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1 Introduction
One interesting problem in extreme value theory is to consider the convergence rate of
some extremes. For the uniform convergence rate of extremes under the second-order
regular variation conditions, see Falk [1], Balkema and de Haan [2], de Haan and Resnick
[3] and Cheng and Jiang [4]. For the extreme value distributions and their associated uni-
form convergence rates for given distributions, see Hall and Wellner [5], Hall [6], Peng et
al. [7], Lin and Peng [8] and Lin et al. [9].

In this note, we discuss the uniform convergence rate of extremes from a sequence of
independent and identically distributed (iid) random variables with Maxwell distribution
(MD). The probability density function of MD is given by

2 2
f(x):@%exp(—%), x> 0. (1.1)

The MD and the convergence rate of extremes from Maxwell sample have been widely
used in the field of physics. We establish the uniform convergence rate of its distribution to
the extreme value distribution and give an improved proof for the pointwise convergence
rate of MD.

Throughout this paper, let (§,,# > 1) be a sequence of iid random variables with com-
mon distribution F(x) = fox f(¢t) dt with a probability density function f(x) given by (1.1),
and let M,, = maxj<x<, & be the partial maximum. Liu and Fu [10] proved that

lim P(o;, (M, - B) <) = exp(—exp(-x)) := A(x)
n—00
with the normalizing constants «,, and B, given by

o

o log(2logn) + o log 2
_— .
(2logn)2

2(21og n)%

, Bn = (20 log n)% + (1.2)

oy, =
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By arguments similar to those of Hall [6], Peng et al. [7] and Lin et al. [9], the appropriate
normalizing constants a, and b,, can be given by the following equations:

a,=o’b} (1.3)
and

b, b2
E ; exXp 752 =n. (1'4)

By arguments similar to those of Example 2 of Resnick [11], we have

o log(2logn) + o log %
2(21og n)%

b, = (202 log n)% + +o((logn)™?).

Hence
o,la, — 1, B, —-bn)la, — 0,
implying

lim P(M,, <a,x+b,) = lim F*(a,x + b,) = A(x),
n—00 n—oo

¢f. Leadbetter et al. [12] or Resnick [11].
This paper is organized as follows. Section 2 gives some auxiliary results. In Section 3,
we present the main result. Related proofs are given in Section 4.

2 Auxiliary results

To establish the uniform convergence of F”(a,x + b,) to its extreme value distribution
A(x), we need some auxiliary results. The first result is the decomposition of F(x), which
is the following result.

Lemma 1 Let F(x) be the Maxwell distribution function. Then, for x > 0, we have

2 2
l—F(x):\/gg <1+ Z—2> exp(-z%) — (%) @.1)

with

2 [®o y? 203 x?
0<r(x):\/;/x Fexp(—ﬁ> dy<\/;x—3exp(—p). (2.2)

For simplicity, throughout this paper, let C be a generic positive constant whose value
may change from line to line, and let C;, C; (i € N, j € N) be absolute positive constants.
For the normalizing constants a,, b, defined by (1.3) and (1.4), respectively, let

a) = ayly, b =b, +a,d,, (2.3)

where r, — 1,8, — 0, n — 00.So, a}/a, — 1, (b} — b,)/a, — 0, implying F"(a}x + b)) —
A(x). For large n, we have the following result.
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Lemma 2 Let a}, b, be defined by (2.3). For fixed x € R and sufficiently large n, we have

2
F”(a;’;x + b;’;) —Alx) = A(x)e‘x<<% —x— 1>anb;1 +(r, =1«

+68, + O[(cz,,b;l)2 +(r =12+ 83]) (2.4)
Proof Note that b, ~ o (2logn) > , which means

-0

oz,,b;l ~

2logn

For large #, we have

[2 ax+ b (aix+b})?
z 1 exp( -
T o 202

[2 b b?
=./— —"(1 +aub, (rux + 8,,)) exp| —=—=
T o 202

2( 242 82 27,8
xexp(—a”(r”x +2;2+ 7120pX)

—(rn—l)x—x—Sn)

2
—nle™ <1 - (x_ —x>anb;1 —(ry=Dx—=8,+ O[(aznb;l)2 + =12+ 83])

2
Since
o? 1 1\2 1\3
W = anb; —Zx(a,,b; ) + O((ﬂnb; ) ),
we have
04 1\2 1\3
= (anby,)” + O((anb,')”).

(aix + br)*

Similarly,

o° . exp<— (aix+ b’;)2> - 00 (anbY)

* * 2
(aix + b} 20

Hence,
X2
1-Flaix+b})=n"'e™” <1 - (7 —x- 1>anbn1 —(ry—1)x
-8, + O[(ct,,b;l)2 +(ry—1)72%+ 83]) (2.5)

