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Abstract

Cirtoaje (J. Nonlinear Sci. Appl. 4(2):130-137, 2011) conjectured that the inequality
a4 b9 < 1 with double power-exponential functions holds for all nonnegative
real numbers g, b with a+ b =1 and all x > 1. In this paper, we shall prove the
conjecture affirmatively.
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1 Introduction

The study of inequalities with power-exponential functions is one of the active areas of
research in the mathematical analysis. Cirtoaje [1, 2] studied inequalities with power-
exponential functions and conjectured some open inequalities. He posed the open in-
equality as Conjecture 4.8 in [1],

a® + b* <1,

which holds for all nonnegative real numbers a, b with a + b = 1. He proved in [2] that this
inequality holds. Moreover, he conjectured the more generalized inequality containing

double power-exponential functions in [2]:
a4 pa* < (1.1)

holds for all nonnegative real numbers a, b with a + b =1 and all x > 1, which is Conjec-
ture 5.1 in [2] and still an open problem. Cirtoaje’s open inequality (1.1) is an interesting
and new problem of great importance in the power exponential inequality theory. In this
paper, we shall prove the conjecture affirmatively. The following is our main theorem.

Theorem 1.1 For all nonnegative real numbers a, b with a+ b =1 and all x > 1, inequality
(1.1) holds.

We shall show this theorem by using differentiation mainly.
Let

b=1-a

©2013Miyagi and Nishizawa; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2013/1/468
mailto:yusuke@ube-k.ac.jp
http://creativecommons.org/licenses/by/2.0

Miyagi and Nishizawa Journal of Inequalities and Applications 2013, 2013:468
http://www.journalofinequalitiesandapplications.com/content/2013/1/468

and
F(x,a) = a®" + p2o",

Since F(x,0) = F(x, %) =1and F(x,a) = F(x,1 — a), it suffices to show that F(x,a) <1 for
0 <a< 3 and x > 1. To prove Theorem 1.1, we shall investigate the sign of

F.(x,a) = aip(x, a) = b®" (2a)* In(2a) In b + a®” (2b)* In(2b) In a.
X
We set
G(x,a) = In[6%" (2a)* In(2a) Inb] - In[a®"" (2b)* In(2b)(~ Ina)].

Then F,(x, a) clearly has the same sign as G(x, ).

Since G(x, a) has the both signs, in order to get the sign of it, we need to investigate the
signs of G(1, @) and G,(1, a). We shall describe the results in Sections 2.1 and 2.2. Moreover,
for fixed a € (0, %), we show in Section 2.3 that G, = dG/dx is strictly increasing for x > 1;
that is, G(x, a) is convex on [1,00), which is the main idea of our proof.

In Section 3, we consider the cases of G(1,a) > 0 and G,(1,4) < 0 to prove Theorem 1.1.
Using three propositions given in Section 2, we notice the following (1) and (2).

(1) From Proposition 2.8, for fixed a, if G4(1,4) > 0, then G,(x,a) > 0 for x > 1 and if

Gx(1,a) <0, then there exists uniquely a number % > 1 such that G,(x,4) = 0.

(2) From Propositions 2.5 and 2.6, we notice that G(1,a) < 0 when G,(1,a) < 0.

(1) and (2) play an important role in the proof of Theorem 1.1.
We shall use the functions F(x,a) and G(x, a) defined here throughout this paper.

2 Preliminaries
2.1 The sign of G(1,a)
From the definition of G(x, a), we have

G(x,a) = 2a)* Inb + xIn(2a) — (2b)* Ina — xIn(2b) + R(a),
where

R(a) = 1n[ln(2a) In b] - ln[ln(2b)(— In a)]

In2 In2
=In{l+ — )-In{-1-—).
Ina Inb
Then we have

G(,a) =2alnb + In(2a) — 2bIna — In(2b) + R(a), b=1-a.

In this subsection, we shall show that G(1,4) < 0 for % <a< %
15 1

Consider first the case 00 <a=<z. We have

(2) = L
R(a)——ln2|:P(a) + P(b)]
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and

@)= 1n2[ Q@) _ QW) ]

P2(a)  P2(b)
where

P(x) = xIn(2%) Inx
and

Q) = (Inx)*> + (2 +In2)Inx + In 2.

