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Abstract

Let A and B be nonsingular M-matrices. Several new bounds on the minimum
eigenvalue for the Hadamard product of B and the inverse matrix of A are given.
These bounds can improve considerably some previous results.
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1 Introduction

Let C" (R"*") denote the set of all # x n complex (real) matrices, A = (a;;) € C"", N =
{1,2,...,n}. We write A > 0 if a;; > 0 for any i,j € N. If A > 0, A is called a nonnegative
matrix. The spectral radius of A is denoted by p(A).

We denote by Z, the class of all # x n real matrices, whose off-diagonal entries are non-
positive. A matrix A = (a;) € Z, is called a nonsingular M-matrix if there exist a nonnega-
tive matrix B and a nonnegative real number s such that A = sI — Bwith s > p(B), where [ is
the identity matrix. M,, will be used to denote the set of all # x n nonsingular M-matrices.
Let us denote 7(A) = min{Re(A) : » € 0 (A)}, where o (A) denotes the spectrum of A.

The Hadamard product of two matrices A = (a;;) € C"*” and B = (b;;) € C"" is the ma-
trix A o B = (a;b;) € C™". 1f A,B € M,,, then B o A7l is also an M-matrix (see [1]).

Let A = (a;) be an n x n matrix with all diagonal entries being nonzero throughout. For
i,j,k € N,i+#j,denote

R:
Ri:Z|dij|’ d; = m;
122

Jj#i
rji = 1%l r; = max{r;;};
= — ;= it
! la| — Zk;zj,i |ajk| i
lajil + 3 i 1k
mj; = , m; = max{m;};
|1 i#
|ﬂji| + Zk;/j,i |djk|mki
uj; = ) u; = max{u;}.
|ajj] J#
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In 2013, Zhou et al. [2] obtained the following result: If A = (a;) € M, is a strictly row
diagonally dominant matrix, B = (b;;) € M,, and Al= (o), then

(B oA‘l) > 1};}\1{1

{ bii—m; ) bl } W

Aijj
In 2013, Cheng et al. [3] presented the following result: If A = (a;) € M, and Al = () is

a doubly stochastic matrix, then

(A oA’l) > min

1<i<n

e Tl s

1+ Zj#i I/tji

In this paper, we present some new lower bounds of (B o A™) and (4 o A™!), which
improve (1) and (2).

2 Main results
In this section, we present our main results. Firstly, we give some lemmas.

Lemmal [4] Let A = (ay) € R™". If A is a strictly row diagonally dominant matrix, then
A7 = (ay) satisfies

loi| < djlail, jieN,j#i.

Lemma 2 Let A = (a;) € R"™*". If A is a strictly row diagonally dominant M-matrix, then
A7 = («y) satisfies

aji S wjidtii,  j,i € N,j#1,

where
lajil + 3 iy 1kl miihi ||
Wj; = , h; = max .
] i Ulaglmy =3y |a | my
Proof This proof is similar to the one of Lemma 2.2 in [3]. d

Lemma 3 IfA = (ay) € M,, and A™ = (ay) is a doubly stochastic matrix, then

1

;> ——=—, L€N,
1+Zj7!iwfi

where wj; is defined as in Lemma 2.

Proof This proof is similar to the one of Lemma 3.1 in [3]. d

Lemma 4 [4] IfA = (ay) € R™" is a strictly row diagonally dominant M-matrix, then, for
A7l = (),
1

o;>—, ieN.
ii
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Lemma 5 [5] IfA = (a;) € C™" and x1,%,,...,%, are positive real numbers, then all the
eigenvalues of A lie in the region

1
U{ZGC: |z — a; §xizx—|aki|,ieN}.
k

i k+i

Lemma 6 [6] IfA = (a;) € C"™*" and x1,%,,...,%, are positive real numbers, then all the
eigenvalues of A lie in the region

1 1 -
U{ze C:lz—ajllz—ayl < (xizx_klaki') (xizx_kmkj')’l’] GN}.

i ki k+j

Theorem 1 IfA = (a;), B = (by) € M, and A~ = (w), then

r(BoA’l) > min

1<i<n

bii_ i ii b’i
{ w, Z/#ll J | }’ (3)

ajj
where w; = max;;{w;} and wy; is defined as in Lemma 2.

Proof It is evident that the result holds with equality for n = 1.

We next assume that 7 > 2.

Since A is an M-matrix, there exists a positive diagonal matrix D such that D'AD is a
strictly row diagonally dominant M-matrix, and

t(BoA™)=7(D}(BoA™)D) =1 (Bo (D'AD) ™).

