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Abstract

In the present paper we introduce a new class of s-convex functions defined on a
convex subset of a real linear space, establish some inequalities of Jensen’s type for
this class of functions. Our results in special cases yield some of the recent results on
classic convex functions.
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1 Introduction

The research on convexity and generalized convexity is one of the important subjects
in mathematical programming, numerous generalizations of convex functions have been
proved useful for developing suitable optimization problems (see [1-3]). s-convex func-
tions defined on a space of real numbers was introduced by Orlicz in [4] and was used
in the theory of Orlicz spaces. s-Orlicz convex sets and s-Orlicz convex mappings in lin-
ear spaces were introduced by Dragomir in [5]. Some properties of inequalities of Jensen’s
type for this class of mappings were discussed.

Definition 1.1 [5] Let X be a linear space and s € (0,00). The set K C X is called s-Orlicz
convex in X if the following condition is true:

x,yeXando, B >0withe®+ =1 imply ax+pByeX.

Remark If s =1, then, by the above definition, we recapture the concept of convex sets in

linear spaces.

Definition 1.2 [5] Let X be a linear space and s € (0, 00). Let K C X be an s-Orlicz convex
set. The mapping f : K — R is called s-Orlicz convex on K if for all v,y € K and o, 8 > 0
with &® + 8% = 1, one has the inequality

flax+By) <a’f(x) + B (). (1.1)
Note that for s = 1 we recapture the class of convex functions.

In this paper we introduce another class of s-convex functions defined on convex sets in
a linear space. Some discrete inequalities of Jensen’s type are also obtained.
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2 The relations among s-convex functions, s-Orlicz convex functions and
convex functions in linear spaces
Let X be a linear space and s € (0,00) be a fixed positive number, let K C X be a convex

subset. It is natural to consider the following class of functions.

Definition 2.1 The mapping f : K — R is called s-convex on K if

flax + By) < a’f(x) + Bf () (2.1)
forallx,ye Kand o, 8 >0 witha + 8 =1.

Remark 2.2 If s = 1, then, by the above definition, we recapture the concept of convex

functions in linear spaces.

Remark 2.3 s-convex functions defined on a convex set in linear spaces are different from
convex functions.
(1) There exist s-convex mappings in linear spaces which are not convex for some
s € (0,00)|{1} (see the following Example 1).
(2) When 0 < s <1, every non-negative convex function defined on a convex set in a
linear space is also an s-convex function. When s > 1, every non-positive convex

function defined on a convex set in a linear space is also an s-convex function.

Example 1 Let X be a normed linear space, let K = X and 0 < s <1, define f(x) = ||x||* for
all x € K. For every x,y € K and «, B > 0 with « + 8 =1, when |lax]| = 0, either « = 0 or

x = 0, therefore, ax = 0, and

Sflax+ By) =f(By) = 11ByI° = Blyl* = B 0);

when |lax|| # 0, from the monotonous increasing of the function g(t) =1+ — (1 + £)* in
the interval [0, 00), we have g(t) =1+ ¢ — (1 + £)* > g(0) = 0, V£ > 0, then

o

flax+By) = llax+ Byl° < («llxll + Bllyll) = a5||x||3[1 +
ol]l

< asnan[l . (M) } — ol + Bl = o) + B0,

o|lx]|

hence f is an s-convex function on X; however, f is not a convex function on X with 0 <

s<1.

Remark 2.4 There exist s-Orlicz convex functions in linear spaces which are not s-convex

functions for some s € (0, 00)|{1}.

Example 2 0 <s <1, K = R%. Consider the set K = {(x,y) € R? : |x|° + |y|* <1} C R2. Let
X1 = (%1,91), X2 = (%2,¥2) € K, and let o, B > 0 with «® + ° =1. Then

e+ I ° <1, lxal® + |32 <1,
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which imply
¢ x ° s X $
joxy + B l* < (alr] + Blal)” = {a|x1|(1+ﬂ| 2')}  [am] (1+'3' 2')
ol | o |
: ﬂ|JC2| ' = $ s s s s s
E[a|x1|] 1+ —[a|x1|] +[,3|x2|] <[ + B¥las |
x|
and

loyr + Byal® < of|nl° + Byl
As

aXy + BXy = (axy + Bxg, a1 + Bys)  and
loxy + Bxol® + layy + Byal® < aflw|® + Blxal® + [y + B Iyl

=’ (lx1* + nl°) + B5(Ixal + [p2ff) = + B° =1,

we deduce that X, + 8X, € K, i.e., K is s-Orlicz convex in R?.

