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Abstract

In the present paper, we have proved theorems dealing with matrix summability
factors by using quasi B-power increasing sequences. Some new results have also
been obtained.
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1 Introduction

A positive sequence (y,) is said to be quasi B-power increasing sequence if there exists
a constant K = K(B,y) > 1 such that Kny, > mPy,, holds for all n > m > 1 [1]. A se-
quence (1,) is said to be of bounded variation, denote by (A,) € BV, if Y 2; |Ak,| =
Zzl [An — Aus1] < 00. Let Y a, be a given infinite series with the partial sums (s,). Let

(pn) be a sequence of positive numbers such that
n
Pnzzlov—)oo asn— oo (P;j=p_;=0,i>1). 1)
v=0

The sequence-to-sequence transformation

1 n
Oy = IT,, ;pvsv (2)

defines the sequence (0,,) of the (N, p,) mean of the sequence (s,), generated by the se-
quence of coefficients (p,) [2].
The series Y _ a,, is said to be summable IN, pali k > 1if [3]

00 P k-1
Z( n) |O'n—0',,_1|k<00. (3)

n=1 Pn

Let A = (a,,) be anormal matrix, i.e., alower triangular matrix of nonzero diagonal entries.
Then A defines the sequence-to-sequence transformation, mapping the sequence s = (s,)
to As = (A,(s)), where

n
A,s) = Za,,vsv, n=0,1,.... (4)
v=0
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The series > a,, is said to be summable |A, p,|x, k > 1 if [4]

o] P k-1 B X
Z(p—”) |AALGs)|" < o0, (5)

n=1 "
where
AAn (8) = An(s) = Apa(s).
Before stating the main theorem, we must first introduce some further notations.

Given a normal matrix A = (a,,), we associate two lower semimatrices A = (a,,) and

A= (@) as follows:

n
ém/: E Ayis Vl,VZO,l,... (6)
i=v
and
aoo = doo = Ao, Any = Gpy — Gp-1,vy N=1,2,.... (7)

It may be noted that A and A are the well-known matrices of series-to-sequence and series-
to-series transformations, respectively. Then, we have

n n
An(S) = Zanvsv = Zﬁnvﬂv (8)
v=0 v=0
and
n
AA,(s) = Z&nvav. )
v=0

2 Known result

Recently, many authors have come up with theorems dealing with the applications of
power increasing sequences [1, 5—7]. Among them, Bor and Ozarslan have proved two the-
orems for |N, p,|x summability method by using quasi B-power increasing sequence [5].
Their theorems are as follows.

Theorem A Let (X,,) be a quasi B-power increasing sequence for some 0 < B <1, and let
there be sequences (8,) and (X,,) such that

| Al < B (10)

B,—0 asn— 0, (11)
o0

> nlABIX, < o0, (12)
n=1

|AulX, = OQ) asn— oo. (13)
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If
— Isyl*
D= =00, (14)
v=1
m pn ‘.
Zp—lsnl =0Xy), m— oo, (15)
n=1 "

then Y a,h, is summable |N, p, |, k > 1.

Theorem B Let (X,) be a quasi B-power increasing sequence for some 0 < B <1, and let
sequences (B,) and (A,) satisfy conditions (10)-(13) and (15). If

oo

Y PulABuIX,, < 00, (16)
n=1

N [l

Y = =0, (17)
n=1 Pn

then Y. a,h, is summable |N,p, |, k > 1.
3 The main result
The aim of this paper is to generalize Theorem A and Theorem B to |4, p, |x summability.

Now, we shall prove the following two theorems.

Theorem 1 Let A = (a,,) be a positive normal matrix such that

an=1 n=0,1,..., (18)

Anty = Gy, forn>v+l, (19)

i = o(’%), (20)
and (X,) is a quasi B-power increasing sequence for some 0 < 8 < 1. If all the conditions of
Theorem A and

(An) € BY (21)

are satisfied, then the series Y ayh, is summable |A,py|i, k > 1.

In the special case of a,, = f;—:, this theorem reduces to Theorem A.
Theorem 2 Let A = (a,,) be a positive normal matrix as in Theorem 1, and let (X,,) is a
quasi B-power increasing sequence for some 0 < 8 < 1. If all the conditions of Theorem B

and (21) are satisfied, then the series Y a,\, is summable |A, p, |k, k > 1.