Lemma2l If 2 <g<1

, then
G(1,a)<0.
Proof First, we show that
R'(a)<0
for % <a< i. Let A; and A, (A1 < A5) be the solutions of

2 +2+In2)x+1n2=0,

then we have

N —(2+1In2)-/(In2)? + 4 N —(2+1In2) +/(In2)? + 4
= 5 =

! 2 ’ 2

and

M~ 0.0903, e =~ 0.7495.

15 1

Since Q(a) < 0 for e < a < e*2, we have Q(a) < 0 for &= <a < 3- Since Q(b) > 0 for

100

b > e, thatis, fora <1-e*2 = 0.2505, we have Q(b) > 0 for 22 < g < %. Therefore, from

100

Q(a) < 0 and Q(b) > 0, we get R"(a) < 0 for % <a< %.

Next, we show that

R(a)<5(a— i) -1

15 1
for g <a< 4.Ifweset

fla) :R(a>—5(a— i) o,
then

f(@)=R'(a)-5
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and
f//(a) — R”(ﬂ).
Since R"(a) < 0 for M <a<y, L f'is strictly decreasing on the interval 100, 11and we have
f(a) Zf/(z) = R/(4) —5(% 0.0377) > 0. Therefore, f is strictly increasing on the interval
[11)50’ i] so we have f(a) §f(i) = R(%) +1(¥ -0.0363) < 0. Thus, we get R(a) < 5(a — i) -1
for L ﬁ <a< i
In order to complete the proof of this lemma, it sufﬁces to show from the above inequal-

ity with respect to R(a) that g(a) < 0 for % <a< 4, where

1
g(a) =2alnb + In(2a) — 2blna — In(2b) +5(a— Z) -1, b=1-a.

We have
2 1 2b 1
g/(a):21nb—7a+;+21na—;+z+5
and
p 2(1-2a) 1-2a
gd'a=——7—

b 2

Since g”(a) > 0, ¢’ is strictly increasing on the interval 100, 1. Slnceg (100 W= -2.9624) <0
100, 4) such that g’(c) =
Then we have g'(a) < 0 for <a<candg(a)>0forc<ac< Z' Hence, g is strictly de—

and g (4)( 0.3187) > 0, there exists uniquely a number ¢ € (-2

creasing on the interval [100,(3] and strictly increasing on the interval [c, i]. Therefore,
gla) < max{g(wo) g( )}. Since g( 11)50 =~ -0.0582 and g(%) = -0.1630, we can get g(a) <0

5 << 1 O

for 1> e

100

It still remains to show that G(1,4) < 0 for % <ac< % Since

—1In(2 Inb
G(1,a) =2alnb + In(2a) — 2bIna — In(2b) + In n(2a) +1In it , b=1-aqa,
In(2b) Ina

using the substitution

we need to prove that A(£) <0 for 0 < ¢ < %, where

Af) = (1- t)ln(%) +In(-£)—(1+8)In % “In(L+£) + InSy(6) + InSy(6),

_—In(1-9) _In2-In@+1)
Si(t) = T+ S2(6) = In2-In(1-¢)°

Lemma 2.2 [f0<t < %, then

Si(8) <1+¢+£2.
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Proof We need to prove that f(t) >0 for 0 <t < %, where

f(t) = (1 +t+ tz) In(1+¢) +1In(1 -1£).

