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1 Introduction and preliminaries
Let A, denote the class of functions f(z) of the form

f@=2+Y a;z" (peN={1,23,..}), 1.1)

n=p+1

which are analytic in the open unit disc E. Also A; = A, the usual class of analytic func-
tions defined in the open unit disc E = {z: |z| < 1}. A function f € A, is a p-valent starlike

function of order p if and only if

zf'(z)
f(2)

Re

>p, 0<p<pzeE.

This class of functions is denoted by S;(p). It is noted that S;(O) =S, Let f(z) and g(z) be
analytic in E, we say f(2) is subordinate to g(z), written f < g or f(z) < g(z) if there exists a
Schwarz function w(z), w(0) = 0 and |w(z)| < 1 in E, then f(z) = g(w(z)). In particular, if g
is univalent in E, then we have the following equivalence

fle)<glz) <= f(0)=g(0) and f(E)C g(E).

For any two analytic functions f(z) and g(z) with

o0 o0
fz) = Z b,2"' and g(z) = Z 2", z€E,
n=0 n=0
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the convolution (the Hadamard product) is given by

[o¢]
(f8)(2) =Y bucyz"", z€E.

A function f € A is said to be in the class, denoted by SD(k, §) (0 < § < 1), if and only if

zf'(2)
Re{ f(2) } >k

zf'(2)
f(@

—1’+8, k>0,z€E. (1.2)

Similarly, a function f € A is said to be in the class, denoted by CD(k, §) of k-uniformly
convex of order § (0 <68 <1), if

Zf//(z)
Re{1+ @ }>k

Zf// (Z)
f(@)

+68, k>0,z€E. (1.3)

Geometric interpretation The functions f € SD(k,8) and f € CD(k, §) if and only if Zﬁg)

zf z)

and + 1, respectively, take all the values in the conic domain Qs defined by

Qus = (v v > k=T 7 45}

with p(z) =
conic domam kag such that 1 € Q5. One may rewrite the conditions (1.2) or (1.3) in the

form

p(2) < qis(2).

The function g s(z) plays the role of extremal for these classes and is given by

1+(}:§5)z, k=
1+ 25—y(log }*‘/fz)z k=1,
s (2) = 1+ k2 31nh2[(2 arccos k) arctan ./z), 0<k<l, (1.4)
u(z)
1 5
1+ o sin(zh fo N dx) + m, k>1
For f(z) in A, the operator D**#~!: A, — A, is defined by
D (z) = A )w #f@)  (u>-p)
or equivalently
" (ZM 1 (Z )/u—p 1
iy - ZESET (15)

(n+p-1)!

where u is any integer greater than —p. If f(z) is given by (1.1), then it follows that

(w+n-1)! Y
a,z
plu+p-1)"

D= f(z) o Z e

n=p+1


http://www.journalofinequalitiesandapplications.com/content/2013/1/458

Raza and Malik Journal of Inequalities and Applications 2013, 2013:458 Page 3 of 10
http://www.journalofinequalitiesandapplications.com/content/2013/1/458

The symbol D#*7~1 when p = 1, was introduced by Ruscheweyh [1] and D**?~! is called the

(1t + p — 1)th order Ruscheweyh derivative. We now introduce a function (2, Fy(a, b, ¢; z)) ™

given by
(%QPNaJ%az»*(%Qfﬂalnaz»fl=-——éi—— (1> -p),
(1 — Z)/Hp
and the following linear operator
L y(a,b,c)f (z) = (ngFl(a, b,c z))_1 * f(2), (1.6)
where a, b, ¢ are real or complex numbers other than 0,-1,-2,..., u > —p, z € E and

f(2) € Ap. This operator was recently introduced in [2]. In particular, for p =1, this op-
erator is studied by Noor [3]. For b = 1, this operator reduces to the well-known Cho-
Kwon-Srivastava operator I, ,(a, c), which was studied by Cho et al. [4], and for u =1,
b=c,a=n+p,see[5]. Fora=n+p, b=c=1, this operator was investigated by Liu [6]
and Liu and Noor [7].