We need following lemmas for the proof of our theorems.
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Lemmal [1] Let (X)) be a quasi 8-power increasing sequence for some 0 < B < 1. If condi-
tions (11) and (12) satisfied, then

nX,B,=0Q1) asn— oo, (22)
D XuPn < 0. (23)
n=1

Lemma2 Let (X,) be a quasi B-power increasing sequence for some 0 < 8 < 1. If conditions
(11) and (16) are satisfied, then

Pnﬂan = O(l)’ (24)
anﬂan < 00. (25)
n=1

The proof of Lemma 2 is similar to that of Bor in [8] and hence is omitted.

4 Proof of Theorem 1
Let (T,) denote A-transform of the series Y a,A,. Then by (8), (9) and applying Abel’s

transformation, we have
n
AT, = E Ay Gy Ay
v=1

n-1 v n
= Z Av(anv)‘v) Z“k + arm)\n Z ay
v=1 k=1 v=1

n-1
= E (anv)‘-v - ﬂn,wl)‘-wl)sv + ann)‘-nsn
v=1
n-1
= E (anv)‘-v - dn,v+1)‘-v+1 - an,v+1)‘-v + ﬂn,v+1)\v)sv + ﬂnn)\nsn
v=1
n-1 n-1
= E Ay(@n)hvsy + E i1 AdySy + AuphnSy
v=1 v=1

=Tu1+Tyo+Ty3 say.
Since
k k k k k
|Tn,1 + Tn,2 + Tn,3| <3 (lTn,1| + Tn,2| + Tn,3| ):

to complete the proof of the Theorem 1, it is sufficient to show that

oo
> (Pulpn) Ty * <00, forr=1,2,3. (26)

n=1
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First, applying Holder’s inequality with indices k and k', where k > 1 and % + % =1, we get
that

m+1 P k=1 m+1 k-1 / n-1 k
Z(—”) |Tn1|k<z(—") ( | Avity 2y ||sv>
n

n=2 n v=1

m+1 P k=1 / n-1 n-1 k-1
1)2(—”) <Z|Avénv||xv|k|sv|’<> x (DAV&M)
n=2 Pn v=1 v=1
m+1 k-1 / n-1
= 0(1)Z<—a,m) ( |Avanv||xv|k|sv|k)

v=1

m+1

= O(l)ZM Flso >~ 1A |

n=v+1

m m
p = V4
1)217:%“ aullsolf = 0(1)217:|AV||sv|k
v=1 v=1

m-1 v m
bi V4
DD AGl Y S lsil + O aml Y sl
v=1 i=1 ¢t v=1 7V

m-1

= 0(1) ) BX, + OM) |4l X,s

v=1

=0(1) asm— 0o,

by virtue of the hypotheses of Theorem 1 and Lemma 1.
Since (1,) € BV by (21), applying Hélder’s inequality with the same indices as those

above, we have

m o p, A\ k(PN & '
Z(p_n) |Tn(2)| §Z<p_n> (Z|A)\v||&n,v+1||sv|)
n=2 " n=2 ! v=l
m+1 P k-1 [ n-1
:ou)Z(—”) <Z|Axv||&n,m||sv|k>
n=2 n v=1

k-1

n-1
x (Z A%yl |2zn,v+1|)
v=1
m+1 k-1
1)Z<_ann) <Z ﬁv|ﬂnv+1||5v ) <Z [AAy |)

m+1

o) Z ﬁv|sv| Z |1l

n=v+l

=0 Bls,[f
v=1
PN CH
= 0) ) (v~
v=1
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m-1 v 1k m k
-0 Y. 08 Y P+ owms, 3
v=1 i=1 v=1
m-1
= 0(1) Y AWB)X, + OW)mp, X,
v=1
m-1 m-1
= O(l) Z V|A18v|Xv + O(l) Z ﬂv+1Xv+l + O(l)m,Bme
v=1 v=1

=0Q1) asm— 00,

by virtue of the hypotheses of Theorem 1 and Lemma 1.
Finally, by following the similar process as in 7},;, we have that

m p k-1 m P k-1
Z(;) |Tn(3)|k§Z(—") Ll

n=1 n n=1 n
_ - P k
= om; b Palls
=0Q1) asm— oo.

So, we get

oo
> (Pulpn) T Tuslf <00, forr=1,2,3.

n=1

This completes the proof of Theorem 1.

5 Proof of Theorem 2
Using Lemma 2 and proceeding as in the proof of Theorem 1, replacing >, B,|s,|* by
o ,BVPV(%), we can easily prove Theorem 2.

If we take p, =1 in these theorems, then we have two new results dealing with |A|x
summability factors of infinite series. Also, if we take k = 1, then we obtain another two
new results concerning |A| summability. Finally, by taking (X,) as almost increasing se-
quence in the theorems, we get new results dealing with |A, p,|x summability factors of
infinite series.
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