We have
f@&)=Q+20)In(1+¢) +¢+ L L
- 1+t 1-t
1 1

f”(t):Zln(1+t)—L——— 3

1+t (+2? (-22 "
and

1 2 2
I+0?  (Q+07 (=07

2
M) = 2
Y 1+¢ "
If we set g(£) = f(t) x (1 +£)3(1 — £)3, then we have

g(t) = =28 + t* + 265 — 41> — 16t + 3,

2(t) = -10t* + 42> + 61> — 8t - 16.
From
/ 3 2 1 3
gt) <4’ + 6t —16<§+§—16<0,

it follows that g is strictly decreasing on (0, %). Since g(0) = 3 and g(%) = —%, there exists
uniquely a number ¢; € (0, %) such that g(c¢;) = 0. Since g(¢) >0 for 0 < £ < ¢; and g(¢) <0
forc <t< %, we have f”(¢) >0 for 0 <t < ¢; and f”(¢£) < 0 for ¢; < £ < % It follows that f”
is strictly increasing on the interval (0, ¢;) and strictly decreasing on the interval (¢, %).
Since f(0) =0 andf”(%) =2In % - % = -1.3001) < 0, there exists uniquely a number ¢, €
(0, %) such that f”(c;) = 0. Since f(t) > 0 for 0 <t < cp and f(t) < 0 for ¢, < £ < %,f’ is
strictly increasing on the interval (0, ¢;) and strictly decreasing on the interval (c,, %). Since
f(0)=0 andf/(%) = 21n% - % = -0.0224) < 0, there exists uniquely a number c3 € (0, %)
such that f'(c3) = 0. Hence, f'(t) > 0 for 0 <t < ¢z and f'(£) < 0 for ¢3 < £ < % Thus, f is
strictly increasing on the interval (0, ¢3) and strictly decreasing on the interval (cs, %). Since

f0)=0 andf(%) = gln% —In2 = 0.0164, we can get f(£) >0 for 0 < £ < % O

1
Lemma 2.3 I[f0<t < - then

-2
InSy(¢) < —¢.
n 2()<1n2

Proof We need to show that f(¢) < 0, where

f(t) =InSy(¢) + %t.

We have

fO=(n80) +
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and

' = (nS)",
where

InS,(¢) = ln[ln2 —In(1 + t)] - ]n[an —In(1- t)],

1 1

A T ) [ R T Y

and

v =1+In2-In(1+7%) 1-In2 +In(1-¢)
Tn2—m+0P0A+0?  [In2-In(-pPA-0?

(ln Sg(t))
We see that (In Sy (¢))” has the same sign as

B(®) = (nS,())" x [In2 = In(1 + )]’ (1 + £*[In2 = In(1 - )] (1 - 1)?

= (1-1n2)By(t) + By(t) + Bs(8),

where
Bi(t) = [In2 - In(1+ )0 + 0% - [In2 - In(1 - )|’ (1 - )%,
By(t) = —In(1+ H)[In2 —In(1 — )] (1 - £)?

and
Bs(t) = In(1—)[In2 — In(1 + )] (1 + £)*.

We have

Bi() =/ 0L (0),
where

A@=[In2-In(1+5)]1+£)+[In2-In(l - £)](1-¢)
and

f(t)=[In2=In(1 +£)](1+£) - [In2 - In(1 - £)] (1 - 2).

Since In2 >In(1+¢) and In2 >In(1-¢) for 0 < ¢ < %, we have fi(¢) > 0. Since f;(¢) =21n2 —
2-In(l-#) <4In2-2-1n3 ¥ -0.3260 for 0 < ¢ < 3, f is strictly decreasing on the
interval (0, %]. Therefore, we can get f(¢) < lim;—,o fo(t) =0 for0 < ¢ < % Fromfi(¢) > 0 and
f2(2) <0, it follows that B;(t) < 0. Since Bi(¢) < 0, By(t) < 0 and Bs(t) < 0, we get B(¢) < 0,
hence (InS,(¢))” <0 for 0 <t < % Thus, f” is strictly decreasing on the interval (0, %] and
we have f(£) < lim,_.f'(£) = 0 for 0 < t < L. Since f is strictly decreasing on the interval
(o, %], we have f(¢) < lim;of(t) =0 for 0 <¢ < % Therefore, we get In S, (¢) < —ﬁt. O
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Lemma 2.4 Ifz <a<y, then
G(1,a)<0.

Proof We need to show that A(¢£) <0 for 0 < ¢ < % By Lemmas 2.2 and 2.3, it suffices to
show that f(£) < 0, where

f(t):(l—t)ln% +ln(1—t)—(1+t)ln¥—ln(1+t)+ln(1+t+t2)—it.

