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Abstract

In this paper, the class of Ko-matrices, which includes positive definite matrices, totally
positive matrices, M-matrices and inverse M-matrices, is first introduced and the
refinements of Fischer’s inequality and Hadamard's inequality for Ko-matrices are
obtained. Some previous well-known results for totally nonnegative matrices can be
regarded as the special case of this paper.
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1 Introduction

All matrices considered in this paper are real. For an n x n matrix A,a,8 C (n) =
{1,2,...,n}, the submatrix of A lying in rows indexed by « and the columns indexed by
B will be denoted by A[w, B]. If a = B, then the principal submatrix Ao, «] is abbreviated
to Ala]. For any o C (n), let o denote the complement of « relative to (#), and let |«|
denote the cardinality of «. If « = §J, we define detA[#] = 1. We use S,, for the symmetric
group on (n).

An nx nmatrix A is called a Py-matrix (P-matrix) if all the principal minors of A are non-
negative (positive). A P-matrix A is called 1-minor symmetric if detA[w, B] - detA[B, o] >
0, whenever || = |8] =1+ |a N B]. Of course, each of the P-matrices, such as positive defi-
nite matrices (PD), totally positive matrices (7P), M-matrices (M) and inverse M-matrices
(M™), is 1-minor symmetric, see [1]. We have known that the following multiplicative
principal minor inequalities are classical for PD, M and M~! matrices:

Hadamard: detA < []%, ai;
Fischer: detA < detA[S] - detA[S¢], for VS C (n);
Koteljanskii: detA[SU T - detA[SN T] < detA[S] - detA[T], for VS, T C (n).

These inequalities also hold for totally nonnegative matrices (TN), see [1-6].

The study of multiplicative principal minor inequalities has been actively going on for
many years, many authors have done various wonderful works on this topic, see [7-11].
In [11], Zhang and Yang improved Hadamard’s inequality for totally nonnegative matrices
as follows:
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If A = [a;] is an n x n totally nonnegative matrix with []7; a; > 0, then

n n 1/2 n
. . Ak Aki
detA < min { []a- max <]_[ aia(i)ﬂa(i)i> i g I1 <au - ) } . (1.1)
i=1

i=1 i=1 Akk
ik

Hadamard’s inequality for some subclasses of Py-matrices is an important inequality in
matrix analysis, inequality (1.1) is the generalization of Hadamard’s inequality for totally
nonnegative matrices. It is a noticeable problem to generalize inequality (1.1) for totally
nonnegative matrices to other classes of matrices. In this paper we give some new upper
bounds of Fischer’s inequality and Hadamard’s inequality for a subclass of Py-matrices and
extend the corresponding results due to Zhang and Yang (see [11]).

2 Some lemmas
To avoid triviality, we always assume # > 1. We will need important Sylvester’s identity for
determinants (see [12]).

Lemma 2.1 [12] Let A be an n X n matrix, « < (n), and suppose || =k 1 <k <n-1).
Define the (n—k) x (n—k) matrix B = (by), with i,j € a¢, by setting b = det A[a U {i}, a U {j}]
foreveryi,j e af. Bis called the Sylvester matrix of A associated with Ala]. Then Sylvester’s
identity states that for each 8,y C «f, with |8| =|y| =,

detB[5, y] = (detAle]) ™ detAfa Us,a Uy]. 2.1)
For convenience, we introduce the following definition.

Definition 2.1 A Pj-matrix (P-matrix) A is called a Ky-matrix (K-matrix) if every prin-
cipal submatrix of A satisfies Koteljanskii’s inequality.

Obviously, each principal submatrix of a Ky-matrix (K-matrix) is a Ko-matrix (K-
matrix). Of course, each of the matrices PD, TP, M and M~ is a K-matrix, the totally
nonnegative matrices are Ky-matrices. In fact, an evident necessary and sufficient condi-
tion for a K-matrix was given in [1].

Lemma 2.2 [1] A P-matrix satisfies Koteljanskii's inequality if and only if it is 1-minor
symmetric.

There are K -matrices that lie in none of the classes PD, TP, M and M, e. g

4 2 -3
1 3 1
-1 1 2

Lemma 2.3 Ifan n x n matrix A = |ay] is a Ko-matrix, then aja;; > 0 for Vi,j € (n).

Proof For Vi,j € (n), i <j, we consider the submatrix A[{i,j}] of the Ky-matrix A. Since
A[{i,j}] is a Ko-matrix, by the Hadamard’s inequality, we have

detA[{i,j}] = aiidjj — A;jdji = diidjj,
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therefore
ajaj; >0 forVi,je (n).
This completes the proof. O

Lemma 2.4 Let A be a K-matrix, B be the Sylvester matrix of A associated with Al«], then
Bisa K-matrix.