So,

F'(aix + b)) — Ax)

2
= (1 - n_le_x(l — (% —x— 1>anb;1 —(r,-1x
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— 8, + O[(anb;")” + (ra = 1) + 55])) - Ax)
2
= A(x)e‘x<(% —x— 1>a,,b;,l +(rp=1Dx+8, + O[(anb;1)2 + =12+ 85]),
which is the desired result. O

3 Main results

In this section we present the pointwise convergence rate and the uniform convergence
rate of F”(-) to its extreme value distribution under different normalizing constants. The
first result is the pointwise convergence of extremes under the normalizing constants
given by (1.2).

Theorem 1 Let {§,,n > 1} be a sequence of independent identically distributed random
variables with common distribution MD. Then

(log(21og ))*

F'apx + Bn) — Alx) ~ Alx)e™ 16logn

(3.1)

for large n, where «,,, B, are defined in (1.2).

Recently Liu and Fu [10] proved the result, we present an improved proof for the point-
wise convergence rate in Section 4.

The following is the uniform convergence rate of extremes under the appropriate nor-
malizing constants a, and b, given by (1.3) and (1.4), which shows that the optimal con-

vergence rate is proportional to 1/log n.

Theorem 2 Let (§,,n > 1) be a sequence of independent identically distributed random
variables with common distribution MD. For large n, there exist absolute constants 0 <
dy < dy such that

d
< sup|F™ (@, + by) — A®)| < ——, (3.2)

logn  xer logn
where a,, and b, are defined by (1.3) and (1.4), respectively.
4 Proofs
Proof of Theorem 1 Firstly, we derive the following asymptotic expansions of b,, defined
by (1.4)

by = B +o((log n)’%) (4.1)
and

b o (log(2logn) +log 2)?

! 16+4/2(log n)%

Aobo 4logn +log(2logn) +log% /(2 o n)% L0 (log(2log n))? 42)
s 4logn ® (log n)? S
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Setting b, = B, + 0, and substituting into (1.4), we obtain by taking logarithms that

B Buba 02
2

log% +logo —log(B, +6,) + = + 2 =logn.
So,
(log(21ogn) + log %)2 “log 4logn + log(2logn) + log %
16logn 4logn
+ ﬁ;g" + i—’z - log(l + %) =0, (4.3)
therefore

By (log(2logn) +log 2)? . 4logn +log(2logn) +log 2
~— +log

, 4.4
o? 16logn 4logn 44
which implies
) o (log(2logn) +log 2)
16\/5(10gn)%
4logn +log(2logn) + log 2
+ | olog g gl2logn) +log ; /(210gn)%. (4.5)
4logn

Once again let

o (log(2logn) + log %)2 4logn +log(2logn) + log % 1
_ - +|olog /(2 logn)2 + vy,
16+/2(logn)?2 4logn

( (log(210g3n))2 )

where v, =0 . By similar arguments, we can obtain (4.2).

(logn)2
2
Note that a,, = Z—n, we have

o log(2log n) Bn—b, (log(2logn))?

rp—1l=—-— , Oy =
a, 4logn ay, 16logn
Noting a,b,' ~ @, by Lemma 2, we have
log(2log n))?
Frloy + ) — Ax) ~ A(x)e 10EE108M)"
16logn
The proof is complete. O
Proof of Theorem 2 Letting r, = 1, §, = 0 in (2.3) and noting a,b,' ~ @, and by
Lemma 2, there exists an absolute constant d; > 0 such that
n dl
sup|F (anwx +b,) — A(x){ > (4.6)

xeR logn

Page 5 of 11
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Thus, in order to obtain the upper bound, we need to prove

(a) sup ‘F"(anx +b,) - A(x)| < Dlanbgl, (4.7)

—c;<x<0

(b) sup ‘F”(a,,x +b,) - A(x)’ < Dya, bt (4.8)

n ’
0<wx<dy

(c) sup ‘F”(anx +b,) - A(x)| <Dsa,bt

n b
dy<x<oo

(d) sup |F"(a,,x +b,) - A(x)| <Dya,b?! (4.10)

n?’
—00<X¥<—Cp

whereD; >0 (i =1,2,3,4), and

b2 2
¢, =:loglog —2 >0, d, =: —loglog % —
o 2 —o

> 0.