Simple computations yield

ee)

Lipla,b,o)f(z) =27 + Z

n=p+1

(dAM+puazn
@nb), "

From (1.6), we note that

Lii(a,b,o)f (z) =1,(a,b,c)f () (see[3]),

loplap, ) (2) =f @), b pla,p, a)f () = pr(z).
Also, it can be easily seen that
2(Lup(@b,0)f (2) = (1t + P)srp(@, b, Of (2) = il (@, b, O)f (2), w7

and

z(IM,(a +1,b, c)f(z))/ =al,,(a,b,c)f (z) — (a - p)l,.p(a, b, c)f (2).

We define the following class of multivalent analytic functions by using the operator
I,.p(a,b,c)f (z) above.

Definition 1.1 Let f € A, for p € N. Then f € UB}, ,(a,b,¢;y,k,$) for a,b,c € R\Z,
uw>-p,a>0,k>0,0<8<1land y >0 ifand only if

(1-y) (Iu,p(d, b,c)f (z) )a . Iiap(a,b,o)f(2) (Iu,p(ﬂ; b,c)f (2) )a—l
L,p(a,b,0)g(2) Liap(a, b,c)g(z) \ 1,p(a,b,0)g(2)

< qks (Z)r (18)
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where g € A, is such that

Liap(a, b,c)g(z) k+48
_ Lur1pld, 0,0)8(2) =0 eE 1.
@ = abag LW PEiEE 19)

Furthermore, for different choices of parameters being involved, we obtain many other
well-known subclasses of the class A, and A as special cases.

(i) a=c,b=1,k=0, u =m € Ny, we have B‘,",lyp(y,B) studied in [8].

(i) a=c=b=p=y=1,k=pu=0,g(z) =z the class LIBZ,p(a, b,¢;v,k,8) reduces to the
class

BY(8) = {f caw: 2@ (JE)Q c P(8)}
fl@) \ z
studied in [9].

(iii) a=c=b=p=y =1, k=pn=0,g(2) =z the UB}, ,(a,b,c;y,k,5) reduces to B(a) is
the class of Bazilevich functions investigated by Singh [10].

(iv) a=c=b=p=a=1,y=0,k=pn=0,g(z) =z the class L[B;’i'p(a, b,c;y,k,8) reduces
to the class

B; = {feA(l) A eP(S)},

z
the class studied by Chen [11].

Letf € Ay and F,, : A,.—A,. be defined by

F,(2) = (”;”) /0 Y@ dt, > —p. (1.10)

We need the following lemmas which will be used in our main results.

Lemma 1.2 [12] Let u = uy + iy and v = vy + ivy, and let v : D C C? — C be a complex-
valued function satisfying the conditions:

() ¥ (u,v) is continuous in a domain D C C?,
(ii) (1,0) € Dand y(1,0) >0,

(iii) Re v (iug,v1) < 0, whenever (iuy,v1) € D and v, < —%(1 +ul).

Ifh(2) = 1+ c1z+ co2% + - - - is analytic in E such that (h,zh') € D and Re y (h(z), 2 (z)) > 0
forz € E, then Reh(z) > 0.

Lemma 1.3 [13] Let h be convex in the unit disc E, and let A > 0. Suppose that B(z) is
analytic in E with Re B(z) > A. If g is analytic in E and g(0) = h(0). Then

AZ(z) + B(2)zg (z) + g(2) < h(z) implies that g(z) < h(2).

Lemma 1.4 [14] Let F be analytic and convex in E. Iff,g € A, and f,g < F. Then

of+(1-0)g<F, 0<o<Ll
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Lemma 1.5 [15] Let h be convex in E with h(0) = a and B € C such that Re > 0. Ifp €
Hla,n] and

ple) + 22

< h(z2),

then p(z) < q(z) < h(z), where

B

nzbin 0

q(z) = h()tP" 1 di

and q(z) is the best dominant.

