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Abstract

In this paper, we establish some new Ostrowski-Griiss type inequalities involving
multiple interior points with the first-order derivative bounded by functions instead
of constants, some of which provide sharp bounds. Then we establish a new 2D
Ostrowski-Griss type inequality involving multiple interior points with the second
mixed partial derivative bounded by functions. For illustrating the applications of the
Ostrowski-Gruss type inequalities established, we apply them to derive error bounds
for some numerical integration formulae.
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1 Introduction
As is known, the Ostrowski-type inequality [1] can be used to estimate the absolute de-
viation of a function from its integral mean, while the Griiss inequality [2] can be used
to estimate the absolute deviation of the integral of the product of two functions from
the product of their respective integral. Recently, various generalizations of the Ostrowski
inequality and the Griiss inequality have been established (for example, see [3-21] and
the references therein). These inequalities can be used to provide explicit error bounds
for numerical quadrature formulae such as the Simpson quadrature formula, trapezoid
quadrature formula and so on. Among the generalizations, many Ostrowski-Griiss type
inequalities have been established [13-21]. Now we list some important results in the lit-
erature.

In [13], Dragomir et al. presented an Ostrowski-Griiss type inequality for the first time
as follows:

1 b £(b) - f(a) a+b
p(x)_mlf(t)dt- - (x— 5 )

for all x € [a, b], where y, I' are two constants such that y <f'(¢£) <T, t € [a, b].

1
=1 b-ar-y)

In [14], under the same conditions as above, Mati¢ et al. improved the above result to

the following form:

1 b fb)-f(a) a+b 1
o0 [r0a- LT (D) -y,
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Then in [15], Cheng presented a sharp inequality as follows:

p(x)_—/ft)dt f®) fﬂ)( u;b)

This inequality is sharp in the sense that the constant % cannot be replaced by a smaller

1
glb-aT-y). @

one.
In [16], Feng et al. further generalized the inequalities above, and presented a sharp
Ostrowski-Griiss type inequality involving multiple interior points as follows:

1 k
m ;(Wlm - mi)f(xi)

1 [P fO) -f@)|v?-ar
:Af(f)dt— b= [ 5 —;mm(xm—xi)

< %(b—axr—y), @)

where x; € [a,b], i = 1,...,k — 1, are interior points, m; € [x;_1,%;], i = 1,2,...,k, %9 = a,
xi =b, mg = a, my,1 = b, and y, T are defined as before.

We notice that little attention is paid to the Ostrowski-Griiss type inequalities involving
multiple interior points with f’(£) bounded by functions instead of constants so far in the
literature. So, in this paper, motivated by the above works, we extend the Ostrowski-Griiss
type inequalities to the case involving multiple interior points with the bounds of f'(¢)
shown as y () < f'(¢) < T'(¢), t € [a, b]. Some bounds will be derived based on the inequal-
ities, and some of the bounds are sharp A new 2D Ostrowski-Griiss type inequality will
also be derived with the bounds of 2 fxy shown as y (x,y) < aj;gy <TI'(x,9), x € [a,b],
y € [¢,d]. We also present some apphcatlons for the Ostrowski-Griiss type inequalities
established, in which new error bounds for some numerical integration formulae are de-

rived.

2 Main results

Lemma 2.1 [16, Lemma 2.1] Let I C R be an open interval, a,bel,a<b.f:I - Risa

differential function. Furthermore, suppose that t; € [a,b], i = 0,1,... .k, [ :a=t) <t <
-+ < b1 < by = b is a division of the interval [a,b)], and §; € [ti1,4], i=1,2,...,k, 8o = a,

Sk+1 = b. Then we have

i( 81 — /f dt+/ (I 3)

t-38, teltoh),

t—38;, telt,t),

cth)=4--- (4)
£=08k1, €[tk ti)

t— 5, t € [teo1, tr].
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Lemma 2.2 Let

t-86-C, teltot),

t-86,-C, telht)

ot 1) =1 (5)
t=8k1—-C, € [t ti)

t-8-C, telttl

where C = 1(b+a) — 5= Y% 81(ti1 — ). Then [* o(t, 1) dt = 0

Proof Based on the definition of ¢(¢, Ix), we have

b Tt = 81— C? (i =811 — C)?
tI)dt = i+l it (=i
/ﬂ e Zo[ . :
1 k-1
= 3 Z[(tiﬂ —t) (b1 + £ — 2841 — 2C)]
1 k1 k-1 1
=5 [ Z i+l fzz) -2 Z(tm —1)8i1 —2C Z(t”l _ ti)]
- =0 i=0
k-1
= _(b2 — 512) - Z(tnl - ti)ém - C(b _ Il) =0. (6)
i=0 °