Obviously,
a(2logrz)% <b,< a(2logn)%(1 + Cp)

and

o? o2 b>
bn —auCp = hn <1 - _Cn> = bn <1 - - loglog _n> > 0.
bfl b2 o2
Define W, (x) =1 - F(a,x + b,), then

nlog(l —Fla,x + b,,)) = —nV,(x) + nW,(x) + nlog(l - \lln(x))
= —nW,(x) — R,(x). (4.11)

By the following inequality

2

—ﬁdog(l—xk—x (0<x<1),

we have

nW2(x)

0 < Ry(o) = (190 + mlog (1= W) < 57— =0

First, suppose that x > —c,,. By (2.1), we have

“I’n(x) =< \I»’,,(—Cn) =1- F(bn - ﬂncn)

2 b, — a,cy 1. o? x (by — ancy)*
< |2 _n T %nln)
EL4 o (b, — ac,)? P 202

2 b, _ (bn)* ﬂnb;lcﬁ
<2\/;; (1-a,b,'c,) exp(— o7t

b?
-1 _cn _ -1 n
<2ne" =2n"log -

2log(C; 1
D og(Cylogn) ey <l
n

n=ng
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with C; = 2(1 + Cp)?, implying

inf (1 - \Il,,(x)) >1-¢;>0.

Therefore,
nW2(x) - nW2(-c,)
(1-¢y) ~ 201-¢n)

n”'(log(Clogn))®  n'(log(Cylogn))*a,b;’!
2(1-¢y) - 2(1 - Cp)aub;!

n(log(Cilogn))? |
4(1-¢y)logn "

< Ca,b;.

0<R,(x) <
< (x)_2

Byl-e™*<x, x>0, wehave
’exp(—R,,(x)) - 1‘ <R,(x) < Ca,,b;,l.
Setting A, (x) = exp(—n¥,(x) + €*), B,(x) = exp(=R,(x)), we obtain

|F™ (anx + by) = A(x)| = A(x)|Au(x)B,(x) -1
= A(x)|A,(%)B,(x) = By(x) + By(x) — 1|
< A(x)‘A,,(x) - 1’ + ’B,,(x) - 1‘

< A(x)|A,,(x) - 1| + Ca,,b;l. (4.12)

By (2.1) and (2.2), we have

n,(x) +e* = —n \/an T o’ ex (b + @)
" N T o (b, + a,x)? P 202

—rlaux + b,,)] +e*

= (1 +anb,'x)e™*Cy(w),

where

2 4

o o ab;'x* 1yl
C,x) = (—1— b v an)? + b v ani (Sn(a,,x+b,,)) exp(—T) + (1 +a,b, x)

with 0 < §,(a,x + b,) < 1. To prove (4.7), we consider the case of —¢c, <x<0.Bye™ >1-x,
x>0, we have

C,(x) < (1 - %lez) ((—1 + (6744>8,,(an + b,,)) +(1+ a,,b;lx)_l

b, + a,x)

1,2
< <1 - ozy,anx> {—1 + (anb;l)z(l + anb;lx)_4} +(1+ anb;lx)_l

2
= <(1 + anb;lx)_4 + % —x(1+ a,,b;lx)_l)anb;l (4.13)

Page 7 of 11
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and

o2 apblx? _
Cn(x) > (—1 — m) exp(— ; ) + (1 + ﬂnb;lx) 1

>(-1- < + (1+aub;'%) "
(bn + anx)? o
> (~(1+ ;%) —x(1 + anby'x) " )a,b;!

> —(1 + a,,b;lx)ﬂ. (4.14)

Hence, for —¢,, < x < 0, by combining (4.13) and (4.14) together, we have

2
|Calx)| < <(1 + anb;lx)_4 + % -x(1+ anbglx)_l +(1+ anbglx)_z)anb;l
2
< <(1 - ay,b;lcn)_4 + %” +cy, (1 - a,,b;llc,,)_l + (1 - a,,b;lc,,)_z)anbgl
< C21~

Furthermore, for —c, < x < 0, we have

’—n\IJn(x) + e’x’ <

—~

1+ zznb;lx) e” | C, (x)}
2

<((1+ 61,,19;195)74 + % —-x(1+ a,,b;lx)f1 +(1+ a,,b;lx)2> e*a,b
2

<l (- a,,b;lc,,)_4 + %” +cu(1- anb;lcn)_l

N N

+ (1 - anb;lc,,)2> e””cz,,b;l

< C22.

Noting that 0 < |¢* —1| < |x|(* +1), x € Rand e > 1 —x + x%/2 for —¢, < x < 0, we have
A@)|A,x) —1| = A@)|exp(-nW, (&) + ™) - 1]
< A(x)|—n‘~Iln(x) + e"‘| (exp(—n\ll,,(x) + e"‘) + 1)
4 A a1 -2
< (€92 +1) ((1 N > —x(1+anb,'x)" + (1+a,b,'x) )
x ayb,' exp(—e™ - x)

< ngﬂnb;l.