In2
We have
1 1 1+2t 2
"©)=-In(l+t)-Inl-t) + — + — + ————— +2In2 -2 - —
@ n(1+£) - In( )+1+t+1—t+1+t+t2+ n In2
and
2t 2t(1+ ¢t at 1
VO L "
A+ -8 A+t+£2)?2 (Q+1)20-0? @A+t+12)?
26%(1 + 4t + 3% + £3) 4t 1

T U 00—+t +2? Q4 020-12  (Q+t+22

Since f”(t) > 0 for 0 < ¢t < %, f' is strictly increasing on the interval (O,%]. Since

limgof'(£) =1+21In2- 2(= -0.4990) < O and f'(3) =4In2+ 3 —In3- 2(= 0.5981) > 0,

there exists uniquely a number ¢ € (0, %) such that f'(c) = 0. Hence, f is strictly decreasing
on the interval (0,¢) and strictly increasing on the interval (c, %]. Since lim;_, ,of(¢) = 0
andf(%) = —%lnB +1In7 — ﬁ = —-0.0460, we get f(t) < 0. Therefore, A(t) < f(t) < 0 for
0<t< % O
From Lemmas 2.1 and 2.4, we get the following result.
Proposition 2.5 If% <ax< %, then
G(1,a)<0.

We notice that lim_, 1o G(@1,a) =0.

2.2 The sign of Gx(1,a)
We have

Gy(x,a) = ;—xG(x, a) = (2a)* In(2a) Inb + In(2a) — (2b)* In(2b) Ina — In(2b),
hence

G.(1,a) = 2a)(In2 +Ina)Inb +1Ina -2b(In2 +Inb)Ina —Inb,
where b=1-a.

Proposition 2.6 There exists a number c € (%, %) such that Gy(1,a) >0 forO <a<c.
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Proof Let us denote G,(1,a) by f(a). We have

f'(a) =2In(2a)Inb +21nb - 2%Zln(%z) + l +2In(2b)Ina +21Ina — % In(20) + %
a a

and
@) = 2(blnb—-alna) 2In(2a) 2In(2a)
= ab b b2
L 2In2b) 2In2b)-1 4(-22) 1
a a? ab " 2

Since0 <a < %, wehave bInb—-alna > 0,1n(2a) < 0, In(2b) > 0 and 1 - 24 > 0. Therefore, if
21n(2b) —1 > 0, then f”(a) > 0. The condition 21n(2b) — 1 > 0 is true for 0 < a < ag, where

1
ap=1- 5\/' ~ 0.1756.

Consequently, f* is strictly increasing on (0,40]. Since f'(ag) = —2.5412, it follows that
f'(a) < 0 on (0,a0], and f is strictly decreasing on (0,ao]. Since lim,_,,of(a) = oo and
f(ag) = —0.0413, there exists uniquely a number ¢ € (0,ag) such that f(c) = 0. Then we

have f(a) > 0 for 0 <a < c and f(a) < 0 for ¢ < a < ay. Since % < ag andf(% = 0.0354,

we can get % <c. 0
2.3 The convexity of G(x, a)
In order to investigate the convexity of G(x,a) with respect to x, we need the following
lemma.
Lemma 2.7 I[fO<ac< %, then
(In2 +1na)’*Inb > (In2 + Inb)’Ina,
whereb=1-a.
Proof We first show that the inequality
(In2)? >Inalnb
holds for 0 < a < % We denote

f(a)=Inalnb.

Then we have

_ blnb-alna

fl@="2"

We set

gla)=blnb-alna,
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then we have
g(@=-Inb-Ina-2
and
2a-1

"(a) = 0.
g'@ ab <

Therefore, g’ is strictly decreasing on the interval (0, 7). Since lim,_.og'(a) = 0o and
g’(%) =2In2 — 2 < 0, there exists uniquely a number ¢ € (0, %) such that g’(c) = 0. Since
gd@>0for0<a<candg(a)<0forc<acx< %, g is strictly increasing on the interval
(0,¢) and strictly decreasing on the interval (c, %). Since lim,_, ;0 g(a) = 0 and g(%) =0,
we get g(a) >0 for 0 <a < % Therefore, we have f'(a) > 0 for any a € (0, %). Since f is
strictly increasing on the interval (0, %), we can get f(a) <f(%) = (In2)2. Hence, we have
(In2)?> >Inalnb for 0 <a < % Also, the inequality
(In2 +1na)?*Inb > (In2 + Inb)*Ina
is equivalent to

(Inb -1na)((In2)* - Inalnbd) > 0.