Proof For V8 C af, with |§| = [, by Sylvester’s identity (2.1), we have
detB[5,8] = (detA[a]) ™ detAla Us,a U] > 0,

this means that B is a P-matrix.
For V&', y C af, with |8'| = |y| =1+ |8 Ny | = ki, by Sylvester’s identity (2.1), we have

detB[8',y ]| det B[y, d']

= (detA[oz])zkl_2 detA[w U8, a Uy]detA[aUy,a US| >0. (2.2)
Obviously,

l0Us'| =]l + 8| =1 +a| + |8 Ny|
=1+ |(@Ud)N(@Uy)|,
leUyl=lal+lyl=1 +|a|+|8'Ny|

=1+ |(«U8)N(@Uy)|
That is,
e U | =laUy|=1+|(@Ud)N(@Uy)|

By Lemma 2.2 and (2.2), we conclude that B is 1-minor symmetric, therefore B is a
K-matrix. O

Lemma 2.5 IfA = [ay] is an n x n Ko-matrix, then

n n %
1_[ a; > |:l_[ aia(,f)ua(i),f:| foreacho €8,. (2.3)
i=1 i=1

Proof For each o € S, by Lemma 2.3, we obtain
Aig()ao@i =0 forVi=1,2,...,n.
Since each 2 x 2 principal minor of A is nonnegative, we have

iilo (hio () = Bio()Ao@i =0 forVi=1,2,...,n,
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thus

n 2 n
<l_[ ﬂﬁ) z l_[ Qio (i) Ao (i)i»
i=1 i=1

hence inequality (2.3) follows. O

3 Main results
In this section, we give some new upper bounds for Fischer’s inequality and Hadamard’s

inequality, and extend the corresponding results due to Zhang and Yang (see [11]).

Theorem 3.1 If A = [a;] is an n x n Ko-matrix, with [ |, a;; > 0, then

detA < detAcx] - detA[(xC] (1 — max %) (3.1)

iea ai,ﬂl‘j
jeac

Proof If A is singular, (3.1) is valid obviously. If A is a nonsingular Kj-matrix, by Fisher’s
inequality, we know that A is a P-matrix, therefore A is a K-matrix. Now we prove (3.1) for
the K-matrix by induction on n. When # = 2, it is very easy to see that the result is valid.
We suppose that the result is valid for all m x m (m < n and n > 3) K-matrices, let k be
the cardinality of . Note that & and «¢ are symmetric in inequality (3.1). Without loss of
generality, we assume k > 2. Let

max aijqji _ Ainj1 A1y )

e @iy Aiyiy Bijy

jeac
where i} € @ and j; € «°.

Foranyr e aandr #ij,letw = a —{r},and S = (S;) be the (n—k +1) x (n—k +1) Sylvester

matrix of A associated with A[w]. By Lemma 2.4, S is a K-matrix. Clearly, S, = detA[«],
then, by Fisher’s inequality, we have

detS <S,, - detS[aC] =detAla] - detS[ac], (3.2)

where a¢ = (n) — a. It follows from Sylvester’s identity (2.1) and (3.2) that

detS - detAla] - det S[a€]

oA = GetALoly = @etAlaly 32
Let 8 = (n) — {r}, from Sylvester’s identity (2.1), we obtain

detS[a] = (detAfw])" " - detA[B]. (3.4)
Thus, by the inductive hypothesis, we have

detA[B] < detAl] - detA[ef] (1 — max %> (3.5)

icew a,»,a,,»
jeac
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From (3.3), (3.4) and (3.5), it follows that

p——
detA < detAc] - detA[(xC] (1 — max ﬁ) (3.6)
few a,»,»a,;
ca’
Clearly,
a;aj; a;aj
max —2~ = max —2. (3.7)
icw aizﬂjj ica ﬂi,ﬂj]‘
jeat jeac
Combining (3.6) and (3.7), we obtain inequality (3.1). O

Example 3.1 Now, we consider a 4 x 4 K-matrix that lies in none of the classes PD, TP,

M and M. Let
15 5 0 -3
1 3 6 9
A=
0 3 7 11
-1 5 15 30

Then A is 1-minor symmetric and A is a P-matrix. By Lemma 2.2, we know that A is a
K-matrix. Let o = {1,2}, then o€ = {3,4}. By calculating, we have

’

detA =36 < detA[{1,2}] - detA[{3,4}] <1 - max -

iell2} a;aj
je{3,4}

ajdj; ) _ 1,800

therefore inequality (3.1) holds.

Let Ala] = A[{k}] (k € (n)), by Theorem 3.1 and the induction, we can obtain the fol-
lowing conclusion.