Theorem 2.1 Under the conditions of Lemma 2.1, if there exist two functions y(t), I'(t)
with y(£) <f'(¢t) < T'(¢), t € [a, b, then the following inequality holds:

k

3 (B -8 /f(t )t - / ¢ u)[””*””}
k-1

i=0

—_

k-1
1
§5||F—y||oo{52 (41T l+1+t)+25,+1} o)

i=0

Proof Consider

/g(tm[ o) - “’*F‘”]dt

/ £(6T)f (6) de - / G, @)[M}#, ®)
b k-1 iyl
[swmna=y [ i-sala
“ i=0 Vi
(tz+1 L+1) (t - 81+1)
[t ]
1k k-1
= E Z i1t t ZSHI i+ L) ZSH-l 9)
i=0 i=0
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and

/;tlk [f(t) w}dt‘ /!étlk

1
< E||r—y||oo/ ¢ (2,10 . (10)

[ () - J/(t)erF(t)”dt

Combining (8)-(10) and Lemma 2.1, we obtain the desired result. a

Corollary 2.1 Under the conditions of Lemma 2.1, if W1 < f(t) < W, t € [a, b], where W1,
W, are two constants, then we have the following inequality:

k b k-1
> - [ tae- (V5 { 30— = bt - m} ‘
i=0 a i=0
k-1
=< <@>{%Z 1 +t2 281+1(t,+1+tl)+28”1} (11)
i=0

Proof In fact, in (7) we have y (t) = W1, I'(¢£) = W5. On the other hand,

b k1 oty M 602 (£ —8:1)2
[ ctnar- > f 1<t_ai+l)dt=2[(tl+l e j”l’]
a =0

i=0

k-1
1
= 5 Z it1 ZSZ+1(tl+l - t)
i=
1 k-1
=3 (b*-a*) - Z Siv1(tin — 1), (12)
Then, combining (7) and (12), we get the desired inequality (11). a

Next we present a sharp Ostrowski-Griiss type inequality containing multiple interior
points with f’(¢) bounded by functions as follows.

Theorem 2.2 Under the conditions of Lemma 2.1, if there exist two functions y(t), '(¢)
with y (t) <f'(t) < T(¢), t € [a, b], then we have the following inequality:

k

b b) — p gt L
Z(‘SHI“Si)f(ti)—/ f(t)dt—f(;_];(a)[ 2a _Z8i+1(ti+l—ti)i|
i=0 4 i=0

b
_/ go(t,lk)[—r(t);y(t)]dt

1 b
< SI0 =7l / (e, )| dt, 13)

where ¢(t, Ii) is defined as in Lemma 2.2.
The inequality (13) is sharp in the sense that the constant % on the right-hand side cannot
be replaced by a smaller one.

Page 4 of 14
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Proof We have the following observations:

b
f ¢(t,1k)|:f/(t) BRACkedy : y(t)] dt

b b
= / o (t 1f (8)dt - / w(t,]k)[w}dt

tiv1 b
/ (t—5i+1—C)f’(t)dt—/ ¢<t,,k)[w}dt

k-

-1

2

>

-1

[(ti1 = 811 — CO)f (ti1) = (& = 8111 — CO)f (1)

—Z f - [ bw(t,zk)[w] t

2_ 2 Kkl
—Z(SHI_(S)f(t) /f(t)dt_ b J;(a)|:b - _Z(St+1(tz+1_t)i|

Il
(=}

i

b
_ f go(t,zk)[w] dt, (14)
and
b b
/ go(t,m[f’(t) - M} dt‘ < 2Ir -yl / (6,1 dt. 15)

Combining (14) and (15), we obtain the desired inequality (13).
To prove the sharpness of (13), we take k =2, 8g = a, §; = b+5“ , 8y = Sbﬂ ,83=b, 1t =

and
Gltr a<tc< b+5a
oot + b‘f%o_l _ b+65a o, b+65a <t bra h+a
fO = ot + Lo, 4 bSag _ biSag, _bag - bra <y 5b6+a, (16)
oot + By 4 B, 4 by bibag,
- I”T“O-I _ E’b%a-z, 5b6+a <t<b,
where o1, 0y are two constants with o; < 02. Then one can see
bi5a b 5b
y oy, te [T T UPEE, D],
f (t) - b+5a b+a 5b+a (17)
01, te[a’T)U[z) 6 /)
and
b+5a b+a
t- t€la,=4)
6 » o
(p(t,lk) = (18)