2 Main results
Theorem 2.1 Let f € UBj, ,(a,b,¢y,k,8) for a,b,c € R\Zg, u>-p,p €N, >0,k >0,
0<8<landy >0.Thenf e L[Bfiyp(a,b, ¢0,k,9).

Proof Consider

"= <1u,p(ﬂ;b,0)g(Z)> ’ (2.1)

where / is analytic in E with /(0) = 1, and g € A,, satisfies condition (1.9). Differentiating
(2.1) logarithmically and using (1.7), we have

Zh/(Z) _ O[( + P) { <I/4+1,p (“: b» C)f(Z) _ 1//.+1,p (ﬂ, b» C)g(Z) > }
h(z) I, p(a,b,c)f (z) I, p(a,b,c)g(z) '

Using (2.1) and simplifying, we obtain

Iz + vzl (2) - )(Iﬂ,p(a,b,c)f(z))a

au+p)gz) Lup(a,b,c)g(z)

Liap(a,b,0)f (2) (W (a,b,c)f (z) )“—1
Lip(a, b,c)g(z) \ 1, ,(a,b,c)g(2) ’

Since f € UB% (a,b,c;y,k, ), therefore, we can write

1p
h/
W+ —YME ), zeE
a(u+p)q(2)
Now using Lemma 1.3 for A = 0 and B(z) = a(u+p)q(2) with Reg(z) > 0, we have Re B(z) > 0,
therefore, h(z) < gs(z). Hence f € UBﬁ,p(“’ b,c;0,k,6). O

Theorem 2.2 Let f € UB}, (a,b,¢;y,0,8) for a,b,c € R\Zy, u > —p, p € N. Then f €
UBZ’p(a, b,c;0,0,8,), where

_228(p+ w)lg@)1* +yp
20(p + Wlg@)> +yp

1
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Proof Consider

__1 Lip(a,b,o)f (2)\*
he) = (1-461) { <1Mg(a, b, c)g(z)) 4 }’ (2.2)

where / is analytic in E with /(0) = 1, and g € A, satisfies condition (1.9). Differentiating
(2.2), we have

(1-8),, . (Luplab,o)f(2)\*"
o @) = (Iu,p(a’ b, c)g(z))

y { Uupla,b,Of (2)  1up(a b,o)f (z) Uypla, b, c)g(2)) }
Iy(a,bc)gz)  I,p(a,b,c)g(z) 1,,(a,b,c)g(z) ’

Using (1.7) and simplifying, we obtain

1-7) (I;t,p(ll, b,c)f (z) )“ . Liap(a, b, c)f(z) <Iu,p(a; b,O)f (2) )al
Lip(a,b,c)g(2) Lip(a b, 0)g(z) \1,5(a, b, c)g(2)

y(1—81)zH (2)

=(1-8)h(z) + 86, + EFERWES

Since f € L[B‘;‘L,p (a,b,c;y,0,38), therefore we have

y(1-8)zh'(z) 1+ (1-28)z

1-5)h 8 , 0<é«<«1, E.
( Dh(z) + 61 + 2+ 107 < 12 <d<l,ze
This implies that
1 y (1 -81)zh'(2)
— 11 -=-8)Ak -6+ —m—— E)=P.
1_5{( DH(e) +31=8 + T mm S € dualE)

To obtain our desired result, we show that 7 € P, for z € E. Let u = u; + itty, v = V1 + iV,
and let ¥ : D C C? — C be a complex-valued function such that u = /(z), v = zk'(z). Then

Y@ -81)v

W)= (L8 8y =5 4 0"

The first two conditions of Lemma 1.2 are easily verified. To verify the third condition, we
consider

Re W (iuy, v1)