Corollary 3.2 IfA = [a;] is an n x n Ko-matrix, with [ |, a; > 0, then

n
. Aik Ak
detA < min akkl_[ a; - —=).
ke(n) i1 Ak

i7k
If A = [a;] is a totally nonnegative matrix with []?; a; > 0, Corollary 3.2 is certainly

valid, so Corollary 3.2 is the generalization of Theorem 3 in [11].

Theorem 3.3 IfA = [a;] is an n x n Ky-matrix, then

; ; 12
detA < H aii — lg‘lgn (H ﬂw(i)ﬂa(z')i) . (3.8)
i-1

i=1

Proof 1f A is singular, by Lemma 2.3 and Lemma 2.5, we know (3.8) is valid. If A is a nonsin-
gular Ko-matrix, then A is a K-matrix. We suppose that A is a K-matrix in the following.
If n = 2, then equality in (3.8) holds. If # > 2, then first we prove the following conclusion:
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Forany 1l #o €S, there exists ky # o (ko) such that

1
2 n

n
|:1_[aio(i)ﬂa(i)i:| < Akyo (ky) o (ko Vo l_[ ajj. (3.9)
i=1

i=Lizko,0 (ko)

Case 1. If [, @io(d@o()i = 0. For any 1 # o € S,,, by Lemma 2.3, we know that (3.9) cer-
tainly holds.

Case 2. If [, aio(yao (i > 0. Let T = {k|o (k) # k}, then | T'| > 2, it is easy to see that (3.9)
is true even with the equality sign for | T'| = 2. Now we assume that |T'| > 2.

Suppose that there exists 1 # o € S, for any k # o (k), such that

1

n
|:1_[ﬂia(i)aa(i)ii| > Ako () Ao (K)k 1_[ aj. (3.10)
i=1

i=1,ik,o (k)

Then multiplying all the possible inequalities in (3.10) yields
4l
2

n n
|:l_[ ﬂia(i)aa(i)i:| >T1 |:ﬂka vaswr || ﬂn’]- (3.11)
i=1

keT i=1,i#k,o (k)

Let S = (n) — T.1f S # ¥, by (3.11) we have
Il
2

IT| IT|
|:l_[ Ais (i)Ao t)z:| |:l—[ all] > |:l—[ ﬂia(i)ac(i)i:l . |:l_[ aii] Hﬂ‘T‘ 2~ (312)
ieT

ieS ieT ieS ieT

If S = @, by (3.11) we have

|:1_[ Aic(i)Ao t)z:| |:1_[ Aio (i)Ao t)z:| HﬂlT' 2~ (313)
ieT ieT ieT

By (3.12) and (3.13), we have
[]_[ io (o) l} > [ T e (3.14)

ieT ieT

On the other hand, since the principal submatrix A[T] of A is a K-matrix, applying
Lemma 2.5 to A[T] yields

|:1_[ Aic(i)Ao t)zi| =< l_[“m (315)

ieT ieT

which is a contradiction to (3.14), therefore (3.9) holds.
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By Fisher’s inequality (3.1) and (3.9), we have

detA < dCtA[{ko,O'(ko)}] . detA[{ko,O'(ko)}c]
< Akoko Ao (ko) (ko) — For ko Yo B (ko) * l_[ a;;

i=Li7ko,0 (ko)

1

n n 2
= l_[ﬂii - |:l_[ ﬂia(i)ﬂa(i)i:| )
i=1 i=1
therefore (3.8) holds. g

If A = [a;] is a totally nonnegative matrix, Theorem 3.3 is certainly valid too, so Theo-

rem 3.3 is the generalization of Theorem 4 in [11].
Example 3.2 Now we consider the previous K-matrix. Let

4 2-3
A=]1131
-11 2

By calculating we have

1

3 3 2
detA=2< Ha,-,- — max Aio()Ao ()i | =24 —max{4,9, V6,4,4/6} =15,
il 1#0€S3 h

therefore inequality (3.8) holds.

By Corollary 3.2 and Theorem 3.3, we get the following result.

Corollary 3.4 IfA = [a;] is an n x n Ko-matrix, with ]_[:7:1 a; > 0, then

" " 12 "
. . Ak Aki
detA < mln{ 1_1[ aii — 1;1(17%754" (1_1[ aio(i)ﬂa(i)i> , ]zrelbrll) Ak 1_1[ (ﬂii - ) } .
1= = =

Akck
ik

If A is a totally nonnegative matrix, Corollary 3.4 is valid, so we obtain the result in [11].

Corollary 3.5 [11] IfA = [a;] is an n x n totally nonnegative matrix, with [ ||, a;; > 0, then

" " 1/2 "
. . Ak Aki
detA < min a; — max Qi () Ao (i)i ,min a a; — .
= [ 1—1[ ii 140eS, <1—1[ io (i) (T(L)l) ke n) kk 1—1[ < ii ) }
= = i=

Akk
ik
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