5b+a b+a
t—T, tG[T,b].
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So, in fact, y (t) = 01, ['(t) = 05. According to the left-side hand of (15), we have

b , () +T(t) - b
/a go(t,zk)[f(t)—%}dt}(%) / lo(t, 10| d,

while according to the right-side hand of (15), we also have

/|¢t1k)| |:f(t ﬂ”dt

2

btba b+ta
2

6 01— 0y
=_/ ¢(t,1k) -
a

5b+a

6 0]
- [ et
bta
2
_ b
=("22"1)/ (6, 10)| dt.

So, (15) holds in the equality form, which confirms the proof. O

dt+ | ot )| 222

b+5a
6

dt

— 02

dt

b
2 dt + /b o(t, Ik)
6

Corollary 2.2 Under the conditions of Lemma 2.1, if W1 < f(t) < W, t € [a, b], where W1,
W, are two constants, then we have the following inequality:

k b _ 2 2
> 6 -8/ - [ a-LE=L (“)[b “ Za,ﬂ(t,ﬂ_t )”

i=0
Wy — W, b
s(—zz 1) / o, 1) dt. (19)

Remark 2.1 In Corollary 2.2, if we take k =1, §o = a, §; = “;—b, 8y =b, ty =a, t, = b, then
Corollary 2.2 becomes the trapezoid-type inequality, which provides error bound for the
trapezoid quadrature formula in calculating fab f(t)de.

Wy — W, b
<Tl>/a‘ |§0(t,[k)|dt;

‘f(b“f( (b-a) - /f(t)dt

where ¢(t,Iy) = t - %2, t € [a, b].

If we take k=2,80=a, b1 =a,8,=b,83=b, th = a, ti = x, t; = b, then Corollary 2.2
becomes the following Ostroski-Griiss type inequality as denoted in (1) [15, Th. 1.5]:

b b _ b
’(b—a)f(x)—/ f@)de-[f(b) —f(a)](x—a; >‘ < (M)/ (6, 1) | dt

a+b
_(x_T; te[ﬂ,x),

a
t—b—(x—%2), telxbl.
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If we take k=2, 80 =a, 8 = S“gh, 8y = “+65h, S3=b,tg=a, t; = “T*b, t, = b, then Corol-
lary 2.2 becomes the following Simpson-type inequality, which provides better bound than
the corresponding result in [21] (the constant on the right-side hand of the inequality is
% therein).

_ b
Hﬂb);ﬂ“)+2f<(h+“)>](b a) - /f(t)dt’ (@)/ (e, 1] d

5(Wy — W
- -,
where
(t])_ t_5a6+b, tE[ﬂ,a;b),
P Ik = _ a+5b atb b
t-222, te[%57, bl

Remark 2.2 Under the conditions of Corollary 2.2, furthermore, assume that the con-
ditions of [16, Th. 2.4] hold. Then, proceeding in the same manner as the proof in [16,
Egs. (13)-(14)], we obtain fﬂb lo(t, Ir)| dt < %. So, Corollary 2.2 provides better bound
than the inequality in (2) [16, Th. 2.4].

h )

In the following, we extend the result in Theorem 2.1 to 2D case, in whic 520y

bounded by two functions.

Theorem 2.3 Letf: [a,b] X [c,d] — R be an absolutely continuous function such that the

second-order mixed partial derivative exists and there exist two functions y (x,y), I'(x,y)

% (xy)
axdy

0,1,...,k. [y :a=x¢ <x1 < -+ <xk_1 <Xk = b is a division of the interval [a, b], while Jj :

with y(x,y) < <T(xy), x € [a,b], y € [c,d]. Suppose that x; € [a,b), y; € [¢,d], i =