_ . Y1 -d)n
_Re{(1—81)1u2 +6 -8+ —oz(p+,u)q(z)}
_ Y@ -d)n

R o e

y(1-8)A +ud)q(z)
SR o WP
~ _y(l—Bl)(1+u§)p _A+Bu’
- 2a(p+wlg)?  C 7
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where A = 2a(p + )61 — 8)|9(2)|* — yo(l - &), B= —yp(l - 8) <0 if 0 <8 <1 and

— 2 . _ 2o¢8(p+//.)\q(z)|2+yp P
C =2a(p + 1)|q(z)|” > 0. From the relation &; = Taprmia@ ey WE have A < 0. This im

plies that Re W (iuy, v;) < 0. Using Lemma 1.2, we have % € P for z € E. This completes the
proof. O

Theorem 2.3 Leta,b,ccR\Z;, u>-p,peN,a>0,k>0and 0 <65<1. Then
UB}, (a,b,c;ys,k,8) CUB;, (a,b,¢;11,k,8), 0<y<yyzeL.

Proof Since f € UBy, ,(a, b, ¢; 2, k, 8), therefore, we have

1-y )(Iu,p(ﬂ, b, c)f(z)>a . Liap(a, b,c)f(2) ([M'p(ﬂ, b, C)f(z))“‘l
P\ Ly b,0)g(2) Ly, b,0)g(@) \ 1p(a, b,0)g(z)

=h(2) < qxs(2), (2.3)
where g € A, satisfies condition (1.9). From Theorem 2.1, we write

(1 wp(a, b, c)f (2)

Lp(a,b, C)g(z)) =hy(2) < qis(2), z€E. (2.4)

Now, for y; > 0, we obtain

a- )(Iw,(a, b, c)f(z))“ . Liap(a, b,o)f (2) (Iw,(a, b, c)f(z))"‘_1
n I,p(a,b,c)g(z) n Iip(a,b,0)g(z) \1up(a, b, c)g(2)

v2 ) \dyup(a, b,c)g(2)
A {(1 _ )<Iu,p(ﬂ, b, c)f(Z)>Of . Liap(a, b, c)f(z) (Iﬂ,p(a, b, C)f(z))a—l}
2] V2 I,p(a,b,c)g(z) *Liap(a,b,0g(2) \1,.p(a,b,c)g(2)

M)+ (1 - ﬁ)hz(z).
Y2 Y2

Using the convexity of the class of the function gs(z) and Lemma 1.4, we write

D) + (1 - ﬁ)hz(z) < qis2), z€E,
Y2 Y2

where /1; and &, are given by (2.3) and (2.4), respectively. This implies that f € us; , (a,b,c

11,k, 8). Hence the proof of the theorem is completed. O

Theorem2.4 Letf € LIB}W(a, by, k8),a,b,ce R\Zy,u>-p,peN,a>0,k>0,y >1

and 0 <8 <1. Thenf € UB,,,, ,(a,b,c;1,k,5).

Proof Since f € LIB}W(a, b,c;v,k,8), therefore, we have

(1 _ )/) (Iu,p(dr b! C)f(Z)) n Iu+1,p(“! h’ C)f(Z) < ks (Z)

Lup(a,b,c)g(z) Liap(a,b,c)g(z)

Page 7 of 10
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Now, consider

y Liap(a, b, c)f(z) —(-y) (1#,17 (a,b,c)f (z) ) s Liap(a,b,c)f(z)
I;Hl,p(a; b, C)g(z) Iu,p(ﬂr b, C)g(Z) I;Hl,p(a; b, C)g(Z)

I,p(a,b,c)f ()
Hy - ”<Iu,p<a, b, c)g(z>>'

This implies that

Iu+1,p(ﬂ’ b7 C)g(Z) I#,p(ﬂr b! C)g(Z)
. (1 1 ) <IM,(a, b,O)f (2) >
v ) \Lupla,b,c)gz) )

Using Theorem 2.1, Lemma 1.4 and the convexity of g s(z), we have the required result

Iiap(a, b,o)f(2) _ l {(1 ~ J/)(Iw,(a, b, c)f(z)) . Iiap(a,b,o)f(2) }
14

IM+1.17(“’ b, C)g(Z)

O

Now, using the operators I, ,(a, b, c) and F, , defined by (1.7) and (1.10), respectively, we
have

z(]l’f(a, b, C)F,,,p(f)(z))/ =(p+ 77)15(% b,o)f(z) - ’715(61» b,o)F,,(f)(2), n>-p.