FromInb—Ina > 0and (In2)?>-Inalnb > 0, it follows that (Inb—Ina)((In2)?> = Inalnb) > 0.
This completes the proof of the lemma. O

Proposition 2.8 If0<a< % and x > 1, then G is strictly increasing with respect to x.

Proof For fixed a € (0, %), let us denote f(x) = G,(x, a); that is,

fx) =(2a)*In(2a) Inb + In(2a) — (2b)* In(2b) Ina —In(2b), b=1-a.
Clearly, we need to show that f'(x) > 0 for x > 1. From

f' (%) = (2a)*(In2 + Ina)*Inb — (2b)*(In2 + Inb)* Ina,
we can write the inequality f'(x) > 0 in the form

(%)x(ln2 +Ina)? <(n2 + lnb)ziz—z.

Since (%)* <1, it is enough to show that

(In2 +1na)®* < (In2 + lnb)2ln—a,

Inb

which follows immediately from Lemma 2.7. O
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3 Proof of Theorem 1.1
In this section, we shall prove the main theorem.

Proof We shall show thatif 0 <a < % and x > 1, then F(x,4) < 1. The inequality F(1,4) <1
is proved in Cirtoaje [2]. Since F(x,0) = F(x, %) =1, we may show this inequality for
O<acx % We note that G,(1, ) has the both signs, so we consider the cases of G,(1,4) > 0
and G,(1,4) < 0.

(1) We first assume that G,(1,a) > 0. We have G,(x,a) > G,(1,a) for x > 1 from Proposi-
tion 2.8. Since we have G,(x,a) > 0 on the assumption, G is strictly increasing with respect
to x. Therefore, G(x,a) > G(1,a) for x > 1. We note that G(1,a) has the both signs, so we
consider the cases of G(1,a) > 0 and G(1,a) < 0.

(i) If G(1,a) = 0, then G(x,a) > 0, so we have F;(x,a) > 0 for x > 1. Hence, F is strictly
increasing with respect to x, and we have F(x,a) < lim,_, o F(x,a) = 1.

(i) If G(1,a) <0, then since lim,_, o G(x,a) = 00, there exists uniquely a number x; > 1
satisfying G(x1,a) = 0. Since G(x,a) < 0 for 1 <x < x; and G(x,a) > 0 for x > x1, we
have Fy(x,a) < 0 for 1 <x <1 and Fy(x,a) > 0 for x > x;. Hence, F is strictly
decreasing for 1 < x < x; and strictly increasing for x > x1. Therefore, we get

F(x,a) < max[F(l,a), lim F(x, a)] -1
X—> 00

(2) We next assume that G,(1,a) < 0. Since G, is strictly increasing with respect to x
from Proposition 2.8 and lim,_, o, G,(%, a) = 00, there exists uniquely a number x; > 1 sat-
isfying G, (x2,a) = 0. Since G,(x,a) < 0 for 1 <x < x; and G.(x,a) > 0 for x > x,, G is strictly

decreasing for 1 < x < x; and strictly increasing for x > x,. By the assumption G,(1,4) <0

and Proposition 2.6, it follows that a > %. Hence, G(1,a) < 0 by Proposition 2.5. From

limy_, o G(x,a) = 00, there exists uniquely a number x5 > x, satisfying G(x3,a) = 0. If
1 <x <x3, then G(x,a) <0, so Fy(x,a) < 0. If x > x3, then G(x,4) > 0, so F,(x,a) > 0. Hence
F is strictly decreasing for 1 < x < x3 and strictly increasing for x > x3. So, we get

F(x,a) < max[F(l,a), lim F(x,a)] =1.
X—> 00

This completes the proof of Theorem 1.1. d
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