A=Yy <y <- <Yk <yk =d is a division of the interval [c,d]. o; € [x;_1,%;), Bi € [¥i-1,¥1),
i=1,2,...,k 00 =a,ar1=b, Bo =c, Pxs1=d. Then

k-1 k-1 k-1

‘ { Z Qi1 — 0) ,31+1 xny; + Z (077 ai)(yk - ,Bk)f(xi:yk)
i=1 j=1 i=1
k-1 k-1

= i1 =)o = B @i y0) + D (k= ) By — B (51 )
i=1 j=1

+ (o — o) Ok — Br)f (oo yx) — (xk — ) (o — Br)f (%, vo)
k-1

- Z(xo - al)(ﬁm - ﬁ/)f(xod’j) — (%0 — o)k — Br)f (%0, Y1)

=1

~.

k-1 .p
(0=~ B o) = 3, [ (B = B )
je1 74
b
- / [0 = B o) — (0 — Bu)f (e, 0)] e - / (@i — ) (x19) dy

d b d
- / [t = ) (i) — (0 — ) (x0,9)] dy + f / f(x,y)dydx}
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_ [f(br d) _f(b: C) —f(él, d) +f(6l, C)]
(b-a)(d-c)

1 k-1 1 k-1
X |:§(b2 -a*) - ;am(xm —Xi):| |:§ (4 -

- Z ,3j+1()/j+1 —yj)
j=0
y(x,y) + F(x,y)] dydx

—_/;b £d¢(x,y,1k,]k)[ 5

k-1
1 1
=5Ir- J/Iloo{ > [wa + 7] Zaz+1(xl+1+xz)+zam}
i=0
1 k-1
X :2 y;+1 +y] Z:B/H(yﬁl +9)) + Zﬂﬁ-l}? (20)
j=0
where
.ok=1. (21)

¢(xyyy1k!]k) = (x - ai+1)(y - :Bj+1)) (xny) € [xi¢xi+1) X b’j7J’j+1), l,] = O: 1; .

Proof Similar to [16, Eq. (21)], we obtain that

/ ¢ x,)’Jka )
k-1 k-1 k-1
Z(Olm —ai) (B — Bl (xiyp) + Z(Otiu —a)) 0k = Bu)f (i yk)
-1 j-1 i1
k-1 k-1
- Z((XM —a;)(yo — B)f (xiy0) + Z(xk —ap)(Bis1 — Bl (X, )
i=1 j=1
+ (o = o) Ok = Bl e, k) = (k= ) (o = Bu)f (i, o)
k-1
= (w0 — 01)(Bia1 — B)f (%0,3) — (x0 — o) 0k — Be)f (%0, 7)
=1

k-1 b
+ (%0 — o) (o — B)f (o0, y0) = Y / (Bjv1 = Bj)f (v, 3)) dx
j17a

b
- / [0 = B 6 3) — 0o — BL)f (6, 30)] e - / (@i — a)f (50 ) by
a ll c

- "k = ) Cst9) = o — e )]y + / / flwy) dyds. (22)
On the other hand, we have
/ 5 y,Ika)[ ) vy ; F(x,y)] dydx‘
(23)

=3 / / 9301 J0)| [P 3) = 7 (,3) | dy i,
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and
b pd
/ b, 3, Ix,Ji) | dy doc

Xi+l Jj+1
f / "= )t )| dy

i

c
k-1

>r

-1

i=0

1
_21

o

» ~.

1

X7+ E Qi (K1 + %) + E aﬁl}

N
(=]

e,

k-1 k-1 k-1
1
52 70 +37] =D B +3) + ) 5,42“}' (24)
=0

j=0 j=0
Combining (22)-(24), we get the desired inequality (20). O

Corollary 2.3 Under the conditions of Theorem 2.3, if there exist two constants W1, W,
such that Wi < f(x,y) < W, then we have the following inequality:

k-1 k-1 k-1
’ {Z D (i =) (Ba = B oo y) + Y (@i — )0k = Be)f (i yi)

i=1 j=1 i=1
_ k-1
- Z(Olm —a;)(yo — Bu)f (i y0) + Z(xk - Otk)(ﬂjn - ,Bj)f(xk:yj)
i=1 j=1
+ (= o) Ok = Br)f (s k) — (xx — i) (o — Bu)f (i, yo)
k-1
- Z(xo —a)(Bi1 — Bif (%0, ;) — (o — 1)k — Br)f (%o, ¥x)
j=1

k-1 b
+ (%0 — 1) (Yo — B1)f (%0, y0) — Z/ (Bjs1 = Bi)f (%, yj) dx
1 74
b k-1 d
- [ Toe- B0 - 00 - o - Y [ (@i - aif i) dy
a i=1 V¢
d b d
- / [k — o) (%) = (0 — 1 )f (0, %) | dy + / / fx) dydx}