Together with (4.12), we establish (4.7).
Second, we prove (4.8). Note that

4 h1x2
Cu(x) < (—1 + (bnfw(sn(a,,x + b,,)) (1 - %) + (1 + a,,b;lx)fl

2
< (anb;1)2(1 + cznb;lx)_4 + %anb;l - zz,,b;lx(l + a,,b;lx)_l
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2
< (1 " %)anb;ll (4.15)

and
Cu(x) > (—(1+ aznb;lx)_2 —x(1+ anb;lx)_l)anb;l. (4.16)

By (4.15) and (4.16), for 0 < x < d,, we have

2
’C,,(x)| < (1 + % + (1 + unbglx)fz + x(l + a,,b;lx)l)a,,bgl

2
< (2 +X+ %)anbnl.

Hence,

|[-nW, (%) + €| < (1 +a,b,'x)e™|Cy(x)|
22
< (1 + zz,,b;lx)e”‘ (2 +x+ 7>anbn1
< Cglﬂnb;1 < C32.

Therefore

A@)|Au(x) = 1] < A@)|-nW,(x) + e[ (exp(-nW,(x) + €7) +1)
<Cy (ec32 + I)A(dn)tz,qb;1

< ngﬂnb;ll. (417)
Combining (4.12) and (4.17) together, we can derive that

sup |F”(a,,x +b,) - A(x)| < (Cip + Cz3)a,b, =:Dya,b,".

0<x<d,

Hence (4.8) is proved.
Third, for x > d,,, we have

sup (1 - A(x)) <1- A(dy) = anb,". (4.18)

x>dy
Byl-¢€*<—x, xR, we have
1-F"a,d,+b,) =1- exp(n log F(a,d, + b,,))

< —nlog F(a,d, + by)

= nW,(d,) + R,(dy). (4.19)

Page 9 of 11
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By (2.1) and log(1 + x) <%, 0 < x < 1, we have

nv,(d,) = rz(l - F(a,d, + hn))

< (+aub,rd,)e (1 +a,b, (1 + a,,b;ld,q)_z)

b2
<2(1+aub;,'d,)log —=

b2 — 02
_ o _
< 2(dn + ﬂnlbn) mﬂnbnl
O‘2 O‘2 0’2 1
e e e O
< Cyayb;. (4.20)

Noting that R,,(d,) < Ci2a,b;,', and combining (4.18), (4.19), (4.20) and (4.14) together, we
have

sup ’F”(a,,x +b,) - A(x)‘ < sup (1 - F'a,x + b,,)) + sup (1 - A(x))

x>dy x>dy x>dy

< nW,(dy) + Ry(dy) + anb;"

< (C41 + C12 + :l)él,,,b;1 =: Dgﬂnb_l

n’

which is (4.9).
Finally, consider the case of —co < x < —¢,,. If a,x + b, < 0, then F"(a,x + b,) = 0. By
A(=x) < ;lc, x> 1, we have

2
sup |F”(a,,x +b,) - A(x)‘ = sup A< A(—bfl/oz) < 7. unbf.

x<-bylay x<-bylay b%,

So, we only need to consider the case of a,x + b, > 0. By using the monotonicity of A(x),

we have

sup A(x) < A(=c,) = a,b, . (4.21)

X=—Cp

Noting log(1 —-x) < —x, 0 <x <1l and e* >1-x, x € R, and combining (2.1) and (2.2) to-
gether, we have

sup F"(a,x + by)

X=—Cpn

S Fn(bn - ancn)

1 1 _1\2 o1, \4 anb, i\ \"
<\ 1-n'(1-aub,'c,) (1~ (anb,') (1 - anb,'c,)” ) exp| cu— -

-1 _1\2 -1 -4 a,,b;lci
<exp| —e” (1-aub,'c,)(1 - (anb,') (1 - anb,'cs) ") exp ——

-1.2
<exp (—ec” (1 - <anb;1cn + (@b (1 -able)” + _“"”Zn C)))

Page 10 of 11
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-1.2
<exp(-e”) eXP((anbjcn + (b)) (1 - anbile,)” + 61»1192_,16,1) em>

< C5lﬂnb;1.
Together with (4.21), we have

sup |F”(a,,x+b,,)—A(x)|§ sup F'(a,x+b,)+ sup Ax)

—00<X<—Cp —00<X<—Cy —00<X<—Cy

E Fn(bn - ﬂncn) + A(_Cn)

< (Cip + Dayb;, =:Dya,b;’.

This is (4.10). The proof is complete. d
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