Define f(u) = (x2 +?) 3u=(x, y) € K, we will show that f is an s-Orlicz convex function,
f is not an s-convex function, for K is not a convex subset when 0 < s < 1. Since uy = (1,0) €
K,vy=(0,1) € K, but %uo + %vo = (%, %) ¢ K for (%)5 + (%)s = 22—5 >1withO<s<l1.

3 Properties of s-convex functions in linear spaces

We consider the following properties of s-convex functions in linear spaces.

Theorem 3.1 Let K C X be a convex set, f; : K — R be s-convex functions, i =1,2,...,n.
Then

(1) h(x) = maxi<i<, fi(x) is an s-convex function on K.

(2) afi(x) + bfa(x) is an s-convex function on K for all a,b > 0.

The proof is omitted.

Proposition 3.2 Let f : K — R be an s-convex function on K and y € R so that K, (f) =
{x € K :f(x) <y} is nonempty. Then K, (f) is a convex subset of K when either one of the
following two conditions is satisfied:

(1) y>0ands=>1,

(2) y<0and1l>s>0.

Proof Letx;,x; € K, (f) and o, B > 0 sothata + 8 = 1. Then f(x;) < y and f(x;) < y which
imply that

Sfloxy + o) <o’f (x1) + BSf(w) <&’y + By = (« + BY)y.

Then f(ax; + Bxy) < (o® + B°)y < y when either one of (1) and (2) is satisfied, which shows
that K, (f) is a convex subset of K. O
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Theorem 3.3 Let X be a linear space, let K C X be a convex set, mapping f : K — R, the
following statements are equivalent:
(1) f is an s-convex function on K.
(2) Forevery x1,%3,...,%, € K and non-negative real number oy, s, ...,o, with
Yo o =1, we have that

f(ZOlm) < Zaﬁf(xi)' (3.1)
i=1 i=1

Proof (2) = (1). This is obvious.

(1) = (2). We will prove by induction over n € N, n > 2. For n = 2, the inequality is
obvious by Definition 2.1. Suppose that the above inequality is valid for all #—1. For natural
number 7, let x1,%5,...,%, € K and a1, aa,...,0, > 0 with Y 7 oy = 1.

If there is some o; = 0, then delete the number «; and for the remaining # — 1 number,
inequality (3.1) is obvious by using the inductive hypothesis.

Now suppose a; 70, Vi =1,...,n, let B, = Zf’z_ll i, Ba =y Y1 = % Zf’;l QiXiy Y2 = Xy
since Y 1, ! "’i = 1. Using the inductive hypothesis, we have

n-1 a; n-1 a; s 1 n-1
fon) —f(l; Exi) < > ( ﬂl)f(xl o lzlabf(xl :

Then
(ZO‘ xz) = f(Bun + Baya) < Bif (1) + Bof (x:)

n-1 n
<D aif @) +af@) =Y eif (x),

i=1 i=1
and the theorem is proved. O

The following corollaries are different formulations of the above inequalities of Jensen’s

type.

Corollary 3.4 Let f : K — R be an s-convex function, a1, s, ...,o, be non-negative real

numbers, P,, = Zle a; > 0. For every x1,%,...,%, € K, we have that

( Zaxl) < L S st

”tl

Corollary 3.5 Letf: K — R be an s-convex function, x1,%,...,%, € K, then we have

1< 1 <
f(; z) S
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Corollary 3.6 Let f : K — R be an s-convex function, x1,%,,...,%, € K. For every non-
1

negative real number oy, ay, ..., o, when Q, = Z;’zl af > 0, then we have
1 — ! 1 o
"\a, doein ) <) af).
"1 no-1

We consider the following function:

O Pf,x) =Y oif (x;) - (Z “)f( Z; o 2 aixi>’

iel iel iel

where a; > 0, i € I, f is an s-convex function on the convex set K,x; € K, i € I, I € P(N),
where P(N) denotes the finite subsets of the natural number set N.