_ [f(b: d) _f(b: C) _f(ar d) +f(6l, C)]
(b-a)d-o)

1 k-1 1 k-1
X |:§ (b* -a*) - Zai+1(xi+l - xi):| |:§ (- %) - Z Bi1 (1 —J’j):|
0 j=0
<W2;W1)|: Z(XHI x1+1_xz:|

k-1
X |: (d*-c*) - Zﬁ/u(}’/u —)’/):| ‘
j=0

N
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k-1
S(@){%Z H1+x Zazﬂ xt+1+xl)+2a1+l}

i=0

k-1 k-1 k-1
1
{208 1+ 2| 29
j=0

Jj=0 Jj=0

Proof In fact, in (20) we have y (x,y) = W1, I'(x,y) = W>. Furthermore, we have the follow-

ing observation:

/ O, 9, Ix, Jx) dy dx

-1 k-1 Xitl  LYj+l
f / (6 = i)y — Byor) dydx

Ea (3}

i j=0

1 . ) k-1
_ |:§ (b2 _ az) _ ;:am(xm —xi):| |:§ (d2 — c2) - ; Bj1 (1 —J’i):|- (26)

I
o
~.

Combining (20) and (26), we obtain the desired result. O

Remark 2.3 In Corollary 2.3, if we take k =2, g = a, o = 5“6”’, oy = ”*;h, a3 =b,xy = a,
X1 = %,xz = b’ﬂo =g, ,31 = sc%i,ﬂ2 = %17/33 = d’yo = C,yl = HTd,yz = d,thenCOrOllaryz.g

becomes the 2D Simpson-type inequality.

3 Applications to numerical quadrature formulae
In this section, we present some applications of the results established above, and derive

error bounds for some numerical quadrature formulae.

Example 1 Let G(f, ;) be a numerical quadrature formula for fab f(t)dt, and denote

E(t) = (27)

b
/ f@)de - G(f, 1) .

Theorem 3.1 For (27), if there exist two functions y(t), T'(¢) with y(t) <f'(t) <T(¢), t €
|a, b], and

SN[ L[ f(To) +£(T3) (Tiss + T))
G(frlh):Z{g[++2f<712 )]h,-

i=0

Tiv1
- / w(r,lik)[ir(t) . V(t)} dt},
T; 2

wherel:a=Tyo<Ty<---<Ty1<T,=bisadivision of [a,b], h; = T;y1 — T;, i =0,1,...,

n-1,and

_ 5Ti+6Ti+1, tel[T; Ti+Ti+1)
@t Iix) = (28)

T;+5T; T;+T;
t— t+56 l+l’ te[ +21+1 T’Hl]

Page 10 of 14
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then we have the following estimate:
5 n-1
[EO] = T =y lloo Y 1. (29)
i=0

Proof Applying Theorem 2.2 (with [a, b] replaced by [T, T, k=2, 80 = T3, 61 = %,
8y = % 83 = Tin, to = Ty, ty = 211 4y = T, we obtain that

2
1 T, T; Tin+T;
‘§|:f( 11)2+f( 1)+2f(( 112‘" z))]hl
Tiv1 Tin1 ') +y()
- f(t)dt—f (/)(t:lik)|:fi| dt‘
T; T;
1 Tiv1
< I =7l [ lote 1ol de, (30)
2 -
where
1y o N1 = G e [T T, a1
O\L Lik) =
t-18m o pe (M T,
Furthermore,
C 1(T Tii1) 1 21:8 (t t)=0 (32)
i= Wit din) - = ir1lliv1 = 4) = 0,
2 U Ty -T2
and
Tiv1 5
61| dt = —h?. 33

Combining (30), (32) and (33) and a summation with respect to i from 0 to n — 1
yield (29). O

Corollary 3.1 Under the conditions of Theorem 3.1, if there exist two constants Wy, W,

with Wi <f'(t) < Wy, t€[a,bl, hi=h,i=0,1,...,n -1, and G(f, 1) denote the Simpson
complex formula, that is,

n-1
G, 1) = Z{ % |:f(Ti+1)2+f(Ti) . zf((Tle"' Ti)):|hi},
i=0

then we have

[E] = = (W~ W) - )k (34)

