1. 0

Now, we give an example to support our result.

Example 2.3 Let X = [0,00) be equipped with the b-dislocated metric b,(x, y) = (x + y)?
where s = 2 and suppose that ‘<’ is the usual ordering < on X. Obviously, (X, b4, <) is an
ordered complete b-dislocated metric space. Let f,g,S, T : X — X be defined as

x x
f(x)=ln<1+1), g(x):ln(1+g),

S(x) = e -1, T(x) = e* - 1.

For eachx € X, we havel + g <eée and1+’5—c <eé*,sof(x)=In(1+ g) <x,gx) =In(1+ g) <u,
x<e”®—1=S5(x) and x < e* —1 = T(x). Thus, f and g are dominated and T and S are
dominating with f(X) = g(X) = S(X) = T(X) = [0,00). Also, the pair (g, T) is compatible,
g is continuous and (f, S) is weakly compatible. Let the control functions ¥, ¢ : [0, 00) —
[0, 00) be defined as v () = bt and ¢(¢) = (b-1)t, for all £ € [0,00), where1 < b < %. Note
that

¥ (25 ba(f(%),2())) = 32b(F(x) + g())°

)

Xy 232 3

<(e*-1+e¥- 1)2
= by(S@), TR))
< My(x,y) = ¥ (Ma(%,9)) — 9 (Ma(x,9)), x,y€X.

Thus, f, g, S and T satisfy all the conditions of Theorem 2.1. Moreover, 0 is a unique
common fixed pointof f, g, S and T.
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Corollary 2.4 Let (X,b,, <) be an ordered complete b-dislocated metric space, and let f
and g be two dominated self-maps on X. Suppose that for every two comparable elements
x,y€e€X,

W(2S4bd(fx,gy)) = w(Ms(x’y)) - w(Ms(xry))

is satisfied, where

by(x, by(fx,
M;(x,y) = maX{bd(x’)’)rbd(fx,x),bd(gy,y), a(x g)’); A (fx, y) }’

Y eV and ¢ € O. If for every non-increasing sequence {x,} and a sequence {y,} with y, <
Xy, for all n such that y, — u, we have u < x,, then f and g have a common fixed point.
Moreover, the set of common fixed points of f and g is well ordered if and only if f and g
have one and only one common fixed point.

Proof Taking S and T as identity maps on X, the result follows from Theorem 2.2. O

Corollary 2.5 Let (X,b,, <) be an ordered complete b-dislocated metric space. Let f and
g be dominated self-maps on X. Suppose that for every two comparable elements x,y € X,

25*ba(fx, gy) < My(x,y) — ¢ (M;(x,))

is satisfied, where

Ms(x’y) = max{bd(xiy)rbd(fxix)rbd(gy’y)r bd(x,gy) i bd(fx’y) }r

4s

and ¢ € ®. If for every non-increasing sequence {x,} and a sequence {y,} with y, < x,, for
all n such that y, — u, it implies that u < x,, then f and g have a common fixed point.
Moreover, the set of common fixed points of f and g is well ordered if and only if f and g
have one and only one common fixed point.

Proof If we take S and T as the identity maps on X and v(¢) = ¢ for all £ € [0, 00), then
from Theorem 2.2 it follows that f and g have a common fixed point. g

Remark 2.6 As corollaries we can state partial metric space as well as b-metric space ver-
sions of our proved results in a similar way, which extends recent results in these settings.

3 Existence of a common solution for a system of integral equations
Consider the following system of integral equations:

b
x(t):/ Ky (t,r,x(r)) dr,

b
x(t) = / Ky (t,r,x(r)) dr,

where b > a > 0. The purpose of this section is to present an existence theorem for a
solution to (3.1) that belongs to X = Cla, b] (the set of continuous real functions defined
on [a, b]) by using the obtained result in Corollary 2.4.
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Here, K1,K; : [a,b] X [a,b] x R — R. The considered problem can be reformulated in
the following manner.
Let f,g: X — X be the mappings defined by

b

fx(t) = f K (t, r,x(r)) dr,
b

gx(t) = / K (t, r,x(r)) dr

forallx € X and for all ¢ € [a, b].
Then the existence of a solution to (3.1) is equivalent to the existence of a common fixed

point of f and g. According to Example 1.11, X equipped with

_ P
by(u,v) = tren[i)b(](’u(t)’ + ’v(t)’)

for all u,v € X, is a complete b-dislocated metric space with s = 2771,

We endow X with the partial ordering < given by
x<y << «x() <y

for all ¢ € [a, b]. Moreover, in [4], it is proved that (X, <) is regular.

Now, we will prove the following result.
Theorem 3.1 Suppose that the following hypotheses hold:

(i) K,K,:[a,b] x [a,b] x R— R are continuous;

(i) forallt,re [a,b] and x € X, we have

b b
x(t) < min{/ K (t, r,x(r)) dr,/ K, (t, r,x(r)) dr};
(ili) forallr,t € [a,b] and x,y € X with x <y, we have

(|K1(t, r,x(r))| + |K2(t, r,y(r))\) <&(t,r)In(l+ (|x(r)| + |y(r)|)p),

where & is a continuous function satisfying

b
1
su LPdr) < —
te[agﬂ]</a g( )p ) 24172—317([9_4)[7—1

Then the integral equations (3.1) have a common solution x € X.

Proof From condition (ii), f and g are dominated self-maps on X.

Letlip,q<oowith}l’+é=1,
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Now, let x,y € X be such that x > y. From condition (iii), for all £ € [a, b], we have
@72 (0] + [gy@)]))”

2 b !
<% (/ (1K (&7, 2) | + [Ka (87,2(0) ) "”)
1_»p

sosf( [ dr); ([ Utersonl (oo ar) |

b
<27 (- a)f [ er? (afa (st + 0 |Y)) )
2 b b
< 2% ¥(p_ )4 (/ £t (In(1+ ba(x,9)))" d’)
2 b b
<o’ _ o (/ £(tr) (In(1+ My(x,)))” dr)

b
_ 24p2—3p(b _ a)pfl (/ E(t, 1) dr) (ln(l + Ms(x,y)))p

< (In(1 + My(x,9))"
= M(x,y) — (My(x, ) — (In(1 + Ms(x,y)))p).

Hence,

(25*ba(fr,gy))’ = 2s* SF%](Vx(tﬂ +|gy(®)])?

=< Ms(x;y)p - (Ms(x’y)p - (ln(l +Ms(xvy)))p)'

Taking ¥ (¢) = #¥ and ¢(£) = t” — (In(1 + £))? in Corollary 2.4, there exists x € X, a common
fixed point of f and g, that is, « is a solution for (3.1). O
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