(2.5)
Theorem 2.5 Let f € A, and F,, be given by (1.10). If
I y b, F I !bl
(1 y) el 2, D@ | e Z:)W” <qu@, zeE (2.6)

with a,b,c e R\Zg, u,n>-p,p €N, y >0, then

Lup(a,b, ZF”'P(f(Z)) <h(z) < qis(2), z€E,

where

_ p+n z (pm)ly _1
h(Z) = W/O qug(Z)t dt.
Proof Let

Lup(a b, ), (f(2) h(z), zeE
z¢ o ,

where 7 is analytic in E with /;(0) = 1. Then

2(1up(a, b,0)F,, (f(z)))/ = pZhi(2) + 227 H (2).

Using (2.5), we have

y(p+ n)l”"” (a’zl;’ v an”"” @b, ZF"'” D& _ pyhi(2) + yzh,(2).
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Thus,

Lup(a,b,Q)F,,(f(2) | VI,L,p(a, b,o(f(2) _ )+ y zhy(2)

1- .
1-7) zP /4 p+n

(2.7)

From (2.7), it follows that

hi(z) +y

<qxs(z), z€E.

zhy(2)
p +

Using Lemma 1.5, for 8; = 1%, n=1and a = 1, we obtain /;(z) < h(z) < qis(z). That is,

Lup(a,b,c)Fyp(f(2)
% < qis(2). 0

Theorem 2.6 Let f € UBj ,(a,b,¢;0,0,0) for a,b,c € R\Zg, p > —-p, p €N, o,y >0,
0<8<1.Thenf e L[B/"i,p(zz, b,c;y,0,8), for |z| < ro, where

alp
ro = Tu)+y—\/y2+2ay(p+u)a(p+u)- (2.8)
Proof Letf € L[B‘;‘L,p(a,b, ¢;0,0,8). Then we have

Lipla,b,o)f (2)\* B
<m> =(1-98)h(z) +34, (2.9)

where g € A, satisfies the condition

_ [[/.+l,p(a1 b; C)g(z)

= eP, z€E
Ip(a,b,0)g(z)

q(2)

and % € P. Differentiating (2.9) and then using (1.7), we obtain

Liap(a,b,c)f (2) <Iu,p(a, b,co)f (z) )a_l ~ (1%19(6;, b, c)f(z))a _ y(p-8)zH (2)
[;1_+1,p(ﬂ’ b, c)g(z) Iu_,p(ﬂ’ b, c)g(z) Iu,p (a,b, c)g(z) a(p + n)q(z) )

This implies that

1 1,(a,b,c)f(z)>“ IWLp(a,b,c)f(z)<Iu,p(a,b,c)f(z)>“_l }
- 1_ P —6
1—8{( y)(lu,p(a,b,c)g(z) Y L@ b, 0g(2) (

vzh'(2)

= ha)+ alp+u)g(z)’

zeE. (2.10)

Now, using the well-known distortion result for class P, we have

2rRe h(z)
2

|2h ()| = ——

1-r
and Reh(z)> —, |z|<r<l,z€E.
1+r
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Thus, due to the applications of these inequalities, we have

Re<h(z) + L/(z)) > Reh(z) )/|Zh/(Z)|

alp +un)q(z) Calp+wlg@)|
2yr
= Rehtz) (1 Tl - ,)2)

alp+p)1-r)?-2yr
alp+u)1-r)? )

=Re h(z)<

For |z| < ry, where 1y is given in (2.8), the inequality above is positive. Sharpness of the
result follows by taking /(z) = 5 Hence from (2.10), we have the required result. O
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