Proof Considering fg”l o(t,I;x)dt = 0 and b — a = nh, from (29) we can obtain (33). O
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Example 2 Let G(f,I},];) be a numerical quadrature formula for f: fcd f(x,y)dxdy, and

denote

35)

b d
f Floy) drdy - Gif I Ji)|-

Theorem 3.2 For (35), if there exist two functions y (x,y), U'(x,y) with y(x,y) < {)Zc (g’yy ) <

C(x,y), x € [a,b], y € [¢,d], and

n-1 n-1
(®ie1 — i+ i+ Y
G dn,Jn) = E E { " ()/,+1 %) |:f<xi, e 2y1+1> +f<xi+1;y1 2y,+1>

i=0 j=0

X + X; X+ X; X+ X +
+f( i 5 Hl,y,') +f< i > leyj+1) +4f( i i+1 }’1 2y1+1)i|

_ W "géy’*l 0 [ y) + Pl ypon) +f o) + £ i)

(Y,+1 —3’1) / ”1|: %) +f( 2y,+1> +f(x,y/+1):| dx

(i1 — %) /y
+ —_—
6 ¥

]

Xitl Yj+1 ( ) F( : )
+/x’ /y, ¢(s,tllh,],h)|:%}dydx},

[f(xl,y) o () +f<xl+1,y>] dy

1

where Iy :a = Xog < X1 < -+ < Xj,-1 < X, = b is a division of the interval [a, D), while ]}, : a =
Yo <Y1 < <Yy <Y, =d is a division of the interval [c,d], hi; = %1 — %i, N2j = Y1 — ¥)s
,j=0,1,...,n—1,and

(1 = ety - 2o,
xelX, X+XH1) yely, il Yi+Y b,

o Sty ety

Gyl = 1 <P T € 15, (36)
&y, L, Jin) = (- K1y 5Y+6Y )

xe [%,Xﬁl]d’e [, w)r

(o — XetBan T2,
xe [%,Xm],y € [%’ Yiul,

then we have the following estimate:

n-1
|E<x,y)|_ > - ynoo( hi )( hz,,)- (37)
2592 Z XO: 2

The desired result can be obtained by a suitable application of Theorem 2.3 (with [a, b]

5Xi+Xis1 _ xi+5xi+1
6 »%2="7%

replaced by [x;,%:,1], [c,d] replaced by [y}, yjal, k =2, ap = %, ay =
53’1+J’1+1 ﬁ ;v1+5y,+1

Xjt+X;
a3 = Xi41, X0 = Xip X1 = 57, %0 = %441, Bo = ¥y Pr = » B3 = Yje15 Yo = Vs

Yy = M 2 Y2 = Yjel)s and a summation with respect to i, j from 0 to n-1.
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In Theorem 3.2, after a simple computation, one can see |’ x’?” fyi/ oy, i Jin) dy dx =

0. So, we obtain the following corollary.

Corollary 3.2 Under the conditions of Theorem 3.2, if there exist two constants Wi, W;
2

with Wy < %;‘y” <Wy,x€elablycled, hy;=hy=hij=0.1,...,n-1,and G(f, 1))

denote the 2D Simpson complex formula, that is,

n-1 n-1
x1+ Xi + it Vit Y
G(f Ihllh = ZZ{ L (yl L. yl [f(xiy yl 2y] 1) +f<xi+ly J%)

Xi + X; Xi + Xiy Xit X1 YitYin
(5 e (5 ) e ()

B (i1 — xi)()’m —J’/)
36

+ M /xi " [f(x,yj) +f(x, %) +f(x’3’;‘+1)} dx

. @ Yj+1 |:f(x“y) +f(xl + Xin1 ,y) +f(xl+1’y)] dy}
Yj

[f(xi»yj) +f(xi,y/+1) +f(xi+1»yj) +f(xi+1xyj+1)]

then we have the following estimate:

|E, (Wz - W) (b-a)(d -k’ (38)

N = 3555

4 Conclusions

We have established some new Ostrowski-Griiss type inequalities involving multiple inte-
rior points with the derivatives bounded by functions in both 1D and 2D cases and derived
some sharp bounds related to them. As one can see, the inequalities are of new forms and
provide better bounds than some existing results in the literature. As for applications, new
error bounds for some numerical quadrature formulae are derived based on the inequali-
ties established.
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