Therefore, for convenience and without loss of generality, we assume that A is a strictly
row diagonally dominant matrix.

(i) First, we assume that A and B are irreducible matrices. Then, for any i € N, we have
0 <w; < 1. Since 7(B o A™!) is an eigenvalue of B o A7}, then by Lemma 2 and Lemma 5,
there exists an i such that

1 1
|T(B OA_I) — biiaii| < w; Z ;|bﬂ(¥ﬂ| =w; Z ;|bji|wji|aii|
]

j#i j#i
1
<wiy. - biilwjleii| = wilexi > bl
j# j#i

By Lemma 4, the above inequality and 0 < t(Bo A < bay;, for any i € N, we obtain

|7(BoA™)| = bicii — wilail Y byl =

bij = wi ) |bjil - {bu’ = w; 3 |bjil }
yo a;; T 1<izn

ajj

(ii) Now, assume that one of A and B is reducible. It is well known that a matrix in Z,, is a
nonsingular M-matrix if and only if all its leading principal minors are positive (see [7]). If
we denote by T = (¢;) the #n x n permutation matrix with i = fp3 = - = £,,_1, = t,n = 1, the
remaining ¢; zero, then both A — €T and B — €T are irreducible nonsingular M-matrices
for any chosen positive real number € sufficiently small such that all the leading principal
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minors of both A — €T and B — €T are positive. Now, we substitute A — €T and B— €T for
A and B, respectively, in the previous case, and then letting € — 0, the result follows by

continuity. g
From Lemma 3 and Theorem 1, we can easily obtain the following corollaries.
Corollary 1 IfA = (ay),B = (by) € M,, and Al= (oey) is a doubly stochastic matrix, then

{ by —w; Ziﬂ |h/i| }

1+ Zj—fi Wii

Corollary 2 IfA = (ay) € M, and Al= (o) is a doubly stochastic matrix, then
ajj— Wi i i|ﬂ‘i|
{—ZJ* ’ } @

L+ Zj;!i Wii

Remark1 We next give a simple comparison between (3) and (1), (4) and (2), respectively.
Since my;h; <r;, 0 < h; <1, j,i € N, j#1i, then w; < my, w; < m; and wy; < uy;, w; < u; for

any j,i € N, j #i. Therefore,

t(BoA™) > min

T 1<i<n

bii = wi )i |bji bii—m; ) i ;|bji
{ Wzlﬁl”}zmin{ mZ}#z|/|}’
1<i<n

ai aij

r(A oA‘l) > min

1<i<n

> min
1<i<nmn

{ aij — Wi Z]’;{i |ﬂji| }

I+ Zj;(z’ Wii

{dii — Ui Zj;’i |“/’i| }

1+ Zj;zi Uji

So, the bound in (3) is bigger than the bound in (1) and the bound in (4) is bigger than the
bound in (2).

Theorem 2 IfA = (a;), B = (b;) € M,, and A™ = (), then

o1
‘L'(B OAil) > Hzl;}]n E {aiibii + Olj]*bjj - [(aiibii - Ol]‘jb]‘j)z

+ 4'<Wi > Ibkt|0‘ii> (Wf' 2 |bk’|a’j)]% }

ki ks

where w; (i € N) is defined as in Theorem 1.

Proof Tt is evident that the result holds with equality for n = 1.

We next assume that # > 2. For convenience and without loss of generality, we assume
that A is a strictly row diagonally dominant matrix.

(i) First, we assume that A and B are irreducible matrices. Let R} = Zk#j laj|myih;, j,i €
N, j#i. Then, for any j,i € N, j # i, we have

R = Z |aj|myih; < laji| + Z laj|mih; < R; < a.
K7 oy
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Therefore, there exists a real number z; (0 < z;; < 1) such that

@il + > laplmih; = ziR; + (1= z)R?,  j,i € N,j#i.
ki

Hence,

ziRi + (1 —zj;)RY
Wji = 2 jeN.
ajj
Let z; = max,; zj;. Obviously, 0 < z; <1 (if z; = 0, then A is reducible, which is a contra-
diction). Let

ZjR]' + (1 - Zj)R;r

w; = max{w;;} = jeN.
i#

ajj

Since A is irreducible, then R; > 0, R}’ >0,and 0 <wj<1. Let (B 0 A7) = 1. By Lemma 6,
there exist iy, jo € N, iy #jo such that