Theorem 3.7 Letf: K — R be an s-convex function, o; >0, x; € K, i € N, then
(1) VI,] € P(N),IN] = ®, we have that

O VJ,P,f,x) > 60(L,P,f,x) +0(,P.f,x) > 0; (3.2)
(2) VI,] € P(N), ® #] C I, we have
6(1,P,f,x) > 0(],P,f,x) >0, (3.3)

that is, the mapping 6(I, P,f, x) is monotonic non-decreasing in the first variable
on P(N).

Proof (1) LetVI,]J € P(N), I NJ = ®. Then we have

Q(IU],P,f,x) _ ZaZf(xi) + Z‘Xff(xi) _ <Z ai)sf(ZiEI oixX; + Zie] Oéixi>

il icJ ielU] Zielu} o
=) o) + Y aif(x)
iel ie]

( )S < Doier i D ier Aiki Zie]ai Zie]“ixi>
(a)s +
i1y Ziew}“i D ier i ZieIUJ“i Zie/“t

(£ ()

iel iel
s s Zie]aixi
+ ;%f(xi) - <1251: ‘Xi> f(m)
= 0(,P,f,x) + 6(J,P,f %)

and inequality (3.2) is proved.
(2) Suppose that I,] € P(N), with ® #J C I and ] #1.
With the above assumptions, consider the sequence

O(LP.f,x) =0 (JUUI)),P,f,x) = 0(J,P.f,x) + 0(I|], P, f,x)
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whence we get

O(L,P,f,x)—60(,P,f,x) > 0(I|],P,f,x) > 0
and inequality (3.3) is proved. d

With the above assumptions, consider the sequence

i=1

Za/x,)—(zal) ( S Zlozx>

Corollary 3.8 With the above assumptions,

i.e., the sequence 0, is non-decreasing and one has the inequality

0, > max [aff(x,») +ogf () — (o + aj)sf<w>:| >0.

1<i<j<n o + @
Theorem 3.9 Let f : K C X — R be an s-convex function, and o; > 0 so that Y . o; = 1.
Let x;j € X, 0 <i,j < n. Then one has the inequalities
n n
Zafosz(xlj) > max{A, B} > min{A, B} Zf|:z oeioz,-xli:|, (3.4)
i=1 i=1

where A:=310 oif (30 agxy), Bi= 30 o2f (300, auiwyp).

Theorem 3.10 Letf : K C X — R be an s-convex function, and o; > 0 so that y . a; = 1.
Then, for every o, 8 > 0, with « + 8 =1, we have

1) (Za)a +p° Zaﬁf(xi)EZa f(axl+;3x}
i=1

ij=1
- - X+ %
@) D eeiflai+ pr) =27 ) aje (T’>
ij=1 ij=1
X+ x, "
3) Za =f| D i),
ij=1 i=1

@) (of+B) D af@) =Y aieyf (i + By).

i=1 ij=1

Proof By the s-convexity of f, we can state
flox; + Bxj) <’ (x;) + B3f (%))

= Zafoe;f(axi +px) <o Zafosz(xi) + B Zafaf (%)

ij=1 ij=1 ij=1
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n n n n

—at Y Y )+ By oy af ()

j=1 i=1 i=1 j=1

n n

= ot; (ots + /35) Za;f(xi).

j=1 i=1

We get the first inequality (1) in Theorem 3.10.
By the following inequality

f(xi +x;> :f<ozxi + Bxj + oy + ﬁxl) < %[f(otxi + Bx;) +f (oxj + Bxy) ],

2 2
we have
" X + X; 1< "
s s L ] s s S8
Zaiaj (T) < > Zaiaj (ax; + Bx;) + Zaiajf(axj + Bx;)
ij=1 ij=1 ij=1

1 n
pr=] Zafaff(axi + Bx))

ij=1

We get the second inequality (2) in Theorem 3.10.
Let x; = @, by the inequality in Theorem 3.9, we have

n n n
Xi + X;i Xi +X;
s .S ] L ] 2 :
2%%‘( 2 )2f e ) =f )
i=

ij=1 ij=1

i.e., inequality (3) is obtained.

Zaialf((xx,' + ,3961) < Zaia/asf(xi) + Zaiajﬂsf(x/)
ij=1 ij=1 ij=1
= (as + ﬂs) Zaéf(xi)

i=1

i.e., inequality (4) is proved. d
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