1 1
A = digig Digig | 1A = 0ty bjojo | = (Wio Z — |etkig iy |) <Wio Z — |etijo bigo |)
Wk Wi

ko k#jo
And by Lemma 2, we have
1 1
Wig D — lekigbaio | | ( Wio Y — Ietkio by |
~ Wk ~ Wk
k#io k#jo
= <Wio Z 1Bk |ai0io> <Wio Z 1brjo |aioio>‘
kio k#jo
Therefore,
A - Qipig bioio 1A - a}'o}'objoiol = (Wio Z |bkio Iaioio) (Wio Z |bkio Iaioio)'
kip k#jo

Furthermore, we obtain
1 2
A= 2 igig bigig + Xjojo bjojo — | (QigioLigio — Xjojo bjojo)

1
2
+ 4'<Wi0 Z |bkiq |aioio> (Wio Z |bijo |ai0i0>] }’

k#io k#jo
that is,

T(BoA™)

1
2
z 5 igigDigio + %jojo bjojo — | (@igiobigio = Xjojo Bjojo)
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1
2
+ 4‘<Wi0 Z 1Bk |aioio) (Wjo Z |bkjo |ajojo>] }

kio k#jo

1
1 3
> min > {Oliibii + by — |:(0‘iibii - a;iby)* + 4<Wi E |bki|04ii> <W/ E |bkj|041j>] }

7 ki P

(ii) Now, assume that one of A and B is reducible. We substitute A — €T and B — €T for
A and B, respectively, in the previous case, and then letting € — 0, the result follows by

continuity. g

Corollary 3 IfA = (a;) € M, and A™ = (w), then

T(AoA™) > minl o + ajay — | (agai; — aja;)?
ey l#] 2 uru 9/hsd/i 12442 9/hsd/l

+ 4<wi Z |6lki|05ii> (Wf Z |ak"|“j”)i| % }

[ k%

Example1 Let

39 -6 -2 -3 -2 -5 -2 -3 -5 0
-26 44 -2 -4 -2 -1 0 -2 -3 -3

A= -3 -4 -3 -4 -12 48 -18 -1 0 2|
-2 -1 -4 -3 -4 -16 45 -9 -4 -1
-1 -2 -2 -2 -3 -1 -5 38 -20 -1
-2 -1 o -3 4 -5 -2 -10 47 -19
-1 -4 -4 -4 0 -3 -4 -3 -7 31
% -3 -2 -7 -4 -7 -6 -3 -9 -3
-4 100 -5 -4 -8 -7 -1 -9 -8 -8
-5 -9 62 -4 -7 -9 -9 -1 -4 -8
-8 -8 -10 9 0 -6 -8 -9 -3 -6

B -3 -8 -10 -6 62 -3 -6 -7 -5 -1

It is easily proved that A and B are nonsingular M-matrices and A is a doubly stochastic
matrix.

(i) If we apply Theorem 4.8 of [2], we have

t(BoA™) > min

1<i<n

{ b —m; Zj;fi |bji|

} =0.0027.
aij
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If we apply Theorem 2.4 of [8], we have
1y = (1o i
T(BoA™) = (1-pUa)pUs)) min b, 0.3485.
But, if we apply Theorem 1, we have

r(BoA’l) > min

1<i<n

{ bii—w; 3 |bjil

} =0.0435.
ajj

If we apply Corollary 1, we have

{ by —w; Zj?'i |bjz’|

=0.2172.
1+ Zj;’i Wii }

If we apply Theorem 2, we have

1
T (B o A‘l) > nlgn 5 {aiibﬁ +ajb; - [(aiibu - Ot]jb/j)z
%
+ 4(Wi Z |bki|aii) <Wj Z |bkj|aj1')] }

ki kj

=0.7212.

(ii) If we apply Theorem 3.2 of [3], we get

(A oA’l) > min

1<i<n

{ ai; — U; Zj# |ajil

=0.3269.
1+ Zj#i I/tjl‘ }

But, if we apply Corollary 2, we get

aii — W; Zj#i |('l]'i|
1+ Zj;!i Wii

T 1<i<n

7(AoA™) > min { } = 0.3605.

If we apply Corollary 3, we get

T(AoA™) > min1 agai + aja — | (uai; — aja;)
— 17(] 2 uttu 9/hsd)i i 9/hsd/i

%
+ 4<Wi Z |bki|05ii> <Wj Z |bki|a17>] }
k#i kj

